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PREFACE. 

The  present  work  is  an  extension  of  my  small  book 
which,  published  in  1 884,  has  long  been  out  of  print. 
When  the  question  of  the  issue  of  a  second  edition 
arose  about  three  years  ago,  it  was  thought  desirable 
to  extend  the  plan  of  the  former  book  so  as  to  make 
the  new  work  a  fairly  complete  treatise  on  the  absolute 
measurement  of  electric  and  magnetic  quantities.  It 
has  not  been  my  aim  to  produce  a  work  dealing  with 
mere  manipulative  processes  or  a  collection  of  practical 
rules,  but  one  in  which  should  be  welded  together,  in 
some  degree  at  least,  the  practice  of  absolute  measure- 
ments and  the  mathematical  theory  of  electric  and 
magnetic  phenomena. 

Thus  it  was  no  part  of  my  plan  to  deal  with  the 
more  recondite  and  abstract  parts  of  electrical  theory ; 
but  I  trust  the  work  now  published  may  prove  of  some 
help  to  students  who  may  wish  to  proceed  to  those 
subjects.  I  have,  notably  in  Chapter  I.  of  the  pre- 
sent volume,  included  here  and  there  for  the  sake 
of  illustration  particular  theoretical  cases  which  have 
no  direct  bearing  on  experimental  processes.    Most  of 
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the  purely  theoretical  work  in  electrostatics  will  how- 
ever be  of  direct  service  in  the  sketch  of  magnetic 
theory  to  be  given  in  Volume  IL  I  have  attempted 
throughout  to  arrange  the  work  so  as  to  avoid  too 
sharp  a  distinction  anywhere  between  what  is  theo- 
retical and  what  is  practical,  such  as  might  have  been 
produced  by  giving  all  the  theory  in  one  part,  and 
all  the  practical  rules  and  processes  in  another.  At 
the  same  time  I  have  found  it  necessary  for  the 
preservation  of  logical  order,  and  to  prevent  continual 
digressions  on  theory  in  the  midst  of  descriptions  of 
instruments  and  processes  of  measurement,  to  provide 
in  each  principal  division  of  the  subject  a  separate 
chapter  containing  the  more  general  parts  of  the 
theory,  leaving  the  more  directly  related  theoretical 
questions  to  be  treated,  as  I  think  they  ought  to  be, 
where  they  arise. 

In  order  to  sav^  space,  the  more  matliematical  parts 
of  Volume  I.  have  been  printed  in  a  somewhat  smaller 
type  than  that  adopted  for  the  body  of  the  work,  and 
for  the  same  reason  the  "solidus"  notation  has  been 
generally  used  in  formulae  occurring  in  the  midst  of 
ordinary  matter.  Hei-e  and  there  this  latter  practice 
has  been  inadvertently  dcviat^nl  from. 

The  scope  of  Volume  I.  will  bo  seen  in  detail  from 
the  Table  of  Contents  below ;  briefly,  it  consists  of  a 
sketch  of  the  theory  of  electrostatics  and  flow  of 
electricity,  chapters  on  unit^  geuon\l  physical  measure- 
ments, electrometers,  com^varisou  of  resistances,  com- 
parison of  capacities,  and  motisun>ment  of  specific 
inductive  capacities,  and  concludes  witli  tables  of  unit^ 


istances,  and  useful  constants,    Tlje  chapter  on  the 

compariaun  of  resistances  contains  full  details  of  the 

various  methods  of  comparing  high  and  low  resistances, 

calibration   of  wires,  &c. ;   the   chapter  on   capacities 

discusses  methods  generally,  and  contains  an  account, 

as  full  as  possible,  of  the  principal  determinations  of 

?cific   inductive   capacity  made  up   to   the   present 

Determinations  of  dielectric  strength,  and  other 

tvestigations  regarding  dielectrics,  have  on  account  of 

tnt  of  space  been  reluctantly  omitted. 

I  Volume   II.   will  contain   an   account   of  magnetic 

units,   and    measurements ;     electro- magnetic 

jory  and  absolute  measurement  of  currents,  poten- 

I,  and  electric  energy ;  the  definitions  and  realisa- 

lon    of    the    ohm    and    other    practical    units ;    the 

relations   of   electro-magnetic   and   electrostatic   units 

and  the  determination  of  v ;   practical  applications  of 

electricity,  and  specially  related  points  of  theory  and 

at.      In    Volume   II.,   on    account    of   the 

peat  mass  of  matter  included  in  the  subjects  here 

bumerated,  the  plan  of  smaller  type  will  have  to  he 

Bopted  for  descriptive  and  other  details,  as  well  as 

r  matliematical  theor)'. 
yWoT  the  use  of  blocks  of  woodcuts  I  am  under 
iligatious  in  the  present  volume  to  Sir  William 
taouso:< ;  Professor  Ayrton,  and  the  publishers  of 
8  Practical  Elcetridty,  Messrs.  CasseLL  ;  the  late  Pro- 
Bsor  Balfour  Stewart  and  Mr.  Gee;  Dr.  S.  P. 
!boupsu:4  ;  the  editor  and  publishers  of  the  Electrical 
utl;  Measi^.  Elliott  and  Co.;  and  my  publishers, 
.  HacMILLAN  and  Co.      I  have   received  great 
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assistance  from  my  brother,  Professor  T.  Gray,  of  the 
Rose  Polytechnic  Institute,  Terre  Haute,  Ind.,  who 
allowed  me  to  use  his  papers  on  "  Electrical  Testing," 
published  in  the  Electrical  Journal  and  elsewhere,  and, 
besides  reading  nearly  all  the  proofs,  made  many  valuable 
suggestions.  I  have  to  acknowledge  suggestions  also' 
from  my  colleagues.  Professor  G.  B.  Mathews,  M.A., 
Fellow  of  St.  John's  College,  Cambridge,  and  Mr.  D.  M. 
Lewis,  M.A.,  who  have  very  kindly  read  proofs  of 
various  parts. 

I  have  of  course  received  continual  help  from  the 
works  of  Sir  W.  Thomson  and  Clerk  -  Maxwell. 
Messrs.  Mascart  and  Joubert's  recent  valuable 
work,  and  Professor  G.  Wiedemann's  encyclopsedic 
treatise  with  its  wealth  of  references  have  been  of 
much  assistance.  In  all  cases  however  in  which 
it  was  possible  recourse  has  been  had  to  original 
papers,  and  in  this  connection  I  have  to  thank 
Dr.  HoPKiNSON,  who  favoured  me  with  copies  of 
papers  on  "  Specific  Inductive  Capacity,"  and  Professor 
Ayrton,  who  lent  me  copies  of  papers  to  which 
otherwise  I  should  not  easily  have  obtained  access. 

A  few  errata  noticed  in  the  preparation  of  the 
Table  of  Contents  are  given  on  page  xxiv.  I  shall  feel 
obliged  if  any  reader  who  may  find  further  errors  will 
kindly  communicate  them  either  to  my  publishers  or 
to  myself. 

A.  GRAY. 

UxivKRsrrT  College  or  North  Wales, 
StpUuiber,  ISSS. 
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ABSOLUTE  MEASUKEMENTS 


IN 


ELECTKICITY  AND  MAGNETISM. 


CHAPTER  I. 
ELECTROSTATIC  THEORY, 

Section  I. 

ELECTRIC  ATTRACTION  AND  REPULSION.     ELECTRIC 

POTENTIAL, 

We  suppose  the  reader  to  be  familiar  with  the 
elementary  phenomena  of  electricity,  and  that  he  has 
acquired  a  clear  understanding  of  what  is  meant  by 
quantity  of  electricity,  and  of  the  nature  of  the  evidence 
for  the  truth  of  the  fundamental  law  of  attraction  and 
repulsion.  Some  account  of  the  theoretical  bearing  of 
the  experimental  results  of  Coulomb,  Cavendish  and 
Faraday,  in  statical  electricity  is  given  below,  but 
recourse  must  be  had,  if  possible,  to  the  original 
memoirs,^  or  failing  these  to  some  good  treatise,  for 
the  details  of  the  investigations. 

^  Faraday's  Experimental  Restarches,  Cavendish's  Electrical  Re- 
tearehes,  and  Coulomb's  Memoirs  (in  French),  have  been  collected  and 
reprinted. 

io  B 


XIV 


ERRATA. 


Page  11,  in  marginal /or  **Creen"  read  "Green." 

Page  20,  Hne  6  from  bottom,  for  *' AC*  read  "  CD." 

Page  35,  in  marginal  at  bottom, /or  "in  a  soap-bubble"  read  "on  a 

soap-bubble." 

Page  89,  line  10  from  top  insert  "at"  before  "any." 

Page  41,  line  3  from  bottom,  for  "in  C.  "  read  "on  C^" 

Page  60,  last  Une,/or  "IV."  read  "VII." 

Page  80,  line  12  from  bottom, /or  "  -gr"  read  "  -q.ajf:* 

Page  104,  in  first  marginal, /or  "Measure  of  Heat"  read  "Measure 

of  Flux  of  Heat." 

Page  144,  line  12  from  top, /or  "Chapter  VIII."  read  "Volume  II.'' 


Page  165,  equation  (81),  for 


r^  +  r, J  r,  +  r. 


^  read  J- 


%k  rj  r  8A?  r^  r, 

Pago  203,  line  12  from  bottom,  for'*{K) "  read  "  (C)." 
Page  204,  foot-note,  for  "  Chapter  V."  read  "  Chapter  VI." 
Page  225,  transfer  marginal  to  first  paragraph  of  next  page. 
Page  234,  in  first  marginal, /or  "Form  of  Vibration"  read  "Form 
of  Vibrator." 


ABSOLUTE  MEASUREMENTS 


ADDITIONAL   EKKATA. 

Page  392,  lino  6  from  foot,  delete  coiunia  after  '  Wornur.' 

Pago  404,  in  equation  (66)  delete  minus  sign  before  the  second  mem- 
ber, and  in  following  line/wr  *</log  ^  *  re^d  *t/0  log  2.' 

Page  418,  in  heading^r  *  VllL'  rrad  *  VII.' 

Page  451,  footnote,  for  *  k  '  nnd  *  K.' 

Pace  494,  line  4  from  top,  before  *that '  insert  *  he  assumed,'  and  in 
next  Tine /or  'pressunj'  read  'density.' 

Page  494,  line  19  from  top,  after  *  pressure'  insert  *  and  at  O^'C 

Pa^e  502,  line  31  fn)m  top,  a/Ur  '  produces'  iiutert  *at  the  centre  of 
the  circle.' 


nxxrane  must  oe  oaa,  u  possible,  to  the  original 
memoirs,!  or  failing  these  to  some  good  treatise,  for 
the  details  of  the  investigations. 

*  Faraday's  Experimental  JUsearehee,  Cayendish's  EUdrioal  Jte- 
eearehes,  and  Coulomb's  Menwirt  (in  French),  have  been  collected  and 
nprinted. 
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4  EI.ECTBOSTATIC  THEOEV. 

Uii[t  units  of  length,  mass,  and  time.  According  to  the 
T«f*Elec'  '■econimendations  of  the  British  Association  Com- 
]  triciiy.  mittee  on  Electrical  Standards,  and  the  reaolutiona  of 
C.o.s.  the  Paris  Congress  of  Electricians  held  in  1882,  it  has 
'  been  resolved  to  adopt  generally  the  three  units  already 
in  very  extended  use  for  the  expression  of  dynamical, 
electric  and  magnetic  quantities;  namely,  the  Centi- 
metre as  the  unit  of  length,  the  Gramme  as  the  unit  of 
mass,  and  the  Second  as  the  unit  of  time,  and  these 
units  are  designated  by  the  letters  C.O.S.  With  these 
units  therefore  unit  force  is  that  force,  which,  acting  for 
one  second  on  a  gramme  of  matter,  generates  a  velocity 
nf  one  centimetre  per  second.  This  unit  of  force  has 
been  called  a  Dyiu.  TJnit  quantity  of  electricity  in  the 
C.G.S.  system  of  units  is,  accordingly,  that  quantity 
which  placed  at  a  distance  of  I  centimetre  from  an 
equal  quantity  is  repelled  with  a  force  of  I  dyne. 

The  following  example,  which  is  easily  realised,  is 
instructive  as  an  illustration  of  this  definition  and  ot 
the  idea  of  quantity  of  electricity. 

Two  small  equal  pith  balls  are  hung  by  very  fine  silk 
fibres  from  a  fixed  point  bo  as  to  form  two  similar  pith 
ball  pendulums  hung  side  by  side.  The  balls  are 
charged  simultaneously  by  contact  with  the  same  con- 
ductor and  the  pendulums  then  diverge.  It  is  required 
to  find  the  electric  charge  in  each  ball,  and  to 
work  out  numerically  for  the  caw  of  each  ball  j^j 
gramme  in  mass,  length  of  fibre  SI)  centimetres, 
and  distance  of  the  centres  of  the  balls  apart  10 
centimetres. 

Let  /  be  the  length  of  each  fibre,  2i/  the  distance 


UNIT  QUANTITY  OF  ELECTRICITY.  5 

between   the  centres  of  the  balls,  m  the  mass,  and  q  Unit 

the  charge  of  each  baU.  ^^g^^^^ 

Neglecting  the  mductive  eflFect  of  the  balls  on  one  tricity. 
another,  and  the  weight  and  any  electrification  of  the 


fibres,  we  have  for  the  mutual  force  between  the  balls 
j^/4€p,  and  by  the  parallelogram  of  forces 

fj^^ d_^  __  d 


or 


In   the  example  given  we  have   m  =  ^V»   ^  =  80, 
rf  =  5 ;  and  taking  g  as  981  we  get,  neglecting  d^jl? 


2*  = 


125  X  981 

80 


or 


q^±  12-38. 
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ELECTROSTATIC  THEORY. 


Electric 
Field. 


The  charge  on  each  ball  is  therefore  approximately 
12*38  C.G.S.  units  of  positive  or  negative  electricity. 

The  Electric  Field  of  any  distribution  of  electricity 
is  the  whole  surrounding  space  through  which  the 
action  of  the  electrified  system  extends,  and  the 
electric  force  at  any  point  is  the  force  of  attraction 
or  repulsion  which  a  unit  of  positive  electricity 
would  experience  if  placed  at  the  point  without 
disturbing  the  electric  distribution  of  the  system. 
Intensity  The  Intensity  of  an  electric  field  at  any  point  is 
^^r^ld!*^^  measured  by  the  electric  force  at  that  point.  We 
may  imagine  the  electric  field  to  extend  to  an  infinite 
distance  from  any  part  of  the  electrified  system,  and 
for  infinitely  distant  points  the  electric  force  is  of 
course  zero. 

Let  the  electric  system  consist  of  a  quantity  q  of  electricity  at 
a  point  whose  coordinates  are  «i,  b^y  c^ ;  a  quantity  ^j  at  a  point 
a^  b^t  Cj,  &c., ;  and  let  the  coordinates  at  any  point  F  in  the 
tield  be  r,  y,  t.  The  distance  r,  of  ar,  jr,  z,  from  any  point  a,  b,  e, 
is  given  by  the  equation  r*  =»  (ar  —  a>*  +  (y  —  by  +  (^  —  <?)*• 
The  electric  force  at  /*  has  then  for  its  three  components 


or 


Similarly     Y  =  2  iSfLJL^  =  iii^ 

r^  r*  ay 

_  ^Qi^  -  c)  _      q  fir 


Z  =  2 


=  2L  Z' 
r'dz 


(2) 


where  S  denotes  summation  for  all  values  a^,  ^|,  e^,  a^^  b^^  c^  &c., 
of  a.  b^  c, 
Tlie  resultant  electric  force  F  is  given  by  the  equation 


i^  =  z»  +  r«  +  Z«. 


(3) 


ELECTRIC  DENSITY. 

A  line  drawn  in  the  electric  field,  the  tangeot  to  I 
which  Jit  any  point  is  the  direction  of  the  resultant  ' 
force  at  that  point,  is  called  a  Line  of  Force. 

If  rfj,  df,  Ji,  be  tlie  projectiona  on  .„,  -     - 

element  d>  of  t>  line  gf  furro.  iind  X,  Y,  Z  be  the  components 
of  the  force  there  parallel  to  tlie  aies,  we  must  have  the  relation 


which  is  the  differential  ei]Uoliim  of  a  line  of  force.  We  8h»ll 
show  below  in  treating  of  linos  of  iiiQgnetic  force  how  thw 
eqantion  may  be  iotegrated  for  the  ca^e  of  a  force  eystem 
KjiiDJnelricul  round  an  axis. 

The  SUrtrv:  Surface  DcnsUy  at  any  point  of  a  surface 
is  the  limit  towards  which  the  ratio  of  the  quantity  of 
electricity  on  an  element  of  the  surface  including  the 
point  to  the  area  of  the  element  approaches  as  the 
ment  is  taken  Bmaller  and  smaller. 

0  point  a,  6,  e  of  aa  «1ectrifieil 
[icnl  including  tbe  point,  then 


01  a  i.inr' 
of  Force. 

Sairam   ^H 
DpDBily  of  ^"^ 
ElectiJd 
Diatrilm- 


«  and  di  the  arcn  t 
d  o£  (2)  we  have 


r-   dx 


1  JElectric   Volume  Density  at  any  point  in  space    Volume 

I  limit  towards  which  the  ratio  of  the  quantity  ^Mtn^t^T 

f  electricity  contained   within  an   element  of  space  ' 


ELECTBOSTATIC  THEOEY. 
Ivolume    includiDg   the   point   to   the   volume  of   the   L-lcmcnt 
ElraUuity  spproi^heB  as  the  element  is  tAken  smaller  and  smaller. 

Let  p  be  tlie  volume  density  at  n  point  a.  A,  c.  tlie  igiiatitttj'  of 
electricity  wilhiii  an  eltsiuenl  of  vuluiiie  da  di  ite  w  p  da  d6  dc- 
Hence  wa  have 

X.  jlj"-''"/"''''  .  jjjf./£j.dU,   .    (5) 


witli  BimiUr  formulaa  for  F  and  Z,  wliere 


/// 


d  en  ol  es  iti  tegraUon 

throughout  the  apac«  or  spaces  occnpied  by  tlie  electric  distri- 
bution.    In  every  case  the  intensity  Foi  the  elettriL*  field  at  any 

point  is  given  by  the  equation 

s*  =  A's  +  r'  +  z\ 

The  Potential  at  a  point  in  an  electric  field  is  the 
■  work  done  by  or  (^aitist  electric  forces  in  carrying  a 
unit  of  positive  electricity  from  the  point  in  i]uestion 
to  an  infinite  distance,  the  electric  distribution  being 
supposed  to  remain  unchangE'd.  Hence  if  a  quantity  q 
of  positive  electricity  be  concentrated  at  a  point  0,  and 
i*  be  a  point  at  distance  r  from  0,  the  potential  at  P 

due  to  7  is  -■ 

For  the  force  oE  repulHiua  on  n  unit  of  poaiti'^e  electricity  at  iv 
dlHtance  .r  from  C  is  !-  ;  nnd  tlio  worlc  done  by  this  force  in 


in  creasing  the  distance  by  i 
f  be  the  potonliul  at  P  we 


eooq^l 


""'       The  Hiffercnce  of  Poimiutls  between  P  and  anotheE 
fwiaitials.  point  /^  at  a  distance  r'  from  0,  or  the  work  done  j 


DIFFERENCE  OF  POTENTIALS.  9 

carrying  a  unit  of  positive  electricity  from  P*  to  P,  is  Diff'erenc< 

of 

therefore  -  —  -,.     It  is  important  to  remark  that  this  Potcntialj 

T         T 

value  is  independent  of  the  path  pursued  between  P 
and  P.  It  depends  only  on  the  distances  of  the  points 
from  0. 

Further,  if  we  have  a  number  of  quantities  g^^,  jg,  q^  &c. 
of  electricity  at  distances  r^,  r^,  r^  &c.  from  P,  the 

potential  at  P  is  -^  H-  -^  +  &c.,  or,  as  it  is  usually  written, 

2-,  where  2  denotes  summation  of  a  series  of  terms  of 
r 

the  form  -.    Hence  the  difference  of  potentials  between 

P  and  P'  is  in  this  case  2  -  —  2  -,.      The   value   of 

r  r 

2  -  —  2  -/  depends  only  on  the  positions  of  the  quan- 
tities Qi  ^2  ^* 

If  the  distribution  of  electricity  be  continuous  over  any 
surface,  or  throughout  any  space,  the  summation  becomes 
integration  over  the  surface,  or  throughout  the  spuce.  In  the 
former  case  we  have  for  F  the  equation 

r=  jj'^ (7) 

in  the  latter 

r=  f f f P^^^^^ ^^'  ...    (8) 

and  if  tho  distribution  be  of  both  kinds  we  have 

F=  (j''J^+  jfjPjl^    ....    (9) 

where   I  / ,    III  respectively  denote  as  before  integration  over 
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Difference   the  surface  and  throughout  the  space  occupied  by  the  diatri- 

uf        bution. 
Poteuaals.      Since  r«  =  (ar  -  ^)2  +  (y  -  *)«  +  (^  -  ^)2  we  see  from  equations 
(2)  that 

that  is,  the  force-coin pononts  parallel  to  the  axes  at  any  point 
Xj  y,  z  are  equal  numerically  to  the  rates  of  variation  of  the 
potential  in  the  respective  directions. 

Further  if  we  calculate  the  force  variations  in  their  respective 
directions  by  differentiation  in  (2),  and  add,  we  obtain  the 
remarkable  relation 

dX       dY        dZ       ^ 

T.+d.^Tz-'' (1^) 

Laplace*8  This  result  is  called  Laplace's  Equation.  It  only  holds  when 
EquatioiL  there  is  no  electricity  at  the  point  x,  y,  z.  We  shall  prove  a 
more  general  equation  given  by  Poisson  ;  but  first  we  shall 
establish  the  following  proposition,  from  which  can  be  deduced 
many  interesting  results  as  to  attractions  or  repulsions  in 
different  cases  : — 

Let  N  denote  the  outward  normal  component  of  the 
resultant  electrical  force  at  a  point  P  situated  on  a 
small  element  (of  area  ds)  of  a  closed  surface  in  an 
electric  field :  the  sum  of  all  the  products  Nds  obtained 
by  dividing  the  surface  into  small  elements  and  multi- 
plying the  area  of  each  hy  the  value  of  N  at  the 

element,  or  the  value  of  I  \Nds  taken  over  the  surface, 

is  numerically  equal  to  the  whole  quantity  of  electricity 
contained  within  the  surface  multiplied  by  47r. 
Surface        The  product  Sih  has  been  called  by  Maxwell  the 

Integral  of  r  r 

Electric    JStictric  Induiiion  ovfT  the  elanent  rfs,  and  I  I  Nds  the 

Induction.  .'  J 

elecirte  induciUm  over  the  mir/ace.  The  algebraic  sum 
of  the  quantities  of  electricity  within  the  surface  is 
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therefore    equal   to  the   electric    induction    over    the 
snrEace  divided  by  4nr. 

Let  S  (fig.  2)  be  the  surface  and  first  consider  the  normal 
force  at  A  due  to  a  quantity  q  of  electricity  concentrated 
at  O,  Let  a  cone  of  small  vertical  angle  be  described  with 
its  apex  at  0  by  drawing  lines  all  passing  through  0^  and 
through  the  periphery  of  a  small  element  d»  of  the  surface 
at  A.  Let  e  be  the  angle  which  OA  makes  with  the  normal 
drawn   outwards  at  A   and  let  r  be  the  distance   OJ,     We 

have,  if  H  be  the  resultant  force  at  A  due  to  q,  R  =  ^ ;  and  if  N 


Surface 
Integral  of 

Electric 

Induction: 

a  Theorem 

of  Creen. 


Fig.2 


be  the  normal  force  at  da 

y^da  =  Jt  cos  tds  —  %.  cos  e  ds. 

Now  if  d(o  be  the  area  intercepted  by  the  cone  on  a  spherical 
surface  of  unit  radius  described  from  0  as  centre,  we  have 

da  008  f  —  —  r^dfOf 
and  therefore 

iVV«  =s  —  qdoi. 

Now  considering  the  element «/«'  of  the  surface  intercepted  at 
B  by  the  cone  in  emerging  we  have 

N'da'  =  R  cos  e'  da'  =  qdco. 

Hence  for  these  two  elements 

Nda  4-  N'da'  =  0. 

If  as  shown  in  the  figure  the  cone  enter  and  emerge  more  than 
once,  this  equation  must  hold  for  each  pair  of  elements  corre- 
sponding to  an  entrance  and  emergence,  and  hence  for  all  the 
elements  intercepted  by  the  cone  we  have  2  Nda  =  0.    It  is 
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Surface     evident  that  by  drawing  cones  in  this  way  we  could  divide  the 
Integral    whole  surface  up  into  pairs  of  elements,  and  therefore  so  far  as  the 

of  Electric  quantity  q  of  electricity  external  to  the  surface  is  concerned 

Induction. 

jjNds'^O       (12) 

Since  we  can  draw  cones  from  every  point,  this  must  hold 
for  any  external  distribution. 

Now  considering  a  quantity  q  of  electricity  at  a  point  P  within 
the  surface,  we  can  show  as  before  by  drawing  cones  that  for 
any  element 

j^ .    __  -{-qdw,  for  emergence. 
—  qdwy  for  entrance. 

But  as  the  cones  all  originate  within  the  surface,  and  therefore 
emerge  as  shown  once  oftener  than  they  enter,  qd»  is  tbe  value  of 

the  part  of  I  I  Nds  which  corresponds  to  each  case.     Therefore 

jJNds^  q  II  dto. 

But   I  I  d<a  IB  simply  the  area  of  the  spherical  surface  of  unit 
radius,  that  is  in ;  therefore 

Nds  =*  inq, 


! 


and  since  we  can  go  through  the  same  process  for  every  part  of 
the  internal  distribution 


// 


Nds  =  AttM (13) 


where  Mis  the  whole  quantity  of  electricity  within  the  surface. 
From  the  result  for  the  external  electrification  we  see  that  if  N 
be  the  normal  component  at  any  element  ds  due  to  the  electrifi- 
cation both  internal  and  external,  we  have  the  proposition  stated 
above. 
Maximum       From  this  proposition  it  follows  that  there  cannot  be  a  point 
or         of  maximum  or  a  point  of  minimum  potential  in  space  void  of 
Minimum   electricity,  for  if  there   were  the  potential  would  in  one  case 
°^  .  .    diminish  and  in  the  other  increase  in  every  direction  from  the 
Pot^tial    pQjn^  and  the  electric  induction  over  a  closed  surface  including 
R^      Im-  ^'*®  poi"*  would  not  be  zero. 
iMfldble.'      ^®'  '^®  closed  surface  be  a  small  rectangular  parallelepiped 
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lea  dx,  dy,  dt,  with  ils  centre   nt  0,  and  let  X,  he  tlie 
nonnal  component  nt  tlie  eide  tl.vdz  In  rlie  left  of  tlie  origin,  and 
.r,  tlist  at  Uie  oppneite  8i<1e.    I'he  part  of  the  eurfsce  integral 
5iT»n  by  the  side*  is  {Xj  -  A',)  dy  dx. 
Adding  to  this  the  pirU  due  to  tho  other  two  pairs  of  aides 


Eqiidtioii 
of  the 


dy 


triige  rolume  denaitj  of  the  distribulii 


(14) 


I        Add  III 

^^Rm*  p  is  the  n 
^     the  anmce. 

It  is  eosv  to  hIiow  from  equations  (3)  above,  hy  uhnnging  to 
poUr  caorifinates,  Ilint  the  value*  of  X,  Y,  Z  vary  cunliniioiisly 
jbetltPT  or  not  the  pointa  he  in  nny  purt  of  the  eientrilicalion, 
V\ied  only  the  volume  detinity  of  the  distrihufion  dues  Dot 
ome  Uifinite.  We  mny  write  therefore,  putting  X,  Y,  Z, 
If  the  L'oniponent  forces  at  O, 


J,  -  Z  -  i 


dX  . 


J,    =    X-\-\''~dT, 


B  iiroilKr  forraulas  for  T,,  F,.  iT,,  Z^.     Eqaniion  (14)  beenmes 
'    '  1 

'  -  4jr/.     ,     .     .     .  (16) 

^writing  -  dVhh,  -  dVjdy,  -  dVj'h,  instend  of  .V,  I',  Z, 

-     .     .     (IB) 

e(|iiation  is  due  to  Poisaon  and  is  called  sometimea  the 
deriatic  equAtion  of  the  potential.    Wheiip  r^  0,  we  ohtain 
■»'•  equation,  which  is  therefore  a  particuUr  cnae  of  (16). 
B  eh»nge  of  sign  in  all  forcin  in  the  equations  the  theorema 
d  above  and  others  which  follow,  can  be  made  sppliosble   . 
rmritBtional  attrnction.'     For  esample  let  it  be  reijuired  to    . 

B  ttttroclion  of  a  uniform  aphere  or  spherical  shell  of  ii'on^o'r'a 
og  matter  on  an  external  particle  F  of  unit  moss  at  a  sphere  or 
e  r  froTii  the  centre.      By   nyinmetry,  tlie   attraction    at  stiellouan 

^01^  of  Uie  spliorital  surface  concentric  with  the  aphere    External 
and  passing  ihrougli  P  is  the  anine  as  at  P  and  nonnal    Particle. 


I 


J  la  gm<dUtlonaI  attnction  the  polentiB]  ia  delined  an  S  (?/r),  and 

I  foive  parallel  to  any  direction  x  taken  positive  in  the  direction 
Ws  lucnMing,  !■  tlien  dVjiix. 
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Attraction 
(or  repul- 
sion) of  a 
Sphere  or 
Shell  on  an 
External 
Particle. 


Attraction 
of 

Spherical 
Shell  on 
Internal 
Particle. 


to  the  surface.     Hence  by  the  theorem  proved  above,  if  F  be  the 
force 

-  FX  4jrra  =  AnM, 
or 

F  =  -M/r^ (17) 

that  ifl  the  attraction  is  the  same  as  if  the  whole  mass  of  the 
sphere  or  shell  were  collected  at  the  centre. 

if 

By  equation  (6)  F  =  — ,  or  the  potential  is  also  the  same  as  if 

the  whole  mass  were  collected  at  the  centre. 

Again,  let  the  particle  P  be  witliin  a  hollow  shell  bounded  by 
two  concentric  spherical  surfaces ;  the  attraction  at  every  point 
of  a  spherical  surface  passing  through  P  and  concentric  with  the 
shell  must  be  the  same  and  normal  to  the  surface.  Calling  it  F, 
and  the  area  of  the  surface  8^  we  get 

FX/8f  =  0,    orjP=0 


Potential 
Constant 

within 

uniform 

Spherical 

Shell. 


....     (18) 
that  is  the  force  is  zero  within  such  a  shell. 

Since    the    force         is  zero  the  potential  is  constant  within 

ar 

the  shell,  and  is  therefore  everywhere  what  it  is  at  the  centre. 

The  potential  of  a  uniform  spherical  shell  of  radius  r,  thickness  dx, 

and  density  p,  is  4irpx^dx/x  ^  Ajrpxdx,      Hence  the  potential  in 

the  interior  of  a  uniform  spherical  shell  of  internal  radius  a  and 

external  radius  r  is 


4n-p  /    xds  =  27rp  (r*  —  a^) 


(19) 


Potential 

and  Force 

at  any 

point 

within  a 

uniform 

Sphere. 


The  part  of  the  potential  at  a  point  in  a  homogeneous  sphere 
at  a  distance  a  from  the  centre  due  to  the  external  shell  is 
27r/>  (r*  -  «*),  and  the  part  due  to  the  sphere  of  radius  a  on  the 
surface  of  which  the  point  is  situated  is  J  npa^.    Hence 


r=  2irp(r«  -  i«') 


(20) 


Imagine  a  concentric  spherical  surface  described  through  the 
point  The  force,  jP,  at  the  surface  is  everywhere  normal  to  it, 
and  if  a  be  the  radius  we  have 


or 


-  f  X  4irtf*  =  4ir  .--  a\ 

o 


r.  ^ 


.    (21) 


A  THEOREM  OF  GAUSS, 
jt  U,  ibe  force  varies  as  the  distance  from  tlie  rentre,     Tliis 
ulil  of  coursa  be  at  oilce  obltuned  by  finding  — ,  in  equation 

>.  ubove. 
.\»  anullier  example  consider  nn  electrified  circular  disc  of 
!fL>rni  electric  denflitjr  irand  radius  r  actiitg  on  a  unit  of  positive 
:uicity  placed  on  tlie  nsis  of  ilje  disc  at  a  distance  k  from  ila 
<rre.    The  pulenlinl  of  a  eoncentric  ring  of  radius  x  and  breadth  ^ 

■--  is  "iwBidtl  •JH'  +  x>.     Fur  tlie  whole  disc  therefore 


-!:-' 


■,Tidll'Jlfl-^X'i 


"  2irtr  {-Jk*-^  •*  -  k) (22) 

For  the  repultuon  on  the  parlicle  we  have  the  value 

-  dFldk  =  2ir.r  (1  -  kj  -J^T^)  ■  -  .  (23) 
The  following  proposition  (due  to  Gauss)  is  interesting 
i  important :  The  average  potential  over  a  spherical 
B  due  to  electricity  entirely  without  the  sphere  is 
1  to  the  potential  at  the  centre. 

._   ^     « the  electric  iJistrihulion  to  be  a  quantity  q  situated  at 

knot  0.     The  poti^ulial  at  a  puint  F  on  the  spherical  surface 

it  r  from  O  in  ".    The  average  potential  over  the  surface  is, 

fc  b*  ito  radios, —-,  /[-''*-    But  j  j  I  dt  ia  the  potential 

P  due  to  a  uoiform  distribulion  of  siuiface  doosity  g  over  the 

Bill  surface  and  is  therefore  (p.  14)  i^^,  if  B  be  the 

J  of   0   from   the   centre   of  the   sphere.     The   average 

rntiol  is  therefore  j,  that  is,  the  poLcnliol  at  the  centre  of  the 

e  to  y  at  0.     The  same  result  can  be  obtained  for  every 
^  of  tlio  distribution,  and  the  proposition  h  esliiblislieci. 

Prom  this  theorem  follows  obviously  the  result  already 
Wed  that  there  is  no  place  of  maximum  or  of  minimum 
tentitd  in  space  void  of  electricity. 


I 
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Furtber  it  follows  if  throughout  any  apace  S  in  which 
there  is  no  electricity  the  potential  be  constant,  the 
potential  must  have  the  same  value  throughout  all 
space  that  can  be  reached  from  S  by  any  path  which 
does  not  pass  through  the  electrified  system.  For  if 
throughout  any  space  5',  adjuining  S,  the  potential 
be  greater  or  leas  than  in  8,  it  must  be  ponaible  to 
describe  a  sphere  so  small  that  its  centre  and  a  portion 
of  its  surface  may  be  in  S,  and  the  rest  of  its  surface  in 
S'.  The  mean  potential  over  the  surface  would  then  be 
either  greater  or  less  than  the  potential  at  the  centre, 
which  is  impossible.  Hence  S'  cannot  have  at  any 
point  a  greater  or  less  potential  than  that  of  S. 

A  surfece  every  point  of  which  is  at  the  same 
potential  is  called  an  Equipotcntia-l  Surface,  or  some- 
times a  Zevet  Surface.  Such  a  surface  can  evidently 
be  drawn  for  every  point  of  the  electric  field. 

Any  equtpotential  surface  may  be  taken  aa  the 
surface  of  zero  potential,  and  the  potential  at  any 
point  is  then  simply  the  difference  of  potentials  between 
the  point  and  that  surface.  The  potential  of  the  earth 
is  generally  taken  as  zero  potential. 

Since  no  work  is  done  in  carrying  a  unit  of  positive 
electricity  from  one  point  of  an  equipotential  surface 
to  another,  lines  of  force  meet  such  surfaces  at  right 
angles ;  in  other  words,  the  direction  of  the  resultant 
force  at  any  point  of  such  a  surface  is  normal  to  the 
surface. 

The  potential  within  a  closed  equipotential  surface 
which  contains  no  electricity  is  constant.  For  if  not 
there  must  be  an  adjacent  equipotential  surface  within, 
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h  Ugber  or  lower  potential,  and  the  electric  induction 

(every  el«;ment  of  that  surface  roust  have  the  sanie 

But  tlio  intogral  over  the  whole  surface  ia  zero, 

i  zero  over  every  element,  that  is,  the  elcctiic 

!  at  every  element  is  zero.     There  is  therefore  no 

nereDce  of  potential  between  the  two  surfaces;  aud 

r  applying  the  theorem  of  Gauss  (p.  15  above),  or  by 

ideriiig  successive  internal  surfaces  we  can  prove 

t  the  whole  internal  space  ia  at  the  same  potential. 

I  It  is  necesaary  for  electrical   equilibrium  that   the 

rtric   force  at  every  point  of  the  substance  of  any 

idoctor,    whether   contaJuing   within    it    electrified 

I  or  not,  be  zero,  that  is,  that  the  potential  at 

point  be  the  same.     Any  surface  therefore  de- 

pibed   within   the   substance   of  a  conductor  ia   an 

■uipot«QttaI    surface,   and,   by   the    proposition    just 

raved,  the  |>otential  must  have   the   same  value  at 

rery  point  within  a  hollow  conductor  containing  no 

tfied  bodies,  as  at  the  conductor  itself. 

IfitDce  the  electric  force  is  everywhere  zero  there  is  no 

I  electricity  at  any  p'^iut  in  the  substance  of  the 

idaotor,  for  no  lines  of  force  can  enter  or  leave  any 

a  of  space  there  situatetl.     Hence  the  charge  of 

ndactor,  can  be  found  only  on  the  external  surface, 

d  if  a  conductor  in  the  interior  be  brought  into  con- 

twith  the  internal  surface  it  will,  if  electri6ed,  give 

I  its  whole  cluirge  to  the  external  conductor,  and  if 

ri6ed  receive  no  charge. 

a  conclusions,  which  have  been  deduced  from  the 
r  of  electric  attraction  and  repulsion  stated  above 
Bl),  BW  in  accordance  with  the  results  of  experiment. 
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A  charged  conductor  introduced  within  a  closed  con- 
ductor and  brought  into  contact  with  it  as  in  Faraday *s 
ice-pail  experiment  (p.  22),  and  in  Biot's  well-known 
experiment  in  which  two  insulated  hemispherical  con- 
ductors are  made  to  enclose  and  touch  a  highly  charged 
metallic  sphere,  is  found  to  be  completely  discharged. 
The  distribution  otherwise  than  on  the  external  surface 
is  therefore  not  one  of  equilibrium. 

The  same  result  was  found  so  long  ago  as  1773  by 
the  Hon.  Henry  Cavendish,  who  used  the  other  form  of 
experiment.  A  conducting  sphere  was  insulated  within 
a  concentric  spherical  shell  made  of  two  hemispherical 
conductors  mounted  on  insulating  supports  so  as  to  be 
easily  removable.  The  shell  after  having  been  highly 
charged  was  brought  into  contact  for  an  instant  with  the 
internal  sphere.  The  hemispheres  were  then  removed 
and  discharged,  and  the  electrical  state  of  the  sphere 
tested  by  means  of  a  delicate  electroscope.  No  trace 
of  a  charge  could  be  detected  .^ 

The  tests  of  such  a  charge  now  afforded  by  Sir 
William  Thomson  s  Quadrant  Electrometer  (Chap.  II. 
below)  exceed  enormously  in  delicacy  any  which  could 
previously  be  applied,  and  careful  repetitions  of  the 
experiment  made  with  the  help  of  that  instrument 
have  shown  no  inaccuracy  in  Cavendish's  result.^ 

This  result  is  of  the  utmost  importance,  for,  assuming 
it  as  a  fact  experimentally  proved,  we  can  reason  back 
from  it  to  the  law  of  the  inverse  square  for  electric 

1  Cavendish's  Electrical  Eesearchcs,  or  Maxwell,  ElecL  and  Mag. 
vol.  i.  p.  77  (see.  ed.). 

a  Maxwell,  Elect,  and  Mag.  (sec.  ed.  vol.  i.  p.  78). 


THEOKY  OP  THE  CAVENDISH  EXrEIilMENT, 

attraction  and  repulsion,  which  Coulouib  arrived  at  by 

liie    immensely    more   uncertaiu    metliod   of   directly  '^ii,lt^^ 

iQeasuring,  in  the  torsion  halance,  the  attraction  and  SjUogUm 

repnision     between     electrically    charged    conductors. 

i-'aventlifih'a  esperiment  is  therefore  properly  regarded 

^E  the  crucial  test  of  the  law  of  the  inverse  square. 

We  &hnll  now  prove  briefly  tliat  if,  as  shown  by 
Cavendisha  experiment,  the  electric  distribution  on  a 
thaiged  spherical  conductor  is  entirely  on  the  external 
I,  or,  which  is  the  same  thing,  if  there  be  zero 
t  everywhere  within  the  condnctor,  the  law  of  the 
e  square  is  true.'  If  the  sphere  be  at  a  very  great 
s  from  all  other  conductors  the  distribution  on  it 
,  from  symmetry  be  uniform,  and  we  have  seen 
L 14  above)  that  the  law  of  the  inverse  square  satisfies 
a  oontlition  of  zero  force  in  the  interior.  It  remains 
i  show  that  this  is  the  only  law  which  is  consistent 

\^  a  distribution  entirely  on  the  surface. 

I'Xiet  F(t)  denote  the  electric  force  at  a  distance  rfrom 

nit  of  positive  electricity  concentrated  at  a  point ; 

1  J"  (r)  fulfils  the  condition  stated.     In  the  case  of 

a  i»w  of  the  inverse  square  r"  F  (r)  is  a  constant,  for 

f  Otlier  law  it  is  not.     If  t^  F  (r)  is  not  constant,  it 

t  ftirany  given  value  of  r  either  increase  or  diminish 

r  U  increaseil.     Let  r^  and  r^  be  any  two  values  of  r 

,  tbiit  F(r)  continuously  increases  us  r  increases 

,  to  r,.     Let  ABCJJ  (Fig.  3)  be  a  great  circle  of 

nhericiU  conductor  of  diameter  r,  + 1\  and  surface 

BTIi"  proof  Iietegiviin  is  line  to  M,  linrtmni,  Jonrn.  de  Phy:  t,  II, 
MI  (1878).  Fir  otli«r  proofs  scis  Lapluco,  ifioiiiu^m  CeletU,  i.  2 ; 
~'  t,  Jiei.  J  MaxwflU,  lot,  cit. 
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Proof  of   density  a,  P  dk  point  such  that  CP  =  PD,  and  AB 

PrenuM  of  ^^®  diameter  drawn  through  P.     Draw  a  double  cone 

Caven-     Qf  small  Vertical   angle   dco   at  P  and  denote   by   0 

dish  8        t  1  .  ,  .  . 

Syllogism,  the  angle  which  the  axis  of  the  cone  makes  with 
the  radius  at  its  intersections  with  the  sphere.  The 
quantities  of  electricity  on  the  opposite  elements  of 
the  sphere  are,  if  r\,  r\  are  their  distances  from  P, 
<r  t'i  dco/cos  0,  a-  r'^  (2o>/cos  0  respectively,  and  the 
components  of  their  attractions  along  the  diameter 

<r  dcD  r^  F  (rj  cos  0/cos  0,    a-  dm  r^  F  {r^  cos  0/cos  0, 

where  <f>  is  the  angle  between  the  axis  of  the  cone  and 
AB,    as  shown.     These   attractions   are   in    opposite 


directions,  and  since  r\  >  t\  the  second  is  greater  than 
the  first.  Now  the  whole  sphere  can  be  divided  up 
into  pairs  of  elements  so  that  one  of  each  (of  distance 
r'l),  lies  above  AC,  and  one  (of  distance  r  g),  beneath : 
hence  the  attraction  of  P  towards  A  must  be  greater 
than  that  towards  P,  that  is,  the  condition  that  there  is  no 
force  within  the  conductor  is  not  fulfilled.  Hence  the 
hypothesis  that  r*  F{r)  increases  as  r  increases  from  r^ 
to  r^  cannot  be  true ;  and  in  the  same  way  it  can  be 


ISDUCTIOK  WITHIN  CLOSED  CONDDCTOR. 

WD   that   r*  F(r)  does  not  diminigh 

•vreen  any  limita  whatever.     It  follows  that  i'  F{t) 

k  constant  if  the  electric  distributioQ  is  wholly  ou 

B  surface. 

Cavendish's  result   was  incidentally  confirmed   and 

ifeingty  illustrated  by  Faraday  in  hia  researches  on 

"  Absolute  Charge  of  Matter."  ^  Having  constructed 
nbical  framework  of  wood  (ten  feet  in  length  of  edge), 
rered   with   a   network  of  copper   wire   and   bands 

tinfoil,  he  insulated  it  and  placed  within  it  a  very 
ilicate  gold  loaf  electroscope.  He  then  powerfully 
ictrified  the  cube,  and  found  that  the  electrosciipo 
owed  no  effect.  He  even  went  into  the  cube  and 
in  it,  and  tried  without  effect  all  the  tests  of 
Mtnfication  he  could  apply,  although  all  the  time 
Dg  Sparks  and  brush  discharges  were  passing  from  its 
r  surface. 

We  can  now  prove  simply  the  important  result  that 

a  closed  conductor  contain  any  electrified  system 
tving  a  total  charge  Q,  a  total  cha^e  of  electricity  —  Qis  ' 
iduced  on  the  inner  surface  of  the  conductor.  For 
Ippose  a  surface  H  described  within  the  substance  ot 

I  conductor  C  intermediate  between  its  inner  and 
Iter  surfaces,  then  since  there  is  no  force  within  the 
ibstance  of  C  the  electric  induction  over  S  must  be 
Hence  the  t<)tal  quantity  of  electricity  within 
.  mast  bo  zero.  _  that  is,  the  proposition  stated  above 

\st  be  true.     We  shall  see  below  that  the  density  of 

»  indoced  distribntinn  at  any  point  depends  on  the 
aibution  of  the  internal  inducing  system. 

'  EipcriiiuJiCal  Rtacarchri,  vol.  t.  ji.  366. 
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1  If  C  be  insulated  without  charge  it  follows  thi 
charge  equal  to  +  C  is  found  on  the  external  surface. 
We  shall  see  belon  (p.  S6)  that  the  distribution  of  this 
charge  b  independent  of  that  of  the  internal  charges, 
and  is  the  same  as  that  of  a  free  charge  of  tlie  eRine 
amoiiut  given  to  the  conductor. 
Ihnda^'s  These  results  give  the  explanation  of  Faraday's  ice- 
[  lExn^'-  P*i'  experiment  alluded  to  above.  A  pewter  ice-pail 
~  ■  was  supported  bj  silk  threads  and  connected  to  a 
delicate  gold  leaf  electroscope.  A  charged  conducting 
ball  was  then  lowered  into  the  ice-pail,  and  as  it 
descended  the  gold  leaves  gradually  separateil  until  the 
ball  had  been  placed  well  down  in  the  pail,  when  the 
divergence  remained  nearly  constant  as  the  ball  was 
lowered  further,  brought  into  contact  with  the  pail,  uul 
withdrawn.  The  ball  was  then  found  to  have 
totally  discharged. 

The  same  experiment  can  be  repeated  with 
ceedingly  great  delicacy  by  means  of  the  quadrant 
electrometer,  and  if  the  jiail  is  well  insulated  and  closed 
by  a  conducting  cover  to  which  the  ball  is  hung  by  an 
insulating  support  kept  free  from  electrification,  the  re- 
sult described  is  easily  obtained.  The  insulating  support 
if  electrified  may  be  discharged  by  being  passed  through 
a  flame,  or  by  being  placed  in  a  current  of  hot  air.  With 
a  quadrant  electrometer  in  ita  ordinary  grade  of  sensibility 
it  is  necessary  to  charge  the  ball  very  slightly.  This 
can  be  done  without  sensibly  electrifying  the  insulating 
suppori  by  giving  a  small  spark  by  means  of  an  ulectro- 
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lulating  hai 


then  touching  that  bull  with  a  third  also  in8ulated,4 


MULTIPLICATION  OF   AN   ELECTRIC   CHAKOE, 


'ging  the  latter  and  again  bringing  it  iato  contact 
I  the  second,  and  so  on  until  the  charge  of  the 
i  ball  is  so  much  diminished  that  the  experimental 
Q  brought  iato  contact  takes  a  charge  just  sufficient 
I  give  a  convenient  deflection  of  the  electrometer 
idle.  The  constancy  of  the  electrometer  deflection 
ter  the  contact  shows  that  the  potential  of  the  con- 
tor  is  not  altered,  and  it  follows  as  proved  below 
i  26)  that  the  distribution  on  the  exterior  surface 
f  the  conductor  is  not  changed.  The  total  discharge 
"f  the  ball  proves  that  its  chaise  was  equal  and 
opposite  to  the  induced  charge  on  the  interior  surface 
r  the  conductor. 

s  experiment  is  the  basis  of  many  useful  electrical 
nments,  notably  induction  machines  such  as  Thoni- 
■8  Beplenisher,  and  the  machines  of  Holtz,  Voss, 
1  others,  which  midtiply  electric  charges ;  and  it 
B  more  clearly  than  any  other  the  idea  of  quantity 
electricity.  Far  example  it  gives  ua  a  means  of 
bg  a  conductor  with  any  number  of  times  a  given 
'j  charge.  For  let  the  charge  be  given  on  the 
S  <rf  the  ice-pail  in  the  experiment  above.  Tlii;  ice- 
3  is  insulated  within  the  conductor  to  be  charged,  aud 
P  i)ai\  placed  within  the  ice-pail  but  without  touching 
'  The  ice-pail  and  the  exterior  conductor  are  then 
Ight  into  contact  for  an  instant, and  the  ball  and  ice- 
,  witlidrawn.  Since  the  ice-pail  and  conductor, 
a  in  position  after  the  contjict,  are  at  one  potential, 
I  is  Qo  electriBcalion  between  the  inner  surface 
llie  fonner  and  the  outer  surface  of  the  latter. 
1  thoie  is  then  a  charge  on  the  outer   surface 
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same  sign  flS^ 


of  the  conductor  equal  to,  and  of  the  same  sign  I 
that  on  the  ball.  If  the  ice-pail,  which  is  left  with 
a  charge  equal  and  opposite  to  that  ou  tho  ball,  be 
discharged,  and  the  process  above  described  repeated, 
another  charge  equal  to  that  on  the  ball  will  be  given 
to  the  conductor,  and  so  on  until  the  required  multiple 
of  the  charge  has  been  given. 

By  slightly  modifying  this  process  a  second  conductor 
may  be  charged  with  an  equal  quantity  of  the  opposite 
electricity.  For  it  is  only  necessary  to  discharge  the  ice- 
pail  each  time  by  placing  it  within  imd  then  bringing 
into  contact  with  the  secopd  conductor.  If  the  apposite 
kind  of  electricity  only  is  required  it  is  sufficient  to 
connect  the  ice-pail  to  earth  each  time  the  ball  is  placed 
within  it. 

The  results  of  Faraday's  ice-pail  esperimenta  arc  in 
complete  accordance  with  theory,  and  are  direct  con- 
sequences of  the  following  general  proposition  regarding 
closed  conductors.  Whatever  bo  the  electriti cation  of 
the  closed  conductor,  the  external  electric  distribution 
and  the  potential  at  every  external  point  is  the  same 
for  a  given  total  quantity  of  electricity  within  the  con- 
ductor without  regard  to  the  manner  of  its  distribution : 
and  the  electric  distribution  on  bodies  within  the 
closed  conductor  is  independent  of  the  electrification 
both  of  the  external  surface  of  the  closed  conductor 
itself  and  of  external  bodies.  In  the  proof  of  this  pro- 
position, and  frequently  in  what  follows,  we  shall  use  the 
principle  of  svprrpnitHum,  of  declrv:.  dislri^iutUms,  which 
ought  therefore  to  be  first  explicitly  stated. 

According   to  the   theory  given  above   (p.   d)M 


QESERAU    THEOBEM  OF  CLOSED  OOSDDCTOEa, 

ttUa]   at    any  point  due  to  a  cbarge  of  electricity  P™    . 

dlher    point  is  directly  proportional  to  tlie  charge,  "tKwit!^ 
\  llie   potential  at  any  one   point  produced  by  any     «tiitB(i. 
kribation    of  electricity  is  the  sum  of  the  potentials 
■  to  the  separate  parts  of  which  the  distribution  con- 
i,  or  of  the  separate  distributigns  into  which  it  may 
npposed  divided. 
B  electric  system  in  fact  may  be  bnilt  up  in  any  way 
>er  of  separate  parts  or  made  up  of  separate  dis- 
lalJODS  superimposed  ;  each  part  of  the  system  or  each 
inmU;  distribution  produces  its  potential  at  any  point 
■  if  the  remainder  did  not  a^ist ;  the  £nal  distribution 
Elbe  sum  of  the  separate  distributioas,  and  the  fiDal 
iotial    at   any   point    the    sum   of   their   separate 
tntiaU.     This  conclusion  is  capable  of  direct  veri- 
by  experiment  in  certain   cases,  and   further 
•  reaults  deduced  from  it  are  found  to  agree  with 
I  phenomena. 
|It  ifl  proveii  below  (p.  69)  that  electricity  can  be  dis- 
mted  in  one  and  only  one  way  on  a  given  system  of 
idactnrB  so  as  to  produce  a  given  possible  system  of 
rntials.      Hence  if  by  the  superposition  of  different 
I  of  the  same  conductors  we  can  produce  the  re- 
1  potentials  we  know  that  we  have  obtained  the 
by  Boluticn  of  the  problem. 
[I)  Suppose  no  external  electrified  bodies  to  exist,  RelMionof 
I  the  closed  conductor  to  be  at  zero  potential,  then,   h^"'"!'"* 
I  the  potential  is  zero  also  at  a  very  great  dis-  tunial  a 


>  in  intermediate  space,  otherwise  there  would  !«  a  Ccmdnotar. 
a  OT  minimum  of  potential  in  space  unoccupied 
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Hence  the  distribution  of  electricity^ 
the  interior  surface  of  the  conductor  is  snch  as  to  pro- 
tenal  uiii  duce  through  external  space  a  potential  exactly  equal 
~     •CliMwd  and  opposite  to  that  which  the  charged  body  produces, 

(2)  Suppose  an  external  electrified  system  to  exist, 
but  no  electricity  to  be  within  the  conductor,  the 
potential  within  the  conductor  (which  may  now  be 
supposed  insulated  and  chained  to  any  degree)  will  be 
constant  and  of  the  same  value  as  that  of  the  conductor. 
The  induced  electrification  of  the  conductor,  as  may 
be  seen  by  supposing  the  potential  zero,  is  such  as  to 
produce  a  potential  within  the  conductor  equal  and 
opposite  to  that  pro<luced  by  the  external  electrified 
bodies ;  and  we  can  superimpose  on  this  tlie  inde- 
pendent electrification,  if  any,  which  is  eEFective  in 
producing  the  actual  potential  of  the  conductor. 

We  have  therefore  in  (1)  and  (2)  three  electri 
tioDS  which  are  separately  in  equilibrium  and  tmfi 
supposed  superimposed,  and  since,  as  we  shall  see 
below,  there  can  be  only  one  distribution  corre- 
sponding to  given  potentials  or  charges  of  the  system, 
the  superimposed  distributions  are  in  equilibrium  and 
form  the  actual  distribution.  Hence  the  proposition 
J  stated  above  is  true ;  and  we  have  also  the  very  important 
result  that  if  the  conductor  be  connected  with  lite  earth 
it  forms  a  perfect  electrical  screen  between  the  inti^nal 
and  external  systems.  To  protect  an  electric  sysU 
from  all  external  influences  it  is  therefore  only  n 
eary  to  phice  round  it  a  metallic  screen  (or  \ 
quite  efficient,  a  metallic  grating  or  network)  connd 
with  the  earth. 
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CHASGE  OF  FORCE  AT  ELECTRIFIED  SLTtFACT. 

('onsitier    a   small   element  of  area  ds  of  an   eijiu- 

•Tk-ntia,!    surface,  ami   imagine   lines  of  force   to   be 

:rawn  through  every  point  in  its  periphery  so  as  to 

I  irm  a  tubul&T  surface.     Such  a  surface  is  called  a  tulw 

■ ;  /orct.     Let  li  be  the  resultant  electric  force  at  the 

^:iQent  ds  and  let  Jtds  be  taken  as  unity,  the  tube  is 

unit   tul'C.      Imagine   any  fiaite   area  of  the 

»ntial  surface  to  be  divided  into  elements  sucli 

i  the  tube  for  each  is  a.  unit  tube,  and  let  n  be 

r  nomber  so  that  SJids  =  n;  then  n  is  the  number 

s  of  force,  or,  as  it  is  usually  put,  "the  number 

of  force"  which  cross  the  area.     It  is  to  be 

tembered  that  what  is  called  a  line  of  force  in  the 

"  Dumber  of  lines  of  force"  is  a  unit  tube.     We 

1  not  however  use  the  term  in  this  sense,  but  in  the 

)  defined  above  (p,  6),  which  has  nu  reference  to 

aty  of  force. 

Dsing  X  in  the  same  sense  as  before,  and  considering 
■  projection  of  ds  on  an  equi potential  surface  at  the 
mt,  we  see  that  Ndx  is  really  the  same  thing  ae 
pnaoiber  of  tubes  of  force  which  croso  de,  and  as  A^  is 
3  taken  positive  where  the  lines  leave  the  surface, 
.  uegattve  where  they  enter  it,  we  see  that  the 
g  of  the  number  of  tubes  of  force  which  leave  the 
i  over  the  number  which  enter  it,  that  is  the 
induction  over  the  surface,  is  equal  to  iir 
t  the  algebraical  sum  of  the  electricity  within  the 


.j(  itt  and  di'  be  two  iiorniKl  at'clions  of  ii  l.ulie  of  force,  nnA 

WtaA  V  bo  the  futte  nl  Ilie  two  spctwiis,  ilicn  tlie  siirfiico 

l]  of  electric  inducEion  for  the  portion  of  [liu  (ulic  betwcr.n 


this  part  of  tiie  tube 
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H  Fd>  -  Fd*;  and  if  tliero  he  no  e 


Fda  =  Fd^. 


....     (24) 

that  ie,  the  product  of  the  electrio  force  and  tlio  crosG-seotional 
area  of  the  tube  is  everj'where  constant  if  Uie  tulm  conUin  no 
olectricity. 

If  however  the  tube  pass  through  an  electrized  surface,  then 
we  may  siippoae  the  tuhe  an  thin  that  the  normal  at  evi-ry, point 
of  tlm  inlercepted  element  of  the  Hurface  ia  in  the  Biinie  direction, 
u  and  conaidr^r  the  very  short  portion  of  the  tube  bounded  by 
'  two  croas-HBctiona  parnllel  to  the  element,  one  just  within  and 
the  other  just  without  the  HUiface.  If  da  be  the  area  of  the 
element  intercepted  on  the  surface  by  the  tube,  a-  the  density 
there  of  the  distribution,  and  8  the  angle  which  the  normal  to 
the  element  on  the  positive  side  ninkes  with  the  direction  there 
of  tha  resultant  force,  wo  linve,  taking  the  surface  integral,  which 
consists  only  of  the  end  portions, 


[F  -  F")  coa  $d*  =  Anad', 
(/■  -  F-)  0O8  6   ~^a     . 


(^6) 


that  is,  the  normal  components  of  electric  force  at  two  neigh- 
bouring piiinls  on  ft  line  of  force,  but  on  opposite  sides  of  the 
surface,  difEor  by  4ir  times  tlio  eleutric  surfaci*  density  where  the 
line  cuts  (he  surface. 

If  we  draw  norm«ls  v,  v*  outmardt  from  the  two  ends  of  tha 
portion  of  tube  here  considered,  and  /'„  F'  be  tlie  reBpecti\'e 
potentials  ut  the  two  sides  of  the  surfnoe,  we  have 

FiiosB  =  -  dFldv,    Fcoa6  =.  dr'/dy', 

and,  therefore,  equation  (25)  becomes 


d:  +  ^7  ^^'-"-^ 


m 


Tins   ie   the  fonn   which   the   cliaracteristic   equation  of  the 
potential  takes  at  a  surface  at  which  th"  el'"c(ric  fnrni'  is  dis- 
noniinaou8,and  it  shows  that  to  the  diseiii'i""'"  •"'■■■■""■■■■-'■■" '■■■"■'" 
a   certain   delerminato   deiistly  of   elp<'' 
surfuce.     Since  tlie  potenliul  iaconslun' 
a  conductor  on  which  olectricity  is  ifi 
force  must  be  considered  as  leriuiiialin. 
Red  surface.     Hanco  the  Hurii.. 
extending    between    and    t' 


IFACE  DISTBIBimON  BEPLACIHG  INTERNAL  SYSTEM. 

JBWJfuIuctora,  iseqiml  to  zero,  Tlie  total  quantity  of  electricity 
1  tlte  tube  is  therefore  nlio  r.eto,  nntl  hence  if  dt,  di  be  llie 
mte  Intercepted  by  llie  tube  on  [he  two  iurfuceH,  nnd  v,  a'  the 
Btitfoee  densities,  we  have 


I  wv  cooaider  n  tube  of  force  terminsting  at  one  end  juRt  For 

bn  U)«  electrified  atirface  of  a  conductor,  and  at  t!ie  other  end  Sui 

■iliatside  the  aurfiice,  we  have  Cor  the  end  withio  the  aurfuce  "'  * 

t  {-  dF'/dy-j  =  0,  and  therefore  '''" 

F  =   -  dFldo  =  4irff (2G  bii) 


wa   tbe  result  obtained  above  (pp.  25,  26)  for  a 

I  condtartor,  containing  an   electric  system  inau- 

1  within  it,  it  follows  that,  wbether  or  not  there  be 

■AJttcmal  electric  system,  the  electrification  of  the 

r  surface  reversed  iu  sign,  would  produce  exactly 

(  potential  at  the  conductor  and  all  external 

rjmnts  ss  is  due  to  the  internal  system.    But  by  (20  Ids) 

Ibe  density  at  any  point  of  the  inner  surface  is  —  Fj^v, 

■iWbere  F\&  the  internal  force  at  the  point  in  the  md- 

I  direction.     The  density  of  the  distribution  which 

,  surface  coinciding  with  the  inner  surface  of  the 

Doctor  TTOuId  replace  for  external  points  the  internal 

B  therefore  F/i-n-. 

lae  an  infinitely  tbin  insulated  conductor  made 
at  with  an  oquipotential  surface  of  an  electric 
whether  wholly  or  partly  internal,  and  the 
L  qrstem  replaced  by  that  distribution  over  the 
*  irbicb  does  not  alter  the  potential  at  the 
ay  external  point.     The   force  at  any 


Case  of 
Conductor 


^ 
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Case  of    point  just  outside  the  surface  has  its  former  value  F, 

Coincrding  ^^^  ^^^  electric  density  there  is,  by  (26  his)^  Fj^ir.   This 

withEqui-  (pp.  69,  76)  is  the  only  distribution  which  fulfils  the 

Surface,    prescribed  conditions,  and  since  the  conductor  is  all  at 

one  potential  in  the  equilibrium  distribution,  the  total 

charge  is,  as  we  have  seen,  equal  to  the  charge  of  the 

internal  system. 

Since  this  surface  distribution  is  that  of  equilibrium 
it  is  that  which  the  conductor  would  take  if  insulated 
without  charge  in  presence  of  the  actual  electric  system, 
and  as  we  have  just  seen  it  is  identical  with  the  in- 
finitely nearly  coincident  distribution  on  the  interior 
surface  reversed  in  sign.  Hence  no  change  in  potential 
or  force  at  any  point  external  or  internal  is  produced  by 
making  an  infinitely  thin  conducting  shell  insulated 
without  charge  coincident  with  the  equipotential 
surface. 


Section  II. 

POTENTIAL  ENERGY  OF  AN  ELECTRIC  SYSTEM. 

GENERAL  PROPOSITIONS  REGARDING  A    SYSTEM   OF 

CONDUCTORS. 

Electric        The  potential   energy  of  any   electric   system   can 

iiergy.    jepeud  Qi^iy  QH  the   state  of  the  system.     Now  the 

principle  of  superposition  stated  above  gives  a  method 

of  calculating  the  work  spent  in  charging  the  system 

by  a  particular  process,  and  therefore  also  the  potential 


[  POTEHTIAL  ENEKGY  OF  AN  ELECTRIC  SV8TEM- 

'  oC   tbe    system,   provided   we   caii   assume  its    Elrt 

iJitv  to  the  work  so  spent.     But  by  the  principle 

Jie    Conservation   of   Energy   the   work   apent  in 

,  material  system  from  one  state  to  another, 

liuiy    manner   whatever,   is   the   equivalent  of  the 

B  of  tlie  energy  of  the  system  in  the  latter  state 

r  its  energy  in  the  first.     Heuce  we  may  assume 

b  the  work  spent  in  electrifying  the  system  by  any 

,   of  charges   whatever  is  the   equivalent  of  the 

;  energy  stored  up  in  the  system. 

jCt  the  system  proceed  from  zero  electrification  to 

f  final  statu  by  iniinitesimal  steps,  each  such  that  the 


JatiTe  electrifications  of  all  the  parts  of  the  system 
S  the  same  as  in  the  final  state.  By  the  principle  of 
witioD  the  increments  of  the  charges  ptisitive  or 
[kkiTe  of  the  various  parts  will  be  proportional  to  the 
s  of  potential  which  take  place,  that  is,  both  the 
tjification  and  the  potential  of  every  part  of  the  sys- 
i  change  uniformly  with  the  time  if  one  does  so. 
e  if  we  represent  the  final  charge  of  any  element  by 
ight  line  OB,  and  the  final  potential  by  the  oi-dinate 
■C^  the  potential  of  the  element  corresponding  to  any 
mediate  charge  OB  will  be  given  by  the  ordinate 
I  drawn  from  B  and  meeting  OC  in  D.     Now  the 


Calcn- 
I  latian  of 

I   Electric 
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work  spent  ill  tLe  process  of  charging  described,  in  giving 
a  charge  q  to  any  element  at  which  the  potential  is  K, 
before  the  charge  is  given  and  V^  immediately  after,  ia 
greater  than  V■^q  and  less  than  V^ ;  that  is,  if  Bh 
represent  q,  the  work  done  in  bringing  q  to  the  element 
liea  in  numerical  value  between  those  of  the  rectangular 
areas  hD  and  Bd.  But  these  two  rectangles  differ  by 
the  rectangle  Dd,  which  is  very  small  in  comparison 
with  either,  when  Bb  is  a  small  fraction  of  OB.  Hence 
the  whole  work  spent  in  charging  the  element  is,  if  its 
final  potential  be  V  and  charge  Q,  numerically  equal  to 
the  area  of  the  triangle  OAO  or  }  VQ.  If  ii'  be  the 
energy  of  the  whole  system  we  have 

E=^tVQ (28) 

where  £  denotes  summation  of  the  products  VQ  toJ^en 
I  for  all  the  elements. 

In  the  case  of  conductors  whose  potentials  are  Fj 
and  charges  G,,  Q^.  &c.,  we  have 

where  V  denotes  the  potential  of  any  conductor  and  ( 
its  charge. 

For  anyayrtem  of  siirfnpe  diitribiitions  wlieihor 
in  part  on  condnclorfl  or  not,  nt  any  element  da  of  wliii 
electric  surface  density  is  cr,  we  have  for  the  energy 


=  ♦// 


fadi. 


m 

md  Q 
.     (30)   1 


(30) 

e  the  intPgrution  ie  exienileii  over  all  the  surfaces.  Similarly 
if  ttiere  be  a  volutne  distribution  witli  potential  varyiisi;  fruni 
point  tu  point  we  hnve  for  I.Iib  enoigy  of  no  elfiiuenl  rfj  tly  di  nt 
whicli  tlie  potentinl  is  V  and  donaily  p  tlio  value  ifp  dx  dy  Jr. 
Ilence  for  the  total  energy  in  the  moRt  general  uoiie  we  Imve 


ifjr,rd,  +  ilJJF^d^dy</:. 
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■|iir£u;e  integral  being  extended  over  nil  the  electrtlied  bodieE 
■the  volume  iategralBOVeralllliespacesoccufiied  bj- electricity. 
1  of  w  we  write  its  value  -  j-  3-1  ""d  for  p  its  viIqb 


Systmi — 
Finrt 

Eipretwion 


'-i//4/-i/// 


FTPF  lij  flu  d: . . .  (32) 


»y  to  obtain  anotlier  espression  for  tho  electric  energy, 
e  two  eqiii potential  surfaces  of  the  actual  system  at  a 
rt   diatknce   apart,  and    let   the  electric  force  at  any 
!■  of  the  inner  aurface  be  F,  and  the  distance  between 
sew  measured  alonff  a  line  of  force  dv.     Now  imagine 
toioity  to  be  gradually  distriliuted  over  tho  inner  surface  so 
h>  produce  finally  the  reaultatit  force  F  at  each  point  just  out- 
It  the  Biirfnce,  and  the  charge  on  each  element  to  be  brougrht 
fa  line  of  force  to  that  element  from  the  outer  surface,  and 
ftt  the  distribution  on  the  surface  has  always  tiic  sBine 
o  dcnsitv.     If  y  be  the  electric  force  at  di  due  to  the  dia- 
an  on  ^le  aurface,  at  any  Dtage  in  its  building  up  in  this 
r,  the  work  done  in  bringing  a  email  miantrty  of  electricity 
ag  Jf  la  dt  against  /,  is  dq  ,Jdv.     By  this  transfer  the 
o  force  has  been  changed  frcim/to/+  df^  and  the  surface 
f  tlierefore  increased  by  (^/4n.    Bui  dq  =  di.d/jin,  iicnco 
k  done  is  —  dv.dt.fd/.    If  the  inner  surface  is  originally 
d  f  varies  from  0  to  F,  and  the  work  done  over  the 


"//" 


I  obvioualy,  by  adding  the  values  of  this  integral  fc 
■potential  «nrfriccs  we  shall  obtain  the  whole  electrical  energy 
Ihtt  eyBleni.     We  have  therefore 

F^  1   i((  F:,ii,lj,^:  ,    .    .    .     (33  i.-«) 

ft  inisRration   being  exteuiied   (hrougliout    all    space.      This 
in  givea  tho  value  of  the  total  electrical  energy  for  any 
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distribution   whatever.      In  the  coee  of  a  system  of  electrilied 

n  conductors  the  iatei^rstioa  oeed  not  of  course  be  extended  to  the 

r-  Bpnce  occupied  by  the  substance  of  any  conductor  or  to  the  space 

within  any  conductor  if  it  contnin  no  electricity,  »a  in  every  aucb 

space  the  value  of  Fie  zero.     (Jfiing  (20)  we  get  by  (32)  and  (33) 

-^///{©■  +  ey^  (£')>*-!    3,, 

the  energy  equations  usually  deduced  by  Green's  g-eneml  theorem. 
The  first  eipresaion  in  (34)  suggeata  the  energy  as  having  its 
Beat  in  the  medium  occupying  the  field  ;  and,  by  the  proof  given 
on  p.  33,  unit  tubes  of  force  intersected  by  BuccBBsive  eqiii  potential 
surfiices,  drawn  at  unit  differences  of  potential,  are  divided  into 
B  spaces  each  of  which  gives  to  the  sum  half  a  unit  of  energy. 
Maxwell  has  called  tliese  spaces  nuil  relit. 

At  on  interesting  example  of  the»e  equations  we  may  find  the 
energy  spent  in  br'nging  together  into  a  uniform  sphere,  from  a 
State  of  uniform  diffusion  throughout  infinite  space,  matter,  the 
parts  of  which  repel  one  another  according  to  the  law  stated  on 
p.  2 ;  or,  which  is  the  same  thinir,  the  energy  gnined  by  allowing 
matter  attracting  according  to  tlis  same  law  to  come  together 
thu«  from  the  nebular  state, 
r  Let  tlie  radius  of  the  sphere  he  r  and  its  density  fi.  The  first 
1    term  of  the  eipresGion  on  the  right-hand  side  of  (.14)  is  here  zero, 

and   ihe   energy  is   if  I  I  ^pdtiydz,  the  integral   being   taken 


2irp  I   V^3i  where  V\f,  the  potential  at  any  point  on  the  surface. 
But  by  equation  (20)  V  =  2irp(H  -  Jj*) ;  hence 

where  M\  —  -s^'*)  '■  tbe  msas  of  tJie  sphere. 
The  same  lesnlt  may  be  obtuned  from  the  equation 


ELECTKIC  TENSION. 

rTbe  inlegral  l:ere  is  taken  throiigli  all  spiice.   Weiiivide  it  into 

0  psriA,  (1}  that  due  to  epuve  external  to  the  sphere,  Bod  (2) 
it  due  to  the  space  contained  witliio  the  Bpherical  eurlaee, 
d  «TRlu«te  these  separBtely, 

fin  the  first  case,  nt  any  point  at  distance  r  from  the  centre  of 

1  sphere,   f*  =  Jf/**,   and   therefore   the   flrat   part  of   tlie 


tatii 


if 


'fit 


At* 


n  the  second  case,  by  equation  (21),  f  =  16/9  .  n^p'of'  at  any 
n  internal  concentric  aplierical  surface  of  rsdms  *.    For 
B  Bwood  port  of  the  integral  therefore  we  have 


^Adding  these  two  parte,  w« 


9.  5 


■  Hioe  result  as  before. 
Klf  we  denote  by  P  the  force  exerted  on  an  element 
I  of  tlie  electrified  surface  of  a  conductor  by  the  whole 
wtrified  system,  we  have  for  the  work  done  in  trans- 
rring  the  charge  on  the  element  a  distance  dv  along 
lines  of  force  to  the  corresponding  element  of  an 
adjacent  eqnipotential  surface,  the  value  Pdv .  ds.    But 

)  this  is  ^—  rfv .  I"iis.     Hence 


f  equation  ( 


87r 


-  F*  =  STTff' 


(35) 


'aloil^l 

tiun  of 

atrilied 


1  This  is  the  outward  force  exerted  by  the  element  da 

I  the  cond'ictor  on  the  medium,  and  measures  there- 

B  reaction  of  the  medium  on  the  element.     For 

mple  every  element  of  an  electrified   soap-bubble 

outward   pressure   on   the   surrounding   air 

i-rra'  per  unit  of  area,  which  may  be  regikrded 

D  2 


PresEare 
Bubble. 
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I  E}Mtiifl    as  a  diminution  of  the  aii  pressure  on  the  outer  surface ; 
^  or.  if  the  bubble  is  spherical  and  of  radius  r,  tlie  surface 
tension  of  the  film  is  by  capillary  theory  apparently 
diminished  by  the  amount  ^ttuV, 

The  outward  pressure  i'  on  the  medium  is  what  has 
been  called  the  "  electric  tension "  at  a  point  on  an 
electrified  surface,  and  is  the  true  measure  of  the 
tendency  to  discharge.  Its  proportionality  to  <t'  ex- 
plains the  so-called  power  of  points. 

[ditioDs]  Tlie  value  of  P  may  be  obtained  otiierwise  lhu8.  Wo  may 
Froofor  regard  the  eutface  diiilribution  us  a  limiting  ciise  of  a  volume 
bprcnioi)  diBttibntion  of  density  p,  and  take  the  axis  of  x  along  tbe  normal 
fa-  Tm-^  to  ihe  surface  from  the  inside  to  the  outside  of  the  Biratum. 
Then  nnce  we  may  consider  the  portion  of  the  Burface  «ur- 
rounding  the  noniial  as  a  part  of  a  uniform  plane  distribution, 
the  electric  force  do««  not  vary  along  ihe  plane,  and  Ijplace's 

eqnation  reduces  to  —  —   —-;    =  p.     But  if  fi  ia  Gmt«  however 


f  Xlectriiied 
,  -flnrlace. 


great,  ' 


C      dF    ,        1  ['fr^'F, 


and  hitegnte  from  the  inside  to  tbe  outside  of  tbe  stratum. 
Hence  since  F(  =    —\  is  zero  on  tbe  inside  of  the  stratum  we 


IBmu]  where  F  in  tlie  resultant  electric  force  jii^t  outside  tbe  sorface. 
'   '        Tbie  e'luation  might  now  be  applied  to  fnrm  equation  (3i)).  ami 
benee  to  give  at  once  the  expresnon  (33  ti*)  for  the  electric 
B  energy. 

Considering  two  electric  distributions  A,  B,  in  the 
same  electric  field,  let  the  potential  produced  by  B  at 
any  point  P  in  A  be  V.  and  that  produced  by  A  at  any 
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point  P  be  F",  and  let  dq  be  an  element  of  electricity  at    Mutual 
P,  df/  an  element  at  P,     We  have  then  the  relation  EmSS? 

%^rdq  =  t^Vdq'     ....     (36)    ^Uric 

.  Systems, 

where  2j  denotes  summation  for  every  element  of  A, 

and  Xb  summation  for  every  element  of  B.    For  the 

expression  on  the  left  is  plainly  the  work  which  would 

be  done  if  the  distribution  on  B  remaining  unchanged, 

the  system  A  were  removed  to  an  infinite  distance,  and 

that  on  the  right  the  work  which  would  be  done  if,  the 

distribution  in  A  remaining  unchanged,  the  system  B 

were  removed  to  an  infinite  distance ;  and  it  is  plain 

that  the  same  amount  of  work  must  be  done  in  both 

cases. 

Each  of  the  expressions  is,  in  fact,  the  mutual  potential 
energy  of  the  two  systems. 

The  relation  may  be  thus  proved  analytically.     Since 

r'  =  Sb  -   ,  and  V  =  Xj—,  we  have 
r  r 

tAV'dq  =  t^dqtB^-  =  tsdq^A^  =  ts  Vdq\ 

There  is  nothing  to  prevent  two  equilibrium  states  of  Reciprocal 
a  system  of  conductors,  C^y  (7,,  &c.,  from  being  taken   ^^^^^^ 
as  A  and  B.     Then  if  §,,  Qo,  &c.,  ^,,  Q\,  &c.,  be  the    States  of 
charges,  we  have,  since  V  and  V  are  constants  for  any    system, 
one  conductor, 

ViQ,  +  r^Q,  +  &c.  =  V^Q\  +  V.Q',  +  &c.     (37) 

This  reciprocal  relation  can  be  proved  for  the  case  of 
one  and  the  same  system  of  conductors  in  the  following 
simple  manner.    We  may  suppose  the  change  from  the 
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leiproonl  state  A  to  the  state  B  to  take  place  simaltaneously  for  - 
I'm  twQ     ^'  t^^  conductors,  in  such  a  way  that  the  ratio  of  the 
^  °^   change  produced  in  the  charge  of  a  conductor  to  the 
em,    total  change  from  one  state  to  the  other,  has  the  same 
value  in  each  case.     Since  each  increase  or  decrease  of 
the  charge  of  any  one  conductor  produces  a  change  in 
the  potential  of  each  conductor  proportional  to  that 
increase  or  decrease,  and  these  changes  can  be  super- 
imposed, it  is  phiin  that  equal  proportionate  changes  in 
the  charges  of  all  the  conductors  will  produce  equd 
proportionate  changes   in   their  potentials.     Hence  J 
OA   (fig.   5)  represent  the  initial   charge  of  any  < 


FiQ.  5, 

conductor,  and  AO  its  corresponding  potential,  OE  its 
final  charge,  and  BD  its  final  potential,  Ob  any  inter- 
mediate charge  and  bd  the  corresponding  potential,  the 
jwint  d  will  lie  on  the  strwght  line  CD.  The  work 
done  in  altering  the  charge  of  the  conductor  is  equal 
to  the  area  of  the  trapezoid,  otI{AO+  BD)  (OB  -  OA). 
that  is  a(  f  +  V)  (Q'  —  Q).  The  work  done  in  bringing 
jiJl  the  conductors  from  the  state  A  to  the  state  B,  is 
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iS(r+  V)  {Q  -  Q).  But  the  energy  of  the  system 
in  the  initial  state  is  ii%VQ  and  in  the  final  state 
iS  V'Qf.     We  have  therefore 

that  is  tVQ'  =  XrQ, 

or      t{V+  V)  {Q"Q)  =  S(r  -V)(Q  +  Q'). 

Let  the  potentials  and  charges  of  a  system  of  n  con- 
dnctors  G^,  C^,  &c.,  C„  in  the  same  electric  field  be  F^, 
V^  &c.,  F"„ ;  ^j,  §2,  63*  &c.,  Qn  respectively.     Since  the 

potential  any  point  is  \\  — ,  where  a  is  the  density  at 

an  element  ds  of  the  system  and  r  is  the  distance  from 
ds  to  the  point  in  question,  and  the  integration  is  ex- 
tended over  the  system,  the  portion  of  the  potential 
contributed  by  each  conductor  varies  directly  as  the 
charge  of  the  conductor.  The  potential  of  any  con- 
ductor is  therefore  a  linear  function  of  the  charges  of 
the  conductors — that  is,  we  have  a  series  of  equations 
of  the  form 


Reciprocal 

Relation 

of  two 

States  of 

same 
System. 


Problem 

of  a 
System 
of  Con- 
dnctoTS. 


v.= 


PllQi  +  PilQi  +  &C.,  +  Pn^Qn 
P12Q1  +  PisQi  +  &C.,  +  PmQn 

&c  &c. 

PlnQl  +  PinQi  +  &C-.  +  PnoQn. 


•     (38) 


where  p^^,  p^  &c.,  p^,  p^^,  &c.,  are  coeflScients  which      Coef- 
depend  only  on  the  relative  positions  of  the  conductors.  PotSitiai. 
They  are  called  coefficterda  of  potentiaL    The  first  suflSx 
of  each  coefficient  refers  to  the  conductor  to  which  the 
charge  belongs,  the  second  to  that  whose  potential 
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in    mpffiPiRnf "^^ 


[  Coef-      is  given   by  tbe   equation   in    which   the   coefficient™ 
krieobi  or 
KtentiiL   occurs. 

The  physical  meaning  of  the  coefficients  p„.  p^,  p^, 
&c.,  in  which  the  suffixes  are  alike,  is  easily  seen.  Let 
any  conductor  C*  be  charged  with  unit  quantity  of 
electricity,  and  all  the  other  conductors  be  without 
chaise.     We  get  in  that  case 

r*  =  pti 
!  that  is  pu  is  the  potential   produced  in  (7»  by  i 
charge   on    C't  itself,  when  all  other  conductors  i 
'i  without  charge. 

Again,  to  detennine  the  pliyslcal  meaning  of  1 
other  coefficients,  let  i\  have  unit  charge  and  all  i 
others  zero  chwge.     For  the  potential  of  Cj  wo  have   ■ 

that  is,  Ply  is  the  potential  produced  at  Cj  by  unit 
charge  on  C*,  when  all  the  other  conductors  ar^^ 
without  charge. 

Now  (1)  let  Cj  have  unit  charge,  and  eacli  of 
other  conductors  zero  charge,  and. (2)  let  C*  have  Uldl 
charge  and  each  of  the  others  zero  charge.  The  potential 
of  C*  in  case  (1)  is  pj^;  and  the  potential  of  Cj  in  (2) 
is  ^y.  Applying  the  theorem  of  (30)  above  we  get  at 
once  the  reciprocal  relation 

Pik  =  P>,i (39) 

that  is,  the  potential  in  Cj  produced  by  unit  charge  on 

Ck  ia  the  same  as  the  potential  produced  at  Cj  by  unit 

'  char^  on  C,,  if  all  the  other  conductors  he  inaul 

and  without  charge. 


1 
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Again  the  potential  at  Q  produced  by  unit  charge  on  (2)  Two  or 
C'k  is  the  same  as  the  potential  produced  at  C*  by  unit    auctore " 
charge  on  Q,  if  some  (or  all)  of  the  other  conductors  be  Insulated, 
maintained  at  potential  zero,  and  the  rest  (if  any)  with     one  of 
Ck,  be  insulated  without  charge.     We  may  evidently   q^^^^ 
consider  the   former  conductors  as  one  conductor  C,. 
If  then  Cj  have  unit  charge  while  Ck  is  insulated,  and 
ft  be  the  charge  of  C„  we  have 

therefore 

Vu=Pju-^^ (40) 

Now,  let  Ck  have  unit  charge  while  Gj  is  insulated 
and  without  charge,  and  let  Q\  be  the  charge  of  (7„  then 


and  therefore 


Vj^P^-^ (41) 


But  by  the  relation  already  proved  pj^  =  pjk ;  p^  =  pjt, 
and  ptk  =  Pki ;  hence  by  (38)  and  (39) 

Vj^Vu (42) 

the  theorem  stated  above. 

The  second  term  in  the  expressions  for  Vj  and  Fi  is    Green's 
the  potential  produced  at  the  corresponding  conductor       ^^p^ 
by  the  induced  electrification  in  (7^  and  it  is  the  same  Reciprocal 

•     -I      1  mi  •     •  1  /»  •  1      ^-^  Potentials. 

in  both  cases.    This  is  a  theorem  first  given  by  Green. 
There  are  ln{n  —  1)  equations  of  the  form  pju  =pi^,  one 
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iff^' 


for  each  pair  of  the  n(n  —  1)  coefficienta  which  have  diffe 
ent  suffixes  _;',  ki  hence  there  arc  really  only  \n{n  —  1) 
■'  coefficients,  one  for  each  different  pair  of  couductoi:a 
"  which  can  be  formed  from  the  given  system. 

By  solving  equations  (37)  above  for  (?,,  Q^  &c.,  Q, 
get  a  system  of  n  equations  of  the  form 

&c.  &c 

where  g^j,  q^^,  &c.,  q^^,  g^j,  &c.,  are  coefBcients,  which, 
those  of  potential,  depend  only  on  the  relative  positions 
of  the  conductors,  The  meaning  of  any  coefficient  51*, 
of  which  the  two  suffixes  are  alike,  can  be  obtained 
by  supposing  the  potentials  of  all  the  conductors,  except 
Cn,  zero,  and  C^  to  he  at  unit  potential.  The  equation 
for  the  conductor  C»  is  then 


itoi:a 

\ 


--  '/ki. 


— that  is,  'jij,  is  the  quantity  of  electricity  required' 
charge  Ci,  to  unit  potential,  all  the  other  conductors- 
being  kept  at  potential  zero.  The  coefficients  of  this 
form,  y,,.  g^,  $3^,  &c.,  5,,  are  called  the  capofUirs  of 
the  respective  conductors  (7,,  Cj,  &c.,  G„  in  the  given 
system. 

To  find  the  meaning  of  the  coefficienta  of  the  form 

'  jj».  in  which  the  suffixes  are  not  alike,  let  C^tis  before 

be  kept  at  unit  potential  and  all  the  others  at  potential 

zero.     The  equation  for  Cj  is  then  pLiinly 


I 


A 


THEOREMS  OF   A  SYSTEM   OF  CONDUCTORS. 

liiat  is,  qjk  is  the  quantity  of  electricity  on  Cj  wben,         __ 
big  with  all  the  other  conductors  except  6%,  it  is  at  in^Mai 
D  potential  and  C*  is  at  unit  potential.  The  coefficients 
f  ?13'  ^tf  "^^^  "f  ^'''^  foiiu  are  called  cofp'ciails  of 

L  reciprocal  relation 


BtB  for  these  coefficients  also.     The  proof  is  precisely 
'  Bftme  as  that  given  above   for  the   potential  co- 
Icients,  except  that   "potential"   is  to  be  read  for 
Poharge  "  and  "  charge  "  for  "  potential." 
?  Every  coefficient   of  the  form  pu   is   positive,  and  CoiiditioB» 

■  coefficient   of  the  form   pji,   is   intermediate  in    i,yCoer- 
idne  between   zero   and  ptk  or  Pji-     For,  let  fj  be    ^dnuu. 

rged  with  a  unit  of  positive  electricity  and  all  the 

ier  conductors  bo  insulated  and  uncharged,  the  electric 

duction  over  Gj,  or  over  a  closed  surface  surrounding 

■is  ^TT,  and  the  potential  of  the  conductor  is  positive. 

I  electric  induction  over  any  other  conductor  Gic  is 

Aa  many  unit  tubes  of  force  terminate  in  C*  as 

^Date  in  it,  and  therefore  the   potential  must  at 

I  jdaces  increase  outwards,  at  others  diminish  out- 

rd»  from  C,, — that  is,  there  must  be  a  conductor  in  the 

1  which  has  a  higher  potential  than  C^  has,  while 

)  potential  of  C>  must  be  greater  than  zero.     The 

tdnctor  of  highest  potential  must  be  Cj,  which  is  the 

y  conductor  in  the  field  whose  coefficient  is  not  of  the 

Pjf.;    hence   ft*   is  not  greater  than   p**;    and 

Bilarly  it  can  he  shown  that  it  is  not  greater  than 

If  any  conductor  Ci  be  inclosed  within  C^,  it  will 


ELECTROSTATIC  THEORY, 


ase  tberefol*^^ 


liavo  the  same  potential  as  d,,  and  in  that  case 

FSi  "  Pi''- 

iCkjMcities      The  capacities  9,1,  q^,  &c.  of  the  conductors  are  all 

ioc[o™'h11  positive.    For  suppose  as  before  C*  at  unit  potential  and 

^oiiiii?ii.   all  the  other  conductors  at  zero  potential ;  then  9**  is 

the  charge  of  C*.     The  potential  diminishes  in  every 

direction  outwards  from  Ck,  and  therefore  the  surface 

integral  of  electric  induction  is  positive,  that  is  iTrqn  is 

positive.   The  electrification  of  fj  is  everywht>re  iwaitive. 

"indnctiou       The  coefficients  of  induction  g,*  are  all  negative.    For 

fioia'^a'sll  suppose   C*  charged  as  before.      Since  Cj  ia  at  zero 

Bes»tiye.  potential  and  all  other  conductors  except  C»  are  also  at 

zero   potential,   the  potential  cannot  diminish  in  any 

direction  outwards  from  Cj  and  mast  increaae  towards 

C».    Hence  the  electric  induction  over  Cj,  that  is  i-jrqjt, 

ia  negative.    If  (7j  be  inclosed  within  another  conductor, 

qji,  is  of  course  zero. 

The  Hum  of  the  coefficients  of  induction  of  the  system 
for  any  one  conductor  cannot  be  greater  than  the  capacity 
of  that  conductor.  The  electric  state  of  the  system 
remaining  the  same,  let  a  closed  surface  be  described 
inclosing  the  whole.  The  potential  cannot  increase  in 
any  direction  outwards  across  this  surface.  Otherwise, 
since  the  potential  is  zero  at  ao  infinite  distance, 
a  place  of  maximum  potential  would  exist  in  free  space 
outside  the  conductor.  It  may,  however,  diminish  out- 
wards: therefore  the  electric  induction  over  the  closed 
aurfaca  cannot  be  negative.  Hence  gn  +  y^*  +  &c. 
cannot  be  greater  than  7^-  When  the  other  conductors 
completely  inclose  C^, 

3u  +  ?tt  +  &c,  = 


explohation  of  the  electeic  field. 

IjThe  iirst  reciprocal  relation  egtablished  above,  eqiia-    I 

(39),  gives  a  convenient  means  of  exploring  the  explored 
_ic  field  due  to  a  charged  conductor  of  any  form.'  p7  's^ii 
electrode  of  a  delicate  electrometer  (Cbap.  IV.)  is  ciiarged 
ected  with  the  conductor,  supposed  insulated  and  ^*|,j^'I°^ 
■charged,  and  the  other  electrode  is  connected  to  the  ni  Zero 
Fmrth.  Then  a  small  charged  sphere  carried  by  an  "  " 
insulating  handle  is  placed  with  its  centre  at  any  point 
of  the  field,  and  the  electrodes  of  the  electrometer  con- 
nected for  an  instant.  The  conductor  is  thus  reduced 
to  potential  zero.  The  sphere  is  next  moved  from 
point  to  point  in  the  field,  and  the  positions  noted  for 
r  which  the  electrometer  shows  no  deflection.  These 
jntio&B  lie  on  an  equipot«ntial  surface  of  the  con- 
For  by  (39)  the  pot«ntial  at  the  conductor 
B  to  the  electrification  of  the  sphere  is  equal  to  the 
iotial  which  would  be  produced  at  the  sphere  by  a 
1  the  conductor  equal  to  that  on  the  sphere, 
And  this  part  of  the  potential  is  the  same  for  all 
positions  of  the  sphere  for  which  there  is  zero  deflection. 
By  the  principle  of  superposition  this  must  be  an  equi- 
potontial  surface  for  all  charges  of  the  conductor. 

The  convenience  of  the  method  consists  in  the  zero 
potential  of  the  conductor,  which  therefore  does  not  lose 
or  gain  electricity,  while  the  exploring  sphere,  which 
can  he  insulated  so  as  to  lose  its  charge  only  with 
extreme  slowness,  is  changed  in  position. 

Etcmriiiary  Treatise  on  ElettrtciCn  and  ilii'/Mtiym,  p.  13. 


8  ELECTROSTATIC  THEORY. 

f  Aitractioii  on  a  particlu  at  0  are  equal  and  opposite.  Dividing 
Elli|iUc  'D  »  similar  manner  the  whole  surface  into  pairs  of 
HoniiBoid  opposite  elements  by  cones  drawn  from  0  we  can  show 
internal    that  the  resultant  force  at  any  iutemal  point  0  is  ^a 


EqiiiT»-  The  potential  is  therefore  constant  throughout  the 
J  Law  of  interior.  It  is  evident  therefore  that  an  ellipsoidal  con- 
1  Ceosity.  ductor  charged  so  that  its  electric  density  at  any  point  is 
proportional  to  the  thickness  of  a  thin  elliptic  homceoid, 
liaving  the  conductor  for  its  inner  surface,  exerts  no 
force  at  any  internal  point,  and  hence  that  this  must 
be  the  actual  distribution  on  a  conducting  ellipsoid  in 
equilibrium.  Since  the  density  varies  as  the  thickness 
of  the  material  homceoid,  it  follows  that  its  values  at 
different  points  are  pruporlional  to  the  lengths  of  the 
perpendiculars  let  fall  from  the  centre  on  the  tangat 
planes  at  the  respective  points. 

For  let  *  +  atr,   r  +  ify.  »  +  ifc,  bo  the  point  in  ivlucbj| 
ootvr  BurfsTG  i«  cut  \y  a  normnJ  (IrKwn  to  ilm  iiinor  at  tbo  % 
t.s,  '■    TliMe  poitite  reapecliYBlj'  ntisfy  the  M|uMioiis— 


EQUIPOTENTUL  SURFACES  OF  ELLIPSOID. 


J  +  i.  +  3  -  '■ 
(» +  J»)'    ,   (L+  ■SO'   ,   ('  +''')'  .  , 
.^  (1  + .)  "^  *■  (1  + .)  "^  "t=  (I  +  .) 

■  be  the  perpeDdicular  from  the  centre  on  the  tangent  plane 
h,  I,  and  r  the  portion  of  the  uonnai  intercepted  between 
parfaces,  we  have 

'--'f  •''  +  %'» +■,<''     ■     ■    ■    ■     (") 

it  bj  tbe  e({DationE  of  the  aurfaceB  we  have 

»  +  *»)■  _  ^  a.  (>  +  ^l'  _  »'  J.  i'+JiS 


luce  ^,  dji,  lit,  n  are  email  thia  if 


^(H 


.'* 


■i-)- 


^  -  0, 


Eqni- 
patcntitl^ 


r=  ip. (48) 

tlinl  is,  the  tliichnees  ot  tLe  bonKeoid  tkHes  froin  point  to  point 
direi'tlj  e*  the  length  of  the  perpendiculnr  from  the  centre  on 
the  tangent  plane. 

Tlie  electric  force  at  a  point  infinitely  near  the 
surface  of  the  eliipaoida!  conductor  has  the  value  4-na: 
Now  the  rate  of  variation  of  the  potential  with  distance  C'onfoc«l 
outwards  from  the  surface,  or  the  force,  is  inversely  '"'" 
proportional  to  the  distance  between  the  surface  of 
the  fondnctor  and  an  equipotential  surface  infinitely 
near  it.  Hence  the  distance  ia  inversely  proportional 
to  a,  that  is  to  the  thickness  of  the  material  bomoeoid  ; 
_pr,  which  is  the  same,  to  the  length  of  the  perpendicular 
I    the  tangent  plane    at   the  point 


Hered. 

Ar,  Pifbe  A  point  a 

nee  tram  «,  f,  e  along  the  n 


(nrfhice  of  the  eomhictor  and  t  the 
&  lioint  x  +  (lj:,  r  +  ij. 
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Equi'      t  +  dz  on  a  neigbbooring  eqorpoCeotial  foriaoe.    We  hare  as 

I>oteotial    before 

Surface.  /j-^x       jr^jr        z^r\ 

But  by  tbe  conaideratioiui  jiiat  atated  r  <b  )  X^;p,  wbere  X  U  a 
Bmall  multiplier  constant  over  the  nurface.    Hence 

tf»    "*"    -^    "*"    -!!«         *;>« 


Confocal 
Ellipsoids. 


-  iX 


Therefore 


^^.4>J,    ^^-i^^   ./.  =  4^^ 


or 

X     "  ^»'     i&^    "  ?«'    ~r«"'"  ?' 
Ileiieu  to  Nniall  quantitit^H  of  the  Rccond  order 

Tho  ociuipotontial  surface  infinitely  near  the  conductor 

is  tlioruforo  a  confoo<U  ellipsoid,  and  we  see  in  the  same 

way   that    tho   Hucccasivo    oquipotential    surfaces    are 

ollii^oid»  coufooal  with  tho  given  ellipsoid. 

IVxif  fcur       By  diatributiug  tho  whole  quantity  of  attracting  (or 

H^lwldH  ropolUng)  mattor  over  any  oquipotential   surface,   so 

of  Mac-    that  tho  potential  may  bo  constant  within  the  surface, 

Tueorwu.  and  havo  tho  same  value  at  every  external  point  as  in 

tho  actual  oaat\  wo  form  a  thin  elliptic  homoeoid  having 

itdt  inner  surface  coincident  with  the  surface.    Hence  the 

attractions  of  any  two  thin  confocal  elliptic  faomoeoids  ot 

the  same  mass  on  a  (Kuut  external  to  both  are  the  same. 

W  follows  that  any  two  elliptic  homoeoids  of  finite 


rOTENTIAL  OF  ELLIPSOIDAL  CONDUCTOR. 
!iicknes3,  iLe  inner  and  outer  surfaces  of  wliicli 
mfocal  and  which  have  the  some  mass,  exert  the  same  u^'^Sd* 
at  all  points  external  to  both.  For  it  is  possible  "f  Mac- 
dtvide  each  Iioincsoid  into  tbe  same  number  of  thin  Theoi 
lids  which  are  one  by  one  (proceeding  from  within 
ijitwnrds)  confocal  with  and  of  equal  mass  to  those  of 
^e  other,  and  exert  therefore  tlie  name  attraction  at  all 
iztemal  points. 
Further,  if  the  hollow  spaco  within  one  shell  be 
ifiniiely  small,  that  within  the  other  is  also  infinitely  ,  .  , 
I,  ami  we  see  that  two  confocal  ellipsoids  of  equal  Tlieonnn. 
a  oxert  the  same  attraction  at  all  points  external  to 

This  is  Maclaurin's  Theorem  of  Attraction  of  ^_ 

lidfi.*    The  mode  of  <lerivisg  it  from  the  theorem  ^H 

f  equivalence  of  confocal  homceoids  of  equal  mass  is  ^H 

i  to  Chasles.  ^^ 

We  out  now  finj  llis  polontiiil  of  tlie  ellipsoidal  conductor  for    j>otenii»l 
giyen  ehnrge.     To  find  the  force    st  any  point  f,  let      or  in 

(«  *r^^A),^(=  V4>  +  X),  y  (=  •/f^^\)he  (49)  above,  Ellii«iidnl 
liin  oxen  n{  an  eqiiipotcfitinl  aiirfuce  paBaing  through  P,  and  let  ('noilnut'ii' 
dthe  a  small  element  of  the  surface  including  J'.     The  denaily,  "' 

kt  df.  of  the  equivulunt  eleclric  diHtribution  over  tl.e  aurf.ice,     '■"f™"' 

may  he  tnkeii  as  (iiimerifally  enutl  to  the  thii'kiiesB  them  of  ati         '       

i-lliftiu  li"iiiu.'oid  with  11X08,  o,  3,  > ;  u  (1  +  »•')*,  3(1+  Br)  1, 
y(l  +8i')l.  If  a  be  thp  length  of  a  perpendicular  fruni  the 
oontre  to  the  tnngojit  plane  at  F,  we  have,  by  (48;  above,  for 
the  thickiieBH  i  sdv  nnd  for  tlio  force  2  traSu.  Lei  p  and  n  be 
tho  correBponiiing  (|oanlilieH  for  an  element  d»  of  the  given 
fonduclor  and  we  hnve  t*"  expressionfl  for  the  total  charge 


Sn-nifSa  =  limSyi'. 
liirai»onaudT«il'»A'i«.  Phil.,  voi. 
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Hence  the  force  is  2ir  — ~  odn  •     Now,  for  the  distance  be- 

tween  the  equipotential  Btirface,  and  one  infinitely  near  it  we 
have  the  value  <A/2tt  ;  hence  the  work  done  in  carrying  a  unit 
o£  positive  electricity  along  a  line  of  £orce  from  one  to  the  other 

is  nin  -^  dk.     The  potential    V  is  therefore  given  by  the 

equation, 

F  =  n^nabc  [" — — .     .     (50) 

'  *  (fi^  +  \y  {b*  +  \y  (c»  +  X)* 

Capaci^of      Dividing  the  value  of  the  charge,  2wabc^n,  by  this  value  of 

el 

2 


uapacityot  uivioing  me  vaiue  ox  me  cnarge,  ^iraocon,  oy  tnis 
EluMoidal  V,  we  get  for  the  capacity  of  the  ellipsoidal  conductor, 
Condactor. 

•^  ^  («8  +  X)*  (A«  +  X)*  (c^  +  X)* 

Ellipsoid    The  integral  can  be  found  in  finite  terms  if  the  ellipsoid  be  one 
of  Revo-    of  revolution.     Putting  for  this  case  a  =  6,  and  transforming 
lutioD.      the  integral  by  writing  l/y*  for  o*  +  X,  we  easily  get 


or  -   — ■ \  sm~i  _______  I 


Vfl«  -  r« 


Prolate     according  as  O  or  <a.     Evaluating  these  expressions  we  find 
Ellipsoid,   for  a  prolate  ellipsoid 

^  =   —      , =  r-~r~  .     .     .     (52) 


log  ^^*---«l-»"  '        log 
a 


1  -  e 


Oblate      and  for  an  oblate  ellipsoid 
Ellipsoid.  . 

t'  —  7^—         =    ~      1      •     •      •     •     (53) 

sm-i 

a 

where  e  is  the  eccentricity  in  each  case. 
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Evaluation  of  the  vanishing  fractions  which  these  values  of  C 
become  when  c  —  ci^  gives  in  each  case  for  a  spherical  surface 
C=^  a,  the  result  otherwise  obtained  above  (p.  47). 

If  now  c  be  so  great  in  comparison  with  a  that  a^/c*  may  be    Capacity 
neglected,  (52)  becomes  of  a  thin 

Cylinder. 

"^--"■Ic (^) 

log- 

the  capacity  of  a  right  circular  cylinder  whose  length  2c  is  great 
in  comparison  with  its  diameter  2a. 

If  c  be  so  small   in  comparison  with  a  that  c^/a^  may  be    Capacity 
neglected  (53)  becomes  of  a  thin 

Circular 

C  =  ^^^  =    "^ (55)      ^^• 

tr  1  -5708  ...  ^     ^ 

the  capacity  of  a  thin  circular  disc  of  radius  a. 

3.  A  Conducting  Sphere  surrounded  by  a  concentric    Capacity 
spherical  conducting  shell.  Spherfcal 

Let  r  be  the  radius  of  the  sphere,  r^  the  internal  Condenser, 
radius  and  r^  the  external  radius  of  the  spherical  shell, 
q  the  charge  of  the  internal  sphere,  q^  the  independent 
charge  of  the  shell.  The  potential  of  the  inner  sphere 
due  to  its  own  charge  is  q/r^  the  potential  at  every  point 
within  the  outer  sphere  due  to  q'  is  q'/r^*  But  the 
charge  on  the  internal  sphere  produces  an  induced 
charge  of  amount  —  q^  on  the  inner  surface  of  the  shell, 
and  a  charge  +  q  on  the  outer  surface.  The  potential 
of  the  sphere  is  therefore 


r=  3-«^+U^ 


ri     rj 


When  the  shell  is  at  zero  potential,  (q  +  q')lr2  (the 
potential   at  its  outer  surface  and  therefore  at  every 
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Capacity   point  of  it)  is  equal  to  zero.     Hence  we  get  for  the 
Spherical  capacity 

Condenser.  /v  _     ^  ^i  f^f(\ 

"  r^"  r ^ 

The  nearer  therefore  r  and  r^  are  made  to  equality,  that 
is  the  smaller  the  distance  between  the  inner  and  outer 
conductors,  the  greater  is  the  capacity  of  the  sphere. 

Putting  7*1  —  r  =  T,  and  S  for   the  surface  of  the 
internal  conductor,  we  get  instead  of  (56) 

G=/^  +  r (57) 

The  external  conductor  therefore  causes  an  addition  of 
S/4}7rT  to  the  capacity  of  the  sphere.  If  t  be  very  small 
this  part  of  the  capacity  is  very  large  in  comparison 
with  the  other  part  r,  the  capacity  of  the  sphere  when 
alone,  and  we  may  put  in  this  case 

If  several  conducting  shells  each  without  charge  be 

placed  between  the  outer  and  inner  conductors,  and  the 

outer  conductor  be  kept   at   zero   potential;    then   if 

Tj,  Tg,  T3,...T„_i  be  the  thicknesses,  and  r^  rg,  r3,...r„_i. 

Effect  of   the  internal  radii  of  these  shells,  and  r,  r^  the  radii  of 

mediate    ^^®  inner  and  outer  conductors,  the  expression  for  the 

Conduct-   potential  of  the  sphere  becomes 

ingShellF.  ^  ^ 

V=q{ -f  — ; &c.  4-       -     , 

'1      1 

=  ?(---  - 


(i-i— ^-^^      &e. -l!^ \ 
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f  the  thickness  of  each  shell  is  small  in  comparison    i 
\  either  radius  of  the  shell  this  becomes 

■or  the  capacity'  of  the  inner  conductor  we  have 

C= '— r 

!ence  if  r„  —  r  be  small  in  comparison  with  )■  and 
^  we  get 

I  The  effect   of  the  intermediate   shells   is   therefore 
[Dpljr  to  virtually  diminisli  by  their  united  thickness 
^e  distance  between  the  inner  and  outer  conductors. 

I  4,  A  Conducting  Cylinder  of  circular  section  encloEed      Long 
pithia  3,  coaxial  conducting  shell.  Condonst 

;.  We  shall  suppose  the  length  2c  of  the  cylinder  to  be  ■"■  . 
kreat  in  comparison  with  the  respective  diameters  2a,  Cable. 
b  of  the  cylinder  and  the  internal  surface  of  the  shell, 
J  consider  only  parts  of  the  inner  and  outer  cylinders 
i  distances  from  the  ends  great  in  comparison  with 
Blher  diameter.  Such  parts  of  the  inner  cylinder  may 
b  regarded  as  within  an  infinitely  long  cylindric  shell, 
lal  is  the  distribution  on  both  cylinders  may  be  taken 
B  uniform  and  tlie  effects  of  the  ends  neglected. 

*  SincD  tlie  iuteitnadiitUi  dielU  vu  not  At  tern  pntsDtkt,  tlie  woril 
■Mpadtf  "  Ulieniiaed  in  a  somi>iTliat  cliffi>Tflnt  sense  Troni  that  isaigiwd 
■  it  in  the  deflnition  (p.  461.  It  here  airanx  simply  tharje  prr  unit 
WpttmtiiU  of  the  innoT  cylinil«r. 
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Long  By  equation  (54)  the  capacity  of  the  inner  cylindei 

Condenser  P^^  ^^^^  ^^  length  would,  if  there  were  no  external 

or  2c\ 

Submarine  shell,  be  1/(2  loff  — )  I  and  therefore  if  <r  be  the  surface 
Cable.  ^^        ^«/ 

density  upon  it,  its  potential  would  be  47r<ra  log  (2c/a), 
But  if  the  exterior  shell  be  at  potential  zero  there  must 
be  on  its  inner  surface  a  distribution  equal  to  that  on 
the  interior  cylinder  but  opposite  in  sign.  The  potential 
within  the  shell  produced  by  this  distribution  is 
—  4tiraa  log  (2c/b),  its  value  at  the  inner  surface  of  the 
shell.  Hence  the  total  potential  at  the  interior  cylinder 
is  given  by  the  equation 

V  =  4f7r<Ta  log  -> 

and  if  0  be  the  capacity  of  the  cylinder  per  unit  of 
length 

The  same  result  may  also  be  found  as  follows,  by  considering 
both  cylinders  as  infinite  in  length,  and  integrating  Ln place's 
equation  for  the  space  between  them.  Taking  the  origin  on, 
and  the  axis  of  x  along  the  axis  of  the  cylinder,  we  have 
d^Fjdx^  =  0,  and  Laplace's  equation  in  the  form 

df  ^   dz^ 
Putting  y  ^  r  cos  Q^z  —  r  sin  ^,  we  transform  this  to 

di^       r  dr 
By  two  successive  integrations  this  gives 

^  =  A^\    F=  B  +  Mogr. 

dr  r 
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Putting  ^  =  -  4»»"o"  ^or  r  =  at,  and  T  =  0  f  or  r  =  6,  in  these    Cyij^^g 

results,  we  get  A  =^  —  Aira-Oj  B  =  ^a-a  log  b.   Hence  the  potential         ^p 

of  the  inner  cylinder  is  Submarine 

,  Cable. 

y  —  Anaa  log  -» 

a 

and  the  capacity  per  unit  of  length 

'1         1 
C  =  t; 


2     ,       b 
log- 
a 

5.  Two  parallel  conducting  plates.  C*««  <>^ 

This  case  is  important  in  its  application  to  the  con-  Parallel 

stniction  of  electrometers  and  of  standard  condensers.  Pl***^. 

Let  AB,  CD  represent  two  parallel  plates  at  a  distance  d 


Fig.7 


apart,  small  in  comparison  with  any  dimension  in  the 
plane  of  either  plate.  Let  the  potential  of  AB  be  V,  of 
CD  zero.  Consider  the  charge  on  a  portion  of  AB  of  area 
S,  every  point  of  which  is  at  a  distance  great  compared 
with  d  from  any  edge  of  either  plate.  The  field  of 
force  at  S  between  the  plates  must  be  uniform,  and  of 
intensity  V/d.  We  have  therefore,  by  Coulomb's  law,  if 
the  electric  density  on  the  disc  he  a,  a  —  Vj^ird,  and 
for  the  whole  charge  C  on  S,  Q=  VSjitwd.  The  capacity 
C  of  the  disc  is  therefore  given  by  the  equation 

^=i^ («) 
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Caffoof 

two 
Parallel 
Plates. 


For  the  energy  E  of  the  charge  on  S  we  have 

Let  the  total  force  on  S  towards  the  opposite  plate 
be  F,  then  the  density  of  the  distribution  on  the  plate 
CD  must,  except  near  the*  edges,  be  —  <r,  and  the 
attraction  towards  CD  of  a  unit  of  electricity  at  any 
point  on  the  disc  has  the  value  27r<r.*     Therefore 


F  =  27ro-  X  a5f  = 


87rd* 


(62) 


Hence 


=  d  ]/— (63) 


riiiK 
Coniieiiscr. 


Onanl-  TIlis  equation  is  of  use  in  the  theory  of  the  attracted 
disc  electrometer  (Chapter  IV.).  In  such  electrometers 
and  in  standard  air  condensers,  made  with  parallel  and 
movable  plates,  a  portion  at  the  centre  of  one  of  the 
plates  is  everywhere  separated  from  the  surrounding 
part,  which  is  in  the  same  plane,  by  a  narrow  gap."f- 
The   surrounding   part  of  the   plate   has  been  called 

*  K<iuatioii  (23),  p.  16,  gives  the  force  on  a  unit  of  positive  elec- 
tricity at  a  point  P  on  the  axis  of  a  circular  disc  of  uniform  density  <r. 
When  h  is  small  compared  with  r  the  expression  becomes  2ir<r.  Since 
circular  discs  of  different  radii  fulfilling  this  condition  all  give  2ir(r, 
the  normal  forces  due  to  the  parts  of  the  disc  at  distances  from  P 
greater  tlian  the  distance,  r,  of  the  nearest  part  of  the  edge,  may 
be  neglected,  and  the  normal  force  at  P  is  2ir<r,  whatever  the  form  of 
the  diac  may  be^ 

t  For  a  fUU  description  ^  the  arrangement  in  different  cases  see 
Chap.  IV. 
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by  Sir  W.  Thomson  (to  whom  the  arrangement  is  due)  Guard- 
the  guard-ring,  and  the  inner  portion  the  attracted  Condenser, 
disc.  Supposing  the  attracted  disc  and  guard-ring 
connected,  they  may  be  regarded  as  forming  an  ar- 
rangement deviating  electrically  only  very  slightly* 
from  a  continuous  plane  plate.  By  connecting  the  disc 
to  the  guard-ring,  charging  the  guard -ring  and  disc  as 
described  above  to  potential  V,  and  then  breaking 
the  connection  without  producing  discharge,  a  charge 
Q  =  VSj^ird  is  left  on  the  disc.  If  then  the  force  F 
be  measured,  we  have 


«-Vf 


FS 
2w 


(64) 


The  following  arrangement  of  conductors  is  important 
for  its  applications,  especially  to  symmetrical  electro- 
meters. It  consists  of  three  conductors  maintained  at 
diflFerent  potentials,  and  fulfilling  the  following  con- 
ditions : — One  of  the  conductors  {A)  (in  the  quadrant 
electrometer.  Chapter  IV.,  the  needle)  is  symmetrically 


Fig.a 


placed  with  reference  to  the  other  two  (jB  and  C),  and  Theory  of 
is  so  formed  that  one  of  its  two  ends  or  bounding  edges    metrical 
is  well  under  cover  of  B,  and  the  other  end  or  edge  under    Electro- 
cover  of  C,  so  that  the  electric  distribution  near  each 

♦  For  the  amount  of  the  doyiation  see  Maxwell,  Elect,  and  Mag,, 
voL  L  pp.  284,  307  (sec.  ed.). 
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f  end  or  edge  is  uii  influenced  except  by  tlie  nearer 
ductor.  One  such  simple  symmetrical  arrangement  is 
shown  in  the  figure.  Let  the  potentials  of  A,  B,  G  he 
respectively  V,  K„  V^ ;  and  lut  A  bo  slightly  displa>?ed 
from  B  towards  C.  This  displacement  may  be  angular 
or  linear,  according  to  the  arrangement  adopted ;  in 
the  quadrant  electrometer  it  is  measured  by  the  angle 
through  which  the  needle  ia  turned.  Let  d  denote 
the  displacement  and  k  the  elcctrostntic  capacity  of  A 
per  unit  of  $  at  phices  not  near  the  ends  or  Iwunding 
edge  of  A,  and  well  under  cover  of  S  and  C.  Then  the 
quantity  of  electricity  lost  by  A  in  consequence  of  it3 
displacement  relatively  to  B  is  k0  {V  —  V^),  and  the 
quantity  lost  by  B  is  Ic0  ( f^j  —  V^-  Similarly  the  quan- 
tities gained  by  A  and  C  in  conse<iuence  of  the  motion 
of  A  towards  C  are  respectively  kd  (V  —  V^)  and 
k8  (V^  —  V).  Multiplying  the  first  and  second  of 
these  quantities  by  V  and  f,  respectively,  the  third 
and  fourtb  similarly  by  V  and  V^.  subtracting  the  sura 
of  the  first  two  products  from  the  sura  of  the  second 
two,  and  dividing  by  2,  we  get  for  the  work  done  hv 
electrical  forces  in  the  displacement  the  value  J| 


k6 


[Vi- v^)  (v  ~  ^-^y 


But  this  must  be  equal  to  the  average  couple  multi- 
plied into  the  displacement  if  the  latter  is  angular,  or 
the  average  force  into  the  displacement  if  the  latter  i 
linear.  We  have  therefore,  denoting  the  force  ^ 
couple  by  F, 

r,  +  r,\ 


D  =  rt 
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1  an  arraagcmeut  of  this  kind  when  the  displacement  1 
M  small  the  couple  or  force  acticg  on  A  is  nearly  the 
same  over  the  whole  displacement,  and  thus  is  nearly 
equal  to  the  equilibrating  couple  or  force  due  to  the 
Iprsion  wire,  or  bifilar,  or  other  arrangement  producing 
iqailibriuni.  But  for  email  displacements  this  will 
[ODerally  be  proportional  to  the  displacement,  and 
efore  also  to  the  deflection  D  on  the  scale  of  the 
ment,  and  thus 

-o{r,-Vi  [V-'^'-±-^')   .     (66) 

1.  and  c  arc  constants. 
I  When  V  is  great  in  comparison  with  V■^  and  V^  this 
!■'  ( V^  —  J'j)  the  equation  employed  when, 
I  in  the  ordinary  use  of  the  quadrant  electrometer,  the 
■die  is  kept  charged  to  a  constant  high  potential. 
Let  the  conductors  be  cylinders,  A  of  radius  a,  B  and   ' 
l*  of  radius  h,  and  let  A  be  connected  to  B  so  that  q 

■  V^,  while  C  ia  maintained  at  potential  zero.  Also 
It  jj  be  mounted  so  as  to  he  movable  through  measured 
1  the  direction  of  the  axis.  Since  K=  F,, 
I  I',  =  0,  a  displacement  of -4  through  a  distance  z 
L  tlie  right  or  left  will   (60)  respectively  increase  or 

1  the  capacity  of  A  by  an  amount  x   2  log  -  ■ 

iThe  arrangement  thus  made  constitutes  a  condenser, 
b  capacity  of  which  can,  when  a  and  b  are  known,  be 
ared  through  a  considerable  range  of  accurately 
miiiata  values.  The  construction  and  use  of  the 
-umenl,  which  is  due  to  Sir  William  Thomson,  is 
scribed  in  Chapter  IV.  below. 
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Section  IV, 

GREEN'S  THEOREM.    INVERSE  PROBLEMS. 
ELECTRIC  IMAGES. 

Proof  of        Wk  shall  now  prove  Green's  celebrated  theorem  to  which  we 

Green's     shall  have  to  refer  from  time  to  time  in  what  follows.     Let  U^  V, 

Theorem,    be  two  finite,  continuous  and  single-valued  fimctions  of  x,  y,  z,  the 

coordinates  of  a  point  within  a  closed  surface  8q  (Fig.  9),  and  a  a 

constant  or  any  given  function  ofx^y^z;  and  let  also     -  ,  &c.,  — , 

dx  (Lv 


Fig.  9, 

&(•.,  be  finite  and  continuous  functions  of  ar,  y,  z.     Denoting  by 
E  the  integral 

J  J  J      \dx  dx    ^  dy  dif    ^  dz  dz  )        "^ 

taken  throughout  the  closed  surface  <8f,  and  integrating  by  parts, 
we  get 

E^  IjUa^^^djfdz+'lZdzdx+'^dxdA 
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and  a  similar  expression  for  E,  in  which   U  and  V  are  inter-    proof  of 
changed  Green's 

Here  the  triple  integral  is  taken  throughout  the  space  within  Theorem, 
the  surface ;  and  the  terms  of  the  douhle  integral  are  taken  as 
negative  where  a  point  moving  in  the  positive  direction  along 
T^  y,  or  z,  as  the  case  may  he,  enters  the  surface,  and  as  positive 
where  the  point  emerges.  Considering  the  motion  of  the  point 
parallel  to  the  axis  of  x,  let  a  normal  be  drawn  invxirds  to  the 
surface  at  each  of  the  points  of  entrance  and  of  emergence.  If 
2},  l^  be  the  cosines  of  the  angle  which  the  normal  makes  as  at 
A,  By  with  the  positive  direction  of  the  axis  of  x  at  an  entrance 
and  an  emergence  respectively,  and  if  ds^,  ds^  be  elements  there 
of  the  surface,  taken  with  their  positive  sides  turned  inwards, 
we  have  d^dz  =  lidsi  at  an  entrance,  and  dydz  —  —  l^f,  at  an 
emergence.  Hence  for  each  pair  of  elements  the  corresponding 
part  of  the  integral  is 

and  since  we  can  exhaust  the  whole  surface  by  pairs  of  elements 
w^e  have  for  the  first  tenn  of  the  integral 


// 


LW  ^S  ds 
dx 


taken  over  the  surface.  Putting  m,  n  for  the  cosines  of  the 
angles  between  the  normal  and  y,  z,  at  any  point,  and  pro- 
ceeding in  the  same  manner  we  get  for  the  whole  surface 
integral 

Denoting  the  expression  between  the  brackets,  which  is  the 

dV 
rate  of  variation  of  V  inwards  along  the  normal,  by    -— ,   and 

using  -r-  in  the  same  sense  for  U^  we  have  finally 
dv 

dF\ 


^=-/^4>-//^{£(-2 


^iyihii-'i)}"^'^ 
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which  IB  Greon'o  Tlieorem. 
\  Diacon-        If  the  space  rate  uf  v 

•—  direction.  My  -^,  ia  discootinuoL 


U-5  )}*•*'"    <«' 

ae  of  the  fuactioaa  in  my 
vithin   tUe  limits  o£  inte- 

—  j  ill  tlie  Becond  expreBsioti    for   £ 


gration,  tlio  terra  - 

becomes  infinite,  and  the  triple  iatugrnl  iuvulving  this  t 
cannot  be  evaluated.    Let  P  {Fig,  10)  be  a  point  within  t 


space  coneidered,  at  whiub  ~  -,  &e.,  are  discontinuouE,  a 

a  small  closud  surfuce  .9  iucluding  P  be  Jescribeii,  then  (m1 
evidently,  tlie  theorem  apuUes  to  ani/  portion  of  space  pro- 
vided tie  surface  integral  ia  taken  over  all  the  bounding 
surface  or  eurfacea),  we  can  find  tlio  value  of  E  by  taking 
the  triple  integral  of  the  second  expression  througli  t!ie  rest 
of  the  space,  nud  aJdiiig  to  the  siirfiice  integral  tbe  value 
at  —  f  I  la*  —  d"  taken  over  S.  By  making  ;^  sniall  enough 
n  obtain  as  nearly  hs  we  please  the  true  and  finite  value 


of  i 


Now  suppose  tli'it  the  space  voriatlo 
continuoiis  at  a  surfncu     If  this  surface  he  o 
a  cloHed  surface  described  enclosing  it,  aj 

until  it  fonuB  an  infinitely  thin  Bhoil.  S  (represented  by  the  dotted 
line,  Fig.  11),  with  the  surface  of  discontinnily  everywhere  belween 


1  any  direction  is  dia- 
n  we  may  imagiiM 
□  made  to  contract 
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its  fkces.    We  find  E,  then,  for  the  rest  of  the  space  within  the    Discon- 
extemal  containing  surface  Sq  by  adding  to  the  surface  integral  tinuity  of 

over  So  the  value  of  -  /  /  Vtfi  -j-  ds  taken  over  the  internal    ^  &c. 

surface  5,  the  normal  being  drawn  as  before  at  each  point  from 
the  surface  into  the  space  through  which  the  integral  is  taken. 


Fio.  11. 

If  the  surface  of  discontinuity  be  closed,  we  have  only  to  suppose 
a  surface  8  (Fig.  12)  described  around  it  everywhere  infinitely  near 

it ;  and  adding  to  the  surface  integral  over  So    -   I  I  Va*  —  di 


taken  over  S^  and  taking  the  triple  integral  through  the  space 
between  S  and  /SL,  we  see  that  the  theorem  holds  for  this  space. 
The  theorem  holds  also  for  the  space  within  the  surface  of 
discontinuity,  when  the  external  boundary  is  taken  everywhere 
infinitely  near  that  surface  on  the  inner  side.   The  theorem  thus 
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Discon-  holds  separately  for  these  two  spaces,  and  tlierefore  for  both 
tinuity  of  together,  wh^n  the  surface  integral  over  both  sides  of  the  surface 

fiU  .       of  discontinuity  is  taken  into  account. 

dx  '  In  the  same  way  we  may  deal  with  any  number  of  surfaces 
of  discontinuity  arranged  in  any  manner,  and  we  see  that  it  is 
only  necessary  to  integrate  throughout  the  spaces  in  which  the 
space  variations  of  u  are  continuous,  and  add  the  values  of 

Fo*  — ds  for  both  sides  of  each   surface  of   discon- 


-// 


dp 
tinuity. 

Further,  it  is  important  to  notice  that  if  any  portions  of  space 
are  separated  from  the  rest  of  space  and  from  one  another  by 
closed  or  infinite  surfaces,  we  may  treat  them  as  independent 
portions  of  space,  and  apply  the  theorem  to  them  separately, 
being  careful  to  include  the  surface  integral  over  each  bounding 
surface. 
Surface         We  shall  now  give  some  applications  of  Green's  Theorem. 

ElSic*    ^*™*  ^®'  17  =  I,  so  that  wo  have  — -  =0,&c.,  also  let  o  =  1,  and 

^d'^^'^^^d'^  F  bo  the  potential  of  any  distribution  of  electricity  of  volume 

from  ^®"®**y  P  **  ^^'^y  pouit  within  the  closed  surface  Sq.    Applying 

Green's  *^®  theorem  to  the  space  within  So,  we  get  ^  =  0,  and  therefore 

Theorem.  ^^®  remarkable  relation 

^   f  f^ds  =    f  f  fv'^Fdsdydz,     .     .     .     (69) 

Since   —    is  the  space  rate  of  variation  inwards  along  the 
dw 

normal  it  is  equal  to  the  normal  force  N  outwards ;  and,  since 

(p.  10)  v'F  =  0  where  there  is  no  electricity,  and  [as  can  be 

proved  independently  of  (13)]    =    -  4irp  where   the   electric 

denaity  is  f>. 


/"[iVrff  =  4ir   fjfpdxdsdi. 


which  agrees  with  the  theorem  of  eq.  (13). 

Again,  if  the  portion  of  the  distribution  within  the  surface 
have  nowhere  finite  density  p,  but  consist  of  a  surface  distribution^ 
of  density  a-  at  any  point,  we  can  apply  the  theorem  by  taking  ac- 
count of  the  corresponding  discontinuities  in  the  values  of  dV/dj, 
ftc.  Let  first  the  surface,  S,  on  which  the  electricity  is  distributed 
t>d  a  single  open  surface,  as  in  Fig,  11 ;  Fj,  F|  denote  the  poten- 
tials mt  two  infinitely  near  points  on  opposite  sides  of  it,  and  y^,  w^ 
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D>h1s  at  thnsp  puitils  (irnwn  from  tho  surfnce  iutri  the  sfispe 
and  Sn.     We  Imve  putting  ds^  for  an  element  oi  *'„ 

-//^'•-//C+S"=»--<™> 

«  the  two  pacta  of  llie  inteeral  in  the  seeonJ  lemi  are  over 

OBtKwite  portiuns  of  a  surface  encloGin^,  and  Infiaitely  nonrly 

acIiluDt  with  S  {d»  heing  taken  to  denote  an  element  of  either), 

d  therefore  mny  be  regarded  aa  taken  ovetS.     But  proceediu); 

1*1   p,   36,   taking   p   linitc,   we  get   for   PoiSBon's    equation 

W/A^  =   -  in-p.     Hence  integratiiiK  over  tlie  tliickneHS,  r,  of 

W  Btrstiim,  Bud  ))attlng  yijT  =  cr  w)ieij  t  la  diminielied  indefinitely 

'd  ft,  tlie  average  density,  ia  correspondingly  increased,  we  gel 

rfF,  j_  dr, 

dy, 

e  (70)  becomes 


EldctHo 
Inilnction 

Theorem. 


-'  +  4,r,r  = 


{{  Nd,^  =  iwfj  trdt,. 


_  e  N  ia  tiie  normal  force  at  dii„  in  tJie  otitaard  direction  from 

This  also  ugreea  witli  llie  tlieorcni  uf  eq.  (13). 
~  e  teautt  applies  to  a  closed  surface  (which  ia  a  parti' 

ir  case  of  an  open  aurface,  with  opening  infinitely  amull),  in 
^icb  case  with  the  condition  of  zero  density  in  the  interior, 
Wjdr  =  0,  on  the  inner  ftide  ;  and  so  for  any  group  of  aurfitcea, 
%Mil  or  uticloaed,  on  which  there  is  electricity  with  finite  surface 
faaj^r — that  ia,  nt  which  the  electric  force  changes  abruptly. 
Vntliiig  17  =  F,  and  o  =  1,  we  get 


l//{(; 


ij^m- 


/i/r\- 


d^dj/d: 


'    ~   !!''''£  '''  "  ///''■  V^-Z^O"/---    (71) 

I'Lel  Fdenotetlie  potential  at  any  poiut  of  any  finite  distribution 
■«lectiici  ty,  and  let  the  triple  integral  on  the  left  be  taken  lliroiigh 
f  space.  The  anrfuce  integral  on  the  right  includes  the  siirfiit.'e 
We'*H  which,  as  we  have  shown,  belong  to  c^uch  surfnce  dia- 
Buticiti.     Wherever  there  ia  a  volume   distribution   we   hnvg 

f  f      ''^ 
-4irp,  elsewhere  p»F=0.    Again  -  /  I  T-^  dt  taken 

le  ejttemiil  cloaud  surface  S(j  liecomes  Kero  when  S„  is  at 

F    2 
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.,«»'ff^JP 


nfinile  diHlnnce  from  tlia  electrienl  HiatributioD,  for  /  /  -j 
in  coiiiUnt   fur  a\\   ilixUncoti  at   which  Sq  eDcloses   the   whole 
.liMrit.ulioii.nml  K  =  0. 
The  port  of  thf^  Hurfiica  integral  depending  on  the  electrified 

■nrfaoM  '*  ~  /  /  (j^'  +  rfc/''*  '*''™  """'  *"  **  amfcoaft^B 
and  ihia  oa  we  have  sson  is  iwj  jtrd*  token  over  the  son^H 
aurfucM.   Henoo  we  find,  putting  ^  for  the  quantity  in  braclceta 
on  the  lefl,  and  dividing  by  Sir, 

Uia  nnnrgy  iii]uation  fotinil  aynthetically  atfove. 
Inlton  nf  It  h»»  iHicn  shown  aiialylically  [Thouisuti  and  Tsit'a  Nat  PhU. 
.pJ.Of'n  vol.  i.  p»n  i.  App.  A.  (d)j)  that  a  function  P  esittn  which  haa 
lonUon  ,  gfven  value  for  each  point  of  any  mirface  or  surfaces  in  the 
rieetric  tiuld,  mid  Hatisfica  the  equation  T't'  >"  0  at  every  other 
point.  This  ie  tlie  c«8«  of  an  electrified  ByHtcm  bounded  by 
fnirri''*-!!  ill  whiAi  the  potential  i*  given  in  ■  dielectric  containing 
ii<  It  111 tliCflDBurfAcos,andBince thoconditionsof 

'"iu'aily  possible  it  most  have  at  least  one 
-  .   of  Ibis  equation  with  the  ^veii  surface 

\  ista,  and  we  can  prove  easily  that  tbet*  is 

i\  '<  that  if  the  pntenlinl  be  given  over  any 
.'  liold  it  is  determinate  tliruughout  tbe  real 
'  ~rtK-e  iberc  of  any  (rinin  pJertnr  diolribo- 
.'  tieocli  pwQt  dui'ii'  (If  L'ii.-intl'';t]l"-.ii.iii 

i.  .  '  >'.r:»»(^n'>vidDdthr':>  '  ■iine 

.1    .  -    -     ■  .  very  patnl>  ;  henc«  if   1  ■ .  il 

»:  '  irface  doe  (o  tbr  f  ■.  :    1" 


pitoir). 


idftfon* 


■  t'mrkiMJBtof  ■nrhecortmon 
^  trit  fieU,  tlMn  few  oay  point  at 
-  •  fiahe  ToVne  oS  tbv  pecendal 

TVe  MtCacat  nay  he  tipm  w 
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SOLUTION  OF  CEFETtAL  PROBLEM  PROVED  UNIQUE. 

.   For  let  a  finile  valua  of  the  potential  at  any  point  PhaP,  tliei 
f  must  Biltisfy  the  characterialic  equation 


r  +  j3-  +  fcc- 


Solnlion  of 
Laplace's 
Equation 


bbere  p  ie  the  (finite  or  zurc 
ihe  electric  dislribiHion  at  P; 
'  e  field,  the  vnlues  of  the 
■arface  jiloiig  noruinla  i>,  J  dn 

<tr     dr 

d^   +   ,/_■ 


>lumo  donBity  of 
5(1  surfiice  exists 
II  of  V  from  the 
must  Huliefy  the 


I  Let,  if  pOHsible,  F",  be  another  vahie  of  tl lb  potential  al/',er)iial 
S  P.the  given  value  at  each  point  of  the  given  eurfaces  and 
HJREying  these  equntiona  everywhere  else.  We  Bee  at  once 
i»t  a  potential  V~  F,,  sntisfies  all  the  conditions  for  the  case  in 
Ehich  the  potential  is  zero  at  the  given  eurfacea,  and  both  rr  and 
Bare  zero  everywhere  else.  But  in  thia  case,  since  the  potential 
^  Alao  lero  at  iin  inlinite  distance,  it  niuat  be  zero  everywhere 
i,  otherwise  (here  would  be  one  or  more  points  of  maximum 
_  Aintmiim  potential  in  space  void  of  electricity.  Hence  V=  V,, 
Utt  ia,  there  is  only  one  value  of  V  which  eatiadea  the  equntiona 
t  every  point,  and  ooincidea  with  the  given  value  for  every 
'  it  on  tlie  surface. 

y_t.  There  ia  one  and  only  one  distribution  of  electricity  over  a 
a  BUrface  or  systeni  of  siirfnces  in  the  electric  field  which  for  a  ' 
^.  .D  distribution  elsewhere  tliun  on  the  surface  corresponds  to 
n  ubitrnrily  givrn  polenlisl  ut  eiioh  point  of  the  eurfiice;  and 
'Jjr  one  vulue  of  the  potential  can  be  produced  at  each  point  of 
10  surface  when  a  given  distribution  of  electricity  ia  made  over 
w  Bur&ce. 
I  If  F,  V,  the  potentinla  on  opposite  sides  of  the  surface,  be 
Vbitrarily  given  at  every  point  we  have  seen  that  the  potential 
I  nngle  valued  at  every  point  in  the  field.  Uence  the  density 
n  the  surfnce 


dncing 
givon 
PuIenUnl 


L  i  (^  +  1^  \  which,  p,  28  above,  muat  e: 

D  single  viilued. 

\  Agatn,  if  this  distribution  be  mode,  the  given  potentials  nt  the 
hrfooewillbe  [iroduced.  For,  If  nnt,  let  r„  V,',  instead  of  V  V, 
n  tli»  potentials,  on  tlie  two  sides  uf  tlie  eurfiice,  produciMi  nt 
by  point 


Diatribn- 
tion,  both 
nnique. 
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We  have  then  the  two  equations 


Surface 
Distribu- 
tion pro- 
ducing 
given 
Potential 
at  every 

point,  and  Subtracting  we  get 
Potential 
produced 
by  any 
^ven 
Distribu- 
tion, both 
unique. 


..+57  +  ^^^  =  ^- 


d{r  -  ^i)  +  ^(^  -  ^i')  ^ 


dv 


dv' 


=  0. 


Green*8 
Problem. 


Solution. 


Hence  F  -  Fj,  V  -  F/  are  values  of  the  potential  at  points 
infinitely  near  one  another  on  opposite  sides  of  the  surface  in  the 
case  in  which  tr  is  zero,  and,  since  Poisspn^s  equation  is  by 
hypothesis  satisfied  in  the  case  both  of  F,  F',  and  Fj,  F/,  we  see 
that  F  —  Fj,  F'  —  Fj'  correspond  also  to  the  case  in  which  p  is 
zero.  But  when  o-  and  p  are  everywhere  zero  the  potential  is 
everywhere  zero,  and  we  have  F  =  Fi,  F'  =  F/ ;  that  is,  the 
distribution  does  produce  the  given  potential. 

From  (2)  we  see  that  electricity  can  be  distributed  in  one,  and 
only  one,  way  on  any  surface  or  surfaces  in  the  electric  field  so 
as  to  produce,  with  any  other  given  distribution  in  the  field,  any 
required  potential  at  any  point  infinitely  near  the  surfaces,  and 
that  the  potential  at  any  other  point  is  perfectly  determinate. 
The    density    of    the    distribution    at    each    point    must    be 

_    —  {  —I    I    — ? ),  and  therefore  there  is  only  one  quantity 

4ir  \dvY      '    dv^  J 
of  electricity  whicli  can  be  thus  distributed. 

It  was  proved  by  Green  that  if  o-  be  the  surface  density  required 
at  any  element  E  (Fig.  13)  of  a  surface  in  order  to  produce  by  its 


.    P 


Fig.  13. 


own  action  a  potential  infinitely  near  that  point,  equal  to  that  pro- 
duced by  a  unit  of  electricity  at  a  point  P  not  on  the  surface, 
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the  potential  F  at  P  due  to  a  surface  distribution  which  produces   Solution, 
any  arbitrary  potential/ (i5)  at  ^is  given  by  the  equation 

F  =  IJ  or/(£)rf« (72) 

the  integral  being  taken  over  the  surface.  For  if  E'  be  any 
other  element  and  a  the  density  there,  corresponding  to  o-  at  -B*, 
we  have 


J  J  EE^    ~  EF 


If  o-j  be  the  density  at  E  of  the  distribution  required  to  produce 
potential /(^  at  E  we  have  for  the  potential  at  P  produced  by 
this  distribution 

^-/M  =  //-*//». 

by  the  last  equation.     But  this  integral  may  be  written 

and  by  the  definition  of  a-^ 

Hence 

F=  j  af{E)d8. 

The  value  of  a  is  found  below  (p.  79)  for  tlio  case  of  a  spherical 
surface. 

The  direct  problem  which  presents  itself  in  electro-     Direct 
statics  is  the  determination,  for  a  given  system  of  con-  ^f  Electro- 
ductors  with  given  charges,  of  the  potential  at  every     statics, 
point  of  the  field,  and  the  density  of  the  distribution 
at  every  point  of  the  conductors. 

It  is  easy  to  show  that  if  the  charges  are  given,  there 
is  only  one  possible  distribution  on  the  conductors,  and 
it  follows  from  what  has  been  proved  above,  that  the 


Potantials 

tributioQ 

KTen 
Charges, 


ductora 
Charges 


[  PotentiAll 
uid  Du- 
tribntion 

for  giiau 

Ohiir|;mr. 
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potential  at  every  point  of  the  field  is  also  umt^ 
in  value.  To  pmve  that  the  distribution  is  unique 
consider  a  ayatem  of  oonductora  the  charges  of  which 
are  separately  zero.  The  potential  over  each  conductor 
must  for  equilibrium  be  constant,  and  must  be  zero. 
For  if  not  zero,  the  potentials  must  either  have  all 
the  same  positive  or  negative  value,  or  have  different 
values.  In  the  latter  case  the  potential  cannot,  since 
there  is  no  maximum  or  minimum  of  potential  in  the 
field,  increase  outwards  from  one  part,  and  diminish 
outwards  from  another  part  of  the  surface  of  the  con- 
ductor, whose  potential  is  numerically  greatest.  Hence 
the  electric  induction  across  every  element  of  the 
surface  has  the  same  sign,  that  is,  every  element  is 
electrified  iu  the  same  manner.  But  this  is  impossible, 
since  the  whole  charge  is  zero.  In  the  case  of  all  the 
conductors  at  one  potential  we  may  apply  the  same 
test,  with  the  same  result,  to  any  conductor.  We  aee, 
therefore,  that  the  surface -density  on  each  must  be 
everywhere  zero. 

Let  now  T,,  V^  &c.,  and  V\,  V\,  &c.,  be  two  possible 
systems  of  potentials  corresponding  to  the  given  chaiges, 
then  -  V\,  —  V'j,  &c.,  will  be  a  possible  system  of 
potentials  for  equal  and  opposite  charges,  and  F^,  —  V\, 
V^  —  V\  &c„  possible  potentials  when  their  chargeB 
are  zt-ro.  But  in  this  last  case  we  have  seen  that  the 
conductors  ore  not  electrified,  and  therefore  V^  =  V\, 

The  potentials  at  the  conductors  are  thus  unique  la 
value,  and  wo  have  seen  (p.  0!))  that  the  potential  at  any 
point  in  the  field  ia  also  unique  in  value.     The  outwaul 
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e  £  at  any  point  of  each  conductor  is  thus  fixed  in 
ilae,  and  since  Rj4iTr  is  the  electric  surface  density  at 
Be  point,  the  charges  can  be  distributed  in  only  one 

I  The  direct  problem  stated  above  has  only  been  solved  pify*"* 
I  certain  cases,  but  the  inverse  problem  of  finding  a 

a  of  conductors  and  charges  which  will  produce  a  ^m 

tren  possible  system  of  potentials,  can  be  solved  with  ^H 

mparative  ease,  and  the  results  applied  to  the  solution  ^| 

ses  of  the  direct  problem.'     We  shall  now  give 
examples  of  this  mode  of  proceeding. 
•  If  any  surfaces  whatever,  open  or  closed,  be  described   ,?."""''?^ 
L  the  electric  field,  it  has  been  proved  (p.  69  above)      Uon 
nt  it  is  possible  to  find  one,  and  only  one,  distribution  '^p!'"^"'8 
I  electricity  over  these  surfaces  which  shall  produce    aystem. 
[  each   point   of  them,  and  at  each  point  of   space 
ely    separated   from   ibe   electric   distribution   by 
B  of  the  surfaces  which  are  closed  or  infinite,  the 
potential   as   is   produced    in    the    actual   case, 
p  example,  let  5j,  .%,  S,  (Figs.  !■*  and  15)  be  three 
drawn   in   the   electric  field  of  the  distribu- 
I,  it  IB  possible  (p.  60)  to  find  one,  and  only  one, 
rJbution  over  S^,  S^.  S^,  wliich  shall  proiiuce  over 
t  of  the  surfaces,  and  throughout  /T,  and  JJ^,  the 
tae  potential  as  is  produced   by  M.     The  potential 
iDj  point  of  A" depends  on  the  given  surfaces,  S,,5j,.?g. 
1  Wnce  the  potential  at  every  point  of  the  surfaces  is 
"en,  is,  as  we  have  seen,  perfectly  determinate. 
Furtber,  the  part  of  this  distribution  over  any  closed 


t  B««  M»xwelr»  EleiinHtiiri/  TirtUum  <>b  BhelricUy,  p.  72  ct  srq. 
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Surface    or  infinite  surfaces  separating  a  region  within  which  lies 
tion      ^^7  P^rt  of  the  actual  distribution  from  the  rest  of  space 

replacing 

given 

system. 


is  such  as  to  exactly  produce  at  each  point  of  space 
external  to  that  region  the  same  potential  as  is  pro- 
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duced  by  that  part ;  for  it  is  clear  that  the  potential  at  Surface 

any  point  of  the  surfaces  will  be  that  which  would  be  tion 

produced  by  the  actual  distribution  and  (p.  68  ahove)  replacing 

the  potential  produced  by  the  electrified   surfaces  at  system. 


Rg.ie 


every  point  of  the  space  which  they  separate  from  the 
electric  distribution  coincides  with  that  due  to  the 
actual  distribution.  For  example,  if  H^y  H^,  H^  (Figs. 
16  and  17)  be  regions  within  which  are  distributions 


Conduct- 
ing Surfitce 
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m,,  wij,  nij  separated  by  the  surfaces  S^,  S^,  S^  froinT! 
the  rest  of  space,  the  distribution  over  5,  produces  the 
same  potential  throughout  H^  S^,  and  £"  as  is  produced 
by  m^,  and  similarly  for  m^,  m,.  Hence  the  potential  at 
each  point  of  S^,  S^  >%,  and  throughout  ff,  is  that  due 
to  OTi.  m.j,  Wg  jointly.^ 

Suppose  a  surface  S  taken  in  the  electric  field  to  be 
an  equipotential  surface  for  the  given  distribution,  we 
see  from  what  immediately  precedes  that  electricity  can 
be  distributed  on  that  surface  so  as  to  produce  potential 
in  the  space  A,  on  one  Bide  of  the  surface,  equal  to  that 
produced  by  the  dedncity  (in  some  cases  part  only 
of  the  whole  distribution,  in  others  the  whole)  in 
the  space  B,  on  the  other  side  of  the  surface.  We  may 
suppose  the  distribution  on  the  surface  made,  and 
the  original  distribution  in  B  removed.  The  potential 
tliroughout  B  must  be  constant,  and  the  electric  force 
there  zero,  and  the  resultaut  force  at  any  point 
infinitely  near  the  surface  on  the  side  A  is  normal  to 
the  surfaco.  Hence  if  R  be  this  normal  force,  taken 
positively  when  from  the  surface  towards  jJ,  the  electric 
surface  density  at  the  point  is  Rj^ir.  This  result  had 
already  been  found  (p.  2!}  above),  hut  wo  have  now 
seen  that  it  is  the  unique  solution  of  the  problem, 
We  shall  find  many  examples  of  ita  utility  in  what 
follows. 

Tlie  distribution  in  the  space  S  which  produces  in 
the  space  A  on  the  other  side  of  the  surface  the  same 
potential  as  is  produced  by  the  distribution  supposed 


Sbb  TlioiDBon  and  Tail,  Nai.  Phil.  toI.  i. 
n  which  Figa.  14— 17  an  Uken,  witb  sligUt 
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made   as  above   on  the  surface  is  called  an  Electric 
Image. 

Let  now  the  system  of  conductors  be  three  in  number,    Sphere 
a  sphere  S  of  radius  a,  and  two  external  conductors,  influe^nce 
jSij,  Sj,  Fig.  18,  of  dimensions  so  small  in  comparison  with  o^  Electric 
a  that  a  charge  of  electricity  on  either  may  be  considered    Ext^&l 
as  concentrated  at  a  point.    Let  the  distance  of  S^  from     Po"^*- 
C,  the  centre  of  S,  be  /,  the  distance  of  S^  from  P 
r^j,   and    let   iS,    be    insulated    and    charged   with   a 
quantity  q  of  electricity,  82  insulated  but  uncharged, 

o 


«9- 


Rg.ia 


and  S  uninsulated,  and  therefore  at  zero  potential.     By 
the  theory  given  above  (p.  38) 

where  p^2  is  the  mutual  coefficient  of  potential  of  S^  and 

S,  p^2  (==  ^7^12)  ^^^^  ^f  ^1  ^^^  ^^2'  ^^^  ?8  ^^®  induced 
charge  on  S.     But  since  the  potential  of  S  is  zero,  and 

every  element  of  the  charge  of  >S  is  at  a  distance  a  from 

the  centre 

I  +  I"  =  ,0  or  ft  =  -  ??.     .     .    .     (73) 
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U II  tier 


Taking  jS,  infinitely  small   and   infinitely  near  th( 
IijHiujnca  surfaco  of  the  sphere  so  that  Fg  =  0,  we  have  for  thii 

iit  Klectric  case 
i  )Uiirge  at  -I 


External 
J^oiut. 


Pb2  = 


^12^// 


(T4: 


Let  JF,  Fig.  19,  be  the  position  of  the  centre  of  Co,  P'  t 
point  in  PC  taken  so  that  FU :  CE  ::  CE  :  CP]  thai 


iB,  so  that  the  triangles  PEC^  EP'C,  are  similar,  and 
CP  =  a^lf.    Hence  EP  =  r^^a/f,  and  therefore 


^82    = 


EP 


(75: 


lOectrk  Equation  (73)  shows  that  the  amount  of  the  induced 
mSriJd  ^^^^  ^^  *^®  sphere  S,  called  forth  by  a  charge  q  con- 
touHMCiM,  centrated  at  P,  is  —  o//.  q,  and  that  the  potential  whicl 
this  charge  produces  at  each  point  of  the  surface  of  S 
and  therefore  also  at  every  external  point,  is  the  same 
as  that  which  it  would  produce  if  concentrated  at  the 
internal  point  P,  while  the  potential  which  it  produces 
at  every  internal  point  is  equal  and  opposite  to  thai 
due  to  9  at  P. 
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sing  from  potentials  to  forces,  the  force  at  every  Electric 
kern&l  poiut  due  to  the  induced  distribution  is  the  sph«rir"l 
^e  as  that  which  would  he  produced  by  —  a//,  q  at  P,  SuTfaut, 
d  tit  e%'ery  internal  point  is  equal  and  opposit«  to  that 
iduced  by  the  cliarge  of  amount  g  at  P. 

:aa  now  find  the  distribution  on  S.    The  resultant 
1  a  unit  of  positive  electricity  at  E  is  that  due  to 

I  attraction  —  -.  -Sm  along  EP  and  a  repulsion  ^^ 

mg  PE.  Resolving  these  forces  along  PC  and  EG 
I  have  for  the  component  in  the  direction  PC,  the 
CP  CP    a 

'  !/ liK^  ~  ^  PFi  f'  '^^  ^""^  *^^  component  in 

k direction i?C,-?^p  + 2 pQ^,^-   SincuPE^PEy 

I  CP  =  a^lf  the  former  expression  vanishes,  and  the 
bial  component,  which  from  the  vanishmg  of  the  other 

baponentwe  see  is  the  resultant  force,  is  —q-pi^/—  -  — . 

r  Coulomb's  theorem,  if  o-  be  the  density  at  E.  ive  get 
1  this  expression  and  Fig,  19 


PA  .  PA'      J_ 

^  4-7T .  an  ■  PA"  ■ 


(70) 


i  density  at  any  p()int  of   the  surface  is  therefore 

nly  as  the  third  power  of  the  distance  of  the  point 

1  that  at  which  the  inducing  charge  is  situated. 

PThe  point  P'  is  called,  from  the  optical  analogy  of 

ttual  images  formed  by  reflection,  the  Eltctrlc  Image 

■tbe  point  P  in  the  spherical  suri^ace  S.     The  external 

lential  and  electric  force  produced  by  the  induced 
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electrification  on  the  surface  called  forth  by  j  at  P  are 
1  those  due  to  a  virtual  charge  of  amount  —  a/f.q  eAf, 
that  is,  are  the  same  as  would  be  producpd  by  this  charge 
at  P'  if  the  conductor  S  did  not  exist. 

We  see  easily  that  P  and  P'  are  conjugate  to  one 
another — that  is,  while  P"  is  the  image  of  P  for  the 
sphere  S  influenced  by  a  charge  at  P,  P  is  the  image  of 
P  for  the  same  sphere  influenced  by  a  charge  at  P. 
For  suppose  a  charge  ?  to  be  placed  at  P"  within  the 
conductor  S  supposed  at  potential  zero,  the  external 
potential  is  everywhere  zero — that  is,  the  induced 
electrification  produces  an  external  potential  and  electric 
force  everywhere  equal  and  opposite  to  that  produced 
by  q.  In  this  case,  since  q  is  within  S,  g,,  the  induced 
charge  on  S,  is  —  q.  Proceeding  as  before  with  thia 
value  of  5s,  we  find  that  the  internal  potential  and 
electric  force  due  to  the  induced  electrification  is  that 
due  to  a  virtual  charge  —  j  at  P,  and  that  for  the 
density  at  any  point  £  in  iS  we  get  as  before 

PA  ■  PA'     1 

'     i-TT.CE    PE^   ^^'^ 


^     47ra     PS"" 


The  induced  electrification  produced  by  any  given 
external  or  internal  electric  system  can  be  found  by 
determining  the  distribution  due  to  each  point  of  the 
system  and  superimposing  the  distributions.  Hence  an 
electric  system  on  the  other  side  of  the  spherical 
surface  is  determined  which  would  produce  on  the 
same  side  as  the  given  system  the  same  potential  at 
every  point  as  is  produced  by  the  induced  distribution. 
This   system  is  made   up  of  elements  which  are  the 
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electric  images  of  the  elements  of  the  inducing  system, 
of  which  it  is  therefore  said  to  be  the  electric  image. 

Thus  let  the  system  be  a  series  of  charges  q^y  q^y  &c.^ 
at  external  points  P^^  P^  &c.,  whose  distances  from  the 
centre  of  the  sphere  are  /i,  /2,  &c.,  the  charge  on  the 

sphere  is  then  —  a  2  ^;  and  the  density  at  any  point  is 


Electrie 

Image  in 

Spherical 

Surfaoe. 


i.a  ^^'  -  «•)  A' 


(78) 


the   summation   being  taken   for  every  point  of  the 
inducing  system. 

K  the  system  be  internal  the  charge  on  the  sphere  is 
—  2j,  and  the  density  is 

where/' =  1^(7. 

If  the  sphere  be  at  zero  potential  under  the  influence 
of  both  an  external  and  an  internal  system,  the  charge 
on  the  sphere  will  be  the  sum  of  the  charges  and  the 
density  the  sum  of  the  densities  in  these  two  cases 
taken  separately. 

If  the  sphere  be  insulated  and  at  potential  F",  the 
distribution  is  obtained  by  superimposing  on  the  in- 
duced distribution  just  found  a  uniform  distribution  of 
density  Vj^eira,  Hence  we  have  for  the  density  in 
this  case 

or 


Induced 

Distri- 

bntion  on 

Insulated 

Sphere. 


-i^al^-^^'^*-^ 


(79) 


a 


82  ELECTROSTATIC  THEORY. 

Induced    according   as  the  inducing  distiibution  is  external  or 
butionon  interaal.     Equivalent  expressions   for  the  density  in 
Insulated  terms  of  the  charge  Q  on  the  sphere  are  easily  obtained 
by  substituting  from  the  equation 

It  is  instructive  and  easy  to  calculate  from  these 
expressions  for  a  single  inducing  point-charge  the 
density  of  the  distribution  on  the  sphere  at  the  points 
nearest  to  and  farthest  from  P,  to  find  when  these  are 
opposite  in  sign,  and  in  this  case  to  determine  the 
position  of  the  circular  line  of  zero  density  on  the 
sphere  for  given  values  of  Q,  g,  a,  /. 

Electric  We  may  consider  a  single  point-charge  as  on  a  sphere 
"two  °    ^f  centre  P,  and  radius  b  so  small  that  the  distribution 

Spherical  on  the  small  sphere  may,  so  far  as  its  efiTect  on  the 

ductors  distribution  of  the  large  sphere  is  concerned,  be  taken 
wh'°h     ^^^^®^  ^  uniform  or  as  concentrated  at  the  point  P. 

is  snmll :  When  the  radii  of  the  spheres  are  comparable  with  one 
another  and  with  the  distance  between  their  centres, 
the  distributions  mutually  influence  one  another,  and 
the  effect  of  either  can  only  be  expressed  by  an  infinite 
series  of  electric  images.  When  b  is  very  small  com- 
pared with  a,  all  these  images  may  be  neglected  except 
the  first  image  of  the  smaller  sphere.     We  have  then 

the   respective   values  q,  q  (j  —  ^ _\  J  +  ^^«7/  for 

the   charge   and  potential  of  the  smaller  sphere,  and 
Q  (=  Va  —  q .  fl  /),   V,  for  those  of  the   larger  sphere. 


FOBCE  BETWEEN  TWO  ELECTRIFIED  SPHERES. 

1  (p.  32)  the  electric  energy,  £,  of  the  system  of 
B  eondactors  ia  given  by  the  equatiou 


■if  IS 


+  w 


>»     /'{/•-"•)' 


The  work  done  by  electric  forces  in  separating  the  Mntai 
^heres  by  a  small  distance  df  will  alter  E  by  an  betwt 
inoUDt  dEjdf.df,  that  is  —  dEjdf  is  the  mutual 
Itulsive  force  between  the  spheres  in  the  line  of 
ptreB.     But 


,.?'-(81) 


\dE_Qq_,.     y*-a'    _a  „ aj_ 

\df  -/"     ^     '/"(/"-a')-/"   ^    ir-d- 

force  will  therefore  be  an   attraction,  zero,  or  a     when" 

ipulsiOD    according   as    either   of  the    equivalent   ex-  anirwhen 

on  the  right-hand  siiJe  is  negative,  zero,  or  RepuMvo. 

inUve.     Hence  it  is  an  attraction  if    C  or  ^  is  zero, 

i  is,  if  the  sphere  is  uninsulated,  or  if  it  has  no 

1  on  the  whole.     Also  if  /  ia  but  little  greater 

;,  that  ia,  if  the  smaller  sphere  be  very  near  the 

!  of  the  larger,  f  —  a}  ia  very  small,  and  the 

)  is  an  attraction.     If  Q  have  the  same  sign  as  q, 

1  be  greater  than  q  .  a'f{%f  -  a')lif  -  «■),  or  if  V 

I  positive  and  greater  than  q.f'lif  ~  «'),  the  force  is 

EBptllsion.    These  results  explain  the  apparent  anomaly 

pbe  attraction  of  a  small  chai-ged  sphere  by  a  similarly 

■^ged  conductor,  when  the  distance  between  them  is 

nil,  and  the  repulsion  between  them  when  they  are 

Mter  distances. 

a  2 
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Images 
Innnitii 


If  d  be  the  shortest  distance  of  any  one  of  the  points 

Plane  OT*  P  from  the  surface  of  the  sphere,  we  have  /  =  (£  +  a, 

in  Sphere  and  /"  —  a'  =  d  (d  +  2a).     Hence  if  a  is  very  great  in 

radius,     comparison  with  d,  that  is,  if  the  surface  be  an  infinite 

plane  (Fig.  20),  or  if  the  point  P  be  near  the  surface, 

we  have  when  F"  =  0 

1  ^  gd 
27r^F£' 


<r  =  — 


(82) 
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Considering  again  the  sphere  of  finite  radius  a,  we 
have   for   the   shortest  distance  of  the  image  of  any 
^*^^"^^^"*  point-charge  P  from  the  sphere,  the  value  a  —  a^/{d  +  a). 
Optical     or  dl(l  H-  d/a).     Hence  if  a  is  very  great  in  comparison 
with  d,  this  value  becomes  approximately  d,  that  is  the 
image  is  on  the  normal  to  the  surface  and  at  the  same 


Image. 


Fio.  20. 


distance  behind  the  surface  that  P  is  in  front  of  it.    Also 
since  in  this  case  alf  =  a/(a  +  d)  =  1  nearly,  the  image- 
charge  is  —  g  to  the  same  degree  of  approximation. 
The  distribution  on  an  infinite  plane  might  obviously 
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nve  been  obtaJDed   at  once  without  consideriag  the 

ptiuie  tts  a  case  of  a  spbore.     For  clearly  the  plane  is  a 

surface  of  zero  potential  for  +  5  at  /'  and  —  9  at  I",  the 

optical  image  of  P  in  the  plane.     The  electrification  of 

I  plane  ia  therefore  equivalent,  for  all  points  to  the 

1  of  the  plane,  to  the  charge  —  g  a.t  P'.    But  the 

J  force  outwanle,  that  is,  from  the  plane  towards 

e  space  in  which  P  is  situated,  is  —  2gd/PE',  and  the 

«c  density  at  E  is  therefore  -gdltirPEK    The 

ralta  obtained  above  are  thus  verified. 

It  is  easy  to  show  that  the  integral  of  this  expression 

for  the  density  taken  over  the  plane  is  —  q,  the  value 

^bich  it  ought  to  have,  since  the  space  to  the  left  of 

B  plane  may  be  supposed  inclosed  by  the  plane  and  a 

idoctor  at  an  iufinito  distance.     Let  S^  be  an  element 

I  the  surface  at  E.    The  projection  of  Ss  on  a  plane  at 

;bt  angles  to  PE  is  ^s .  d/PE,  and  a  cone  with  base  Bs, 

I  vertex  P  will  therefore  intercept  on  a  sphere  of 

^t  radius  and  centre  P,  an  area  Ss.  djPE'.    The  integral 

f  thi«  taken  over  the  plane  is  therefore  2jr,  one-half 

B  area  of  the  unit  sphere,  and  we  get 


qd_    f 


HtioD  fl 


PM'  -      '■ 

ton  two  or  more  conductors  are  electrified  in  the   Mutn 

Bte  field,  the  distribution  on  any  one  is  influenced  by 

t  on  the  others,  and  hence  the  determination  of  the 

d  distribution  becomes  a  problem  of  great  difficulty, 

B  solution  of  which  has  not  been  obtained  except  in 

I  cases.     These   have   for  the   most   part  been 

Uvcd  only  by  the  method  of  Electric  Images  combined 
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Mutually  with  the  principle  of  Electric  Inversion,  by  which  the 
encing  solution  of  any  electric  problem  can  be  transformed 
Con-  into  the  solution  of  any  number  of  other  problems. 
These  methods  are  due  to  Sir  William  Thomson,  to 
whose  papers  we  must  refer  for  full  information  regard- 
ing them.*  We  give  here,  however,  the  solution  of  the 
problem  of  the  distribution  on  two  parallel  conducting 
plane  sheets  of  unlimited  extent  acted  on  by  a  point- 
charge  placed  between  them,  and  a  short  explanation 
of  the  method  of  inversion  with  one  or  two  examples  of 
its  use. 


+ — 


t 


X 


B 


Fig.  21. 


Two 
Parallel 


Let  A,  B  (Fig.  21)  be  the  traces  of  two   parallel 

?h^^    conducting  planes  of  infinite  extent  maintained  at  zero 

withPoint-  potential,  on  a  perpendicular  plane  through  P,  a  point 

betw^n    between  them,  at  which  a  charge,  q,  is  situated.     Let 

^®™-     a,  /8  be  the  respective  distances  of  P  from  C,  D,  the 


^  Eleetroataiies  and  MagTvetism^  pp.  52-97,  and  146-191.    See  also 
Maxwell,  El,  and  Mag,  vol.  i.  sec.  ed.  pp.  226-260  et  seq. 
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1  at  wLich  a  perpendicular  through  P  meeta  the 
3B,  and  £  a  point  on  the  plane  ^  at  a  distance 
iC. 

the  plane  B  were  removed  the  denaity  at  S  on    '"'?''0_ 
a.  charge   5   at  P   would,  (82)   above,   be     bution 
a/2w(a*  +  7')'.     But  the  electrification  of  S,  which  ^^^^^'^ 
inid  be  produced  by  the  charge  g  &t  P  if  A  were 
,  has  at  all  points  to  the  left  of  B  the  same 
xt  as  that  of  a  quantity  —  f/  at  a  point  /j  distant  0 
D  to  the  right  on  PJ)  produced,  and  the  corre- 
sponding electric  density  at  £  is  therefore 

q  a+2g 

2x  {{a  +  2^)'  +  7"!^ 

These  two  electrifications  of  A  produce  respectively  the 
effects  on  the  electriBcation  of  B  of  charges  —  q,  +  q, 
to  the  left  of  A  on  PO  produced,  the  former  at  a  point 
</j  distant  a,  the  latter  at  a  point  J^  distant  a+  2^ 
e  electrifications  of  B  thus  produced  have  on 
a  of  charges  +q,  —  y  at  points  I^,  T^,  distant 
ft  +  2jS,  3a  +  4j9.  to  the  right  of  A  on  CD.  The 
responding  densities  at  E  are  therefore 

q  Sa  +  2B  q_ 3fl  +  4g 

■  iTT  l(3a  +  2^j'  -h  yy'     2^  {(3a  +  1$)"  -i-  7^' 

i  the  some  way  another  pair  of  densities  at  E  could  be 
md  corresponding  to  point-charges  +5,  —  y,  at  the 
Mp^live  distances  5a  -1-  4^,  Ga  +  C^  to  the  right  of 
,  »nd  so  on. 
\  The  electrification  of  .il  is  that  which  would  if  B 
!  removed  be  produced  by  +  7  at  P  and  an  infinite 


tiniagea. 
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trail  of  imiiges  I^,  /j,  Z,,  &c.,  of  charges  - 
&c.,  at  points  to  the  right  of  F  on  CD  produced.  The 
potential  at  every  point  ou  A  or  to  the  left  of  it  is 
plainly  the  potential  due  to  +  5  at  P,  and  the  image- 
charges  to  the  right  oiF,  and  this  ia  equal  and  opposite 
to  the  potential  at  the  satne  point  produced  by  the 
electrification  of  A.    Similar  results  hold'for  B. 

The  potential  at  any  point  between  the  planes  pro- 
duced by  the  electrification  of  either  is  that  due  to  the 
trail  of  images  behind  that  plane,  and  the  total  actui 
potential  at  any  such  point  is  the  sum  of  the  potfintii 
due  to  +  5  at  /*  and  the  two  trails  of  images. 

To  verify  that  the  potential  of  each  of  the  planes  ia 
zero,  let  V  be  the  potential  at  any  point,  £,  of  the 
plane  A.     Then  we  have 

^^^[fe~  j\e)  ^  '^-  \i^]i  ~  u^l 

where  n  has  every  integral  value  from  0  to  cc  ,  Since 
J^E  =  PE,  the  first  term  is  zero ;  further  each  series  is 
convergent,  and  the  terms  (which  are  arranged  in  the 
same  order  in  both)  are  identically  equal.  Hence  V  is 
zero,  and  the  above  process  of  building  up  the  electrifi- 
cation of  each  plane  gives  the  required  result. 

The  charges  and  distances  of  the  images  /,,  I^,  i 
,  are  given  by  the  table 

Images  /»™-i,  /jk. 

Charges  —  y,  +5. 

Di.t.,„=o,  I  ,,„_,)(„  ^_  ^,  +  2^.      „„(„  +  g). 


to  laa 

-es  ia 
the 
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has   every  positive    integral    value   from   1 

b  The  charges  and  distances  of  the  images  J^,  J^,  &c.,  "f  Imog'a. 
i  given  by  the  same  table  when  a  and  /3  are  inter- 
ianged. 

I  By  equation  (82),  p.  84,  we  have  for  the  density  at  E    Electric 

Density 

_£  ^"  r_  eg"  *  1)»  +  2»8  " "' 


([(2,.+  l)a+2»/3r  +  7'|l 

_(2» +J>  +  2(»  +  1)/!        ] 
([(2»+l)a  +  2C»  +  IM"  +  7'|!j" 


at  WIT  ^™ 

given  ^^H 

and  7  ^^1 


^«trig 
Hf  in] 


iriiere  n  is  any  positive  integer. 

The  density  at  any  point  F  on  B  (Fig.  21)  is  given 
by  this  equation  when  a  and  0  are  interchanged,  and  y 
ia  taken  as  the  distance  from  D  to  F. 

As  an  example  of  a  case  in  which  the  number  of  Diitri- 
laages  is  finite,  let  the  conductor  consist  of  two  planes  r^^^ 
«k  right  angles  to  one  another,  terminated  by  their  line  PI^om 
~"  intersection,  and  influenced  by  a  point-charge  of  right 
nt  +  y  placed  at  a  point  P  between  them.  Let  *^^^ 
0.  OA,  OB.  Fig.  22,  be  the  traces  of  the  line  of  inter-  aentedhy 
Bection  and  tlie  planes  on  a  plane  drawn  through  F  jm^jj^— 
perpendicular  to  the  conductor.  Let  a  denote  the  i-articnlnr 
of  F  from  OA,  /3  the  distance  of  F  from  OB.  "Electric 
surfaces  would   evidently  be  at  zero  potential  if    Knleido- 

ited  without  charge  and  a  charge  —  q  were  situated  

J*i  the  image  of  F  in  OA.  and  at  P^  the  image  of  F 
OB,  and  a  cliarge  -I-  j  at  Pg.  the  common  position  of 
image  of  P  in  OB  and  the  image  of  f,  in  OA. 
\i  N  be  the  normal  force  at  any  point  E  of  the  plane 
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Pj\ 


? 


Fio.  22. 


B 


OA,  taken  positive  towards  the  space  BOA  in  which  P 
is  situated,  we  have 

^=-22a(^.-j^.)     •     .     •     (84) 

Electric  ^      Since  the  space  BOA  may  be  regarded  as  the  space 
at  any     external  to  a  closed  conductor,  N  is  the  actual  force 
point,     jyg^  outside  the  conductor  at  £,  and  we  have  for  the 
electric  density  there 

""  "  "  £  [fB'  ■"  F^V     '     '     '     ^^^^ 

Similarly   for  the   density  at   any   point  F  of  OB 
we  have 

"  =  -€{¥¥'- IW')  ■    ■    ^^^^ 

mS^lcal        ^^  ^^S-  2^  *^®  distances  CF,  CF,  CQ,  GQ  fulfil  the 
Inversion,  relation 

CP.CP  ^CQ.CQ:  ^a\     .    .    .    (86) 


CEOSTETRICAL  INVERSION. 


9  point  P  is  called  the  iuverse  of  the  point  P  with      ^'^9^% 

t  to  C  which  18  called  the  cmtre  of  inversion;  and  jaw 
Eubrly  Q'  is  the  inverse  of  Q  with  reference  to  C.     If 


Ffti.  23. 


i  have  any  system  of  points  P,  Q,  &c.,  given,  we  can 

1  in  this  manner  a  corresponding  system  of  points 

P*,  Q',  &c.     If  P,  Q,  Sue,  determine  a  surface  or  a  solid 

6gure,  P',  Q^,  &c.,  determine  a  corresponding  surface  or 

solid  figure.   The  system  P",  (/,  &c.,  is  called  the  1 

I  the  system  P,  Q,  &c.,  with  reference  to  C;  and  it 

s  tliat  the  system  P,  Q,  &c.,  is  the  inverse  of  P",  §", 

^  with  reference  to  the  same  point. 

rom  what  has  gone  before  it  is  evident  that  any  Inverse  n^ 
lilt  P'  is  the  image  of  the  point  P  in  the  sphere  of  ^"^"ti  Jn" 
Biiis  a  and  centre  C.     This  sphere  is  culled  the  splure  Sphere  of 
nf  inversitnt  and  its  radius  the  radius  of  inversion. 

In   Fig.   23   the   triangles   CP'Q',    CQP  are  similar.   ruTEreion 
From  this  it  follows  that  if  P,  §  be  two  very  near..  n,gtriral 
ixtints  the  angle  CQP  is  equal  to  the  angle  P'Q'Q  \  that    lieaoltij 
is,  the  lines  QP,  (/P'  meet  CQ  at  supplementary  angles. 
Hence  the  angle  which  the  inverse  of  any  line  or  surface 
takes  with  any  radius  vector  from  the  centre  of  in- 
ifl  the   supplement  of    the   angle   which   the 
,  line  or  arirface  makes  with  the  same  radius 
It  follows  that  the  inverses  of  any  two  lines  or 
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Liigte  as  do  t 


the  origii^V 


surfaces  iotcrsecl  at  tbe  same  t 
lines  or  surfaces. 

In  particular  it  is  easy  to  prove  that  the  inverse  of  a 
circle  is  another  circle,  and  tlierefore  of  a  sphere  another 
sphere.  For  let  P,  Q  (Fig.  23)  be  tbe  extremities  of  a 
diameter  of  the  circle,  and  R  (not  shown  in  the  figure) 
be  any  other  point  on  the  circle,  then  PliQ  is  a  right 
angle.  The  inverse  points  arc  P",  Q',  li',  and  the  angle 
PR'Q'  is  equal  to  a  right  angle  +  the  angle  PCQ, 
according  as  OR  does  or  does  not  intersect  PQ.  Hence, 
as  ^  is  moved  round  the  circle,  R  moves  round  another 
circle  which  ia  the  inverse  of  the  former. 

Further  the  inverse  of  a  straight  line  ia  a  circle 
passing  through  the  centre  of  inversion.  For  let  1' 
(Fig.  23)  be  a  point  on  the  straight  line,  such  that  CP 
is  at  right  angles  to  PQ,  and  let  Q  be  any  other  point 
on  the  line.  Then  if  P",  Q'  be  the  corresponding  inverse 
points,  P  is  fixed  and  CQ'P  is  a  right  angle  for  every 
position  of  Q'.  Hence  the  locus  of  ^'  is  a  circle  of 
which  the  diameter  is  CP. 

The  inverse  of  an  infinite  plane  is  obviously  a  spherical 
surface  passing  through  the  centre  of  inversion. 

According  as  the  centre  of  inversion  is  without  or 
within  the  original  surface,  the  space  within  the  inverse 
is  the  inverse  of  the  space  within  or  without  the  origioaJ 
surface,  and  the  space  without  the  inverse  is  the  inverse 
of  the  space  without  or  within  the  original  surface. 

\S  CQ  =  r,  CQ'  =  /,  and  P,  Q  be  point*  veiy  near  to 
one  another,  PQJPQ'  =  Tjr'.  Hence  if  r  be  tbe  distance 
of  any  element  8/  of  a  line,  Ss  of  a  surfnf"  f"-  ■-*'  t 
volume,  and  r'  thu  distance  of  the  correspiui  ■ 
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elements    SI',   ds\  Sv',  from   the   centre   of   inversion, 
we  have 

ZljiV^rlr')     &/&'  =  r2/y2;     ^v/Sv' =  7^/rK    (87) 

Again  if  we  suppose  at  the  point  F  (Fig.  23)  a  charge  Potential 
g,  of  which  the  potential  at  Q  is  r(=  q/FQ),  then  putting    j^te^ 
V    or  the  potential  at  ^  of  a  charge  aq/r  (the  corre-     Point. 
sponding  image-charge  with  its  sign  changed)  situated 
at  the  point  P',  we  have    V  =  aq/r .  FQ\     Hence  by 
the  equations  CF,CF  ^  CQ  ,GQf  =  a\ 

nv  =  T'la  =  alr (88) 

The  quantity  of  electricity  on  an  element  &  of  a 
surface  is  cr .  Ss,  and  on  an  element  of  volume  p .  hv. 
The  corresponding  image-charges  with  signs  reversed    Inverse 
are  aBs.a/r,  pBv.a/r;  and  by  (87)  the  corresponding  DenaitiM 
areajs  and  volumes  are   Ss'  =  Bs,  r^/r'^y   Bv'  =  Bv .  r'^/r^,       and 
Hence  if  a,  p\  q'  be  the  image-densities  and  image- 
charge  corresponding  to  cr,  p,  q  respectively,  we  have 

a' I  a  =  a?lr'^  =  T^ja?  ;    p'jp  =  a^r  ^  =  T^ja^  ; 

q'/q  =  r/a==alr (89) 

The  process  of  inverting  any  electric  system  consists  Electrical 
in  inverting  the  geometrical  arrangement  of  the  system    de^*^^ 
and    substituting    for    every   element   of   charge    the 
corresponding  element  of  image-charge  with   its   sign 
changed. 

If  the  potential  of  any  distribution  on  a  conductor  in 
equilibrium  be  Tat  a  point  F,  the  potential  of  the  inverse 
digtribution  at  F  the  image  of  P  is  by  (88)  Va/r',  where 
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T  is  the  distance  of  P  from  the  centre  of  inversion  C. 
Hence  the  potential  at  P*  of  the  inverse  distribution  is 
the  same  as  that  of  a  quantity  Va  placed  at  C.  The 
inverse  distribution,  and  a  quantity  —  Fa  at  67  will 
keep  jP  at  zero  potential.  If  then  we  invert  an  equi- 
potential  surface  of  the  given  distribution,  we  shall 
obtain  a  surface  of  zero  potential  of  the  distribution 
composed  of  the  inverse  and  —  Va  at  C.  If  we  take  as 
the  equipotential  surface  the  surface  of  a  conductor  on 
which  the  given  distribution  is  in  equilibrium,  the 
inverse  distribution  is  on  a  surface  which,  when  —  Va  is 
at  C,  is  at  zero  potential.  The  inverse  distribution  is 
therefore  the  induced  distribution  on  the  inverse  con- 
ductor under  the  influence  of  —  Ya  at  C 

It  follows  that  if  we  invert  any  distribution  which 
gives  at  each  point  of  itself  distant  r*  from  C  a  potential 
Va\r\  that  is,  the  induced  distribution  of  a  system  —  Va 
at  Cy  we  get  a  system  in  equilibrium. 


4- 
•C 


A\ 


Fig.  24. 


Examples.       As  examples  we  shall  invert  (1)  a  uniformly  charged 
sphere,  (2)   the  induced   distribution   of  two   infinite 
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parallel  planes  under  the  influence  of  a  single  point- 
charge  between  them. 

(1)  Let  the  potential  of  the  sphere  be  F;  its  radius       (i) 
fi;  the  radius  of  inversion  CA,  a;  the  distance  of  G  s^eriSl 
from  any  point  P'  (Fig.  24)  of  the  image  /,  from  the     Distri- 
centre  (^  of  the  inverse  sphere  /;  and  the  radius  of  inverted. 
the  inverse  sphere  a.     We  have 


a^a 


according  as  C  is  external  or  internal  to  the  given 
sphere.     But 

'  _  ^      _  a'        V^ 

Substituting  the  value  of  /9  just  found  we  get 

according  as  (7  is  external  or  internal. 

According  as  C  is  external  or  internal  to  the  given 
sphere,  and  is  therefore  external  or  internal  to  the 
inverse,  the  spaces  external  and  internal  to  the  former 
are  respectively  the  spaces  external  and  internal  or 
internal  and  external  to  the  latter.  Hence,  according 
as  C  is  external  or  internal,  the  potential  of  the  inverse 
distribution  at  every  internal  point  or  at  every  external 
point  is  the  same  as  that  of  a  charge  Va  at  C, 

Also  since  the  potential  of  the  given  sphere  is  the 
same  for  all  external  points  as  if  its  charge,  FJS,  were 
concentrated  at  the  centre  0,  the  potential  of  the 
inverse  distribution  is,  by  (89),  the  same  at  every  point. 
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Induced  external  to  the  inverse  sphere  when  G  is  external, 
bation  ^^'^  internal  when  G  is  internal,  as  that  of  a  charge 
under  ^  --.  Vfi  MjGO  concentrated  at  the  image  /  of  the  centre 
Charge,    of  the  given  sphere.     But  GO  =  ±  ay/(/*  —  a*),  and 

/3  =  ±  (i^a/{f*  —  a"),   according    as    G   is    external    or 

internal.     Hence 


a 


9  =f  '  v<^ 


(I') 


that  is,  the  charge  is  the  image  in  the  inverse  sphere  of 
the  charge  —  Va  at  G. 

For  GI  we  have  GI.  GO  =  a\  or 


or-.y-^- 


('•) 


that  is,  /  is  the  image  of  G  in  the  inverse  sphere. 

The   results   (a),  (6),  (c)  are  those  obtained  above, 
pp.  78,  79,  80. 


Fig.  25. 


(2)  Let  the  centre  of  inversion  be  F  (Fig.  25),  the 
radius  of  inversion  unity,  and  let  the  planes  and  the 


DISTRIBUTION  ON  TWO  SPHERES  IN  CONTACT. 


97 


successive  images  be  inverted,  omitting  the  charge  at 
P.  The  inverses  of  the  planes  are  then  spheres 
touching  at  P,  and  the  distribution  on  either  sphere 
is  the  inverse  of  the  distribution  on  the  corresponding 
plane.  For  the  charges  and  distances  of  the  inverse 
charges  corresponding  to  the  trail  of  images  /^  /j,  &c. 
(Fig.  21)  we  have 


Inversion 
of  Induced 
Distri- 
bution 
on  Two 
Parallel 
Infinite 
Planes. 


Images 
Charges 


—  qa 


+  qa 


2(n  -  l)(a  +  /3)  +  2/3     'ln{a  4  /8) 


a" 


a' 


Distances  1 

from  P    )  2(71  -  \){a  +  /3)  +  2/9'    ~in{a  +  /3)' 

where  n  has  every  positive  integral  value  from  1  to  oo . 

The  table  for  the  images  J^,  J^,  is  formed  from  this 
by  interchanging  a  and  ^. 

The  diameters  of  the  spheres  A,  B  are  respectively 
(^a^  ar^y  and  therefore  the  inverse  charges  corre- 
sponding to  /i,  /g,  &c.,  are  within  the  sphere  J5,  and 
the  other  series  within  the  sphere  A, 

Since  the  potential  at  any  point  on  the  planes  or 
behind  them  is  zero,  the  potential  at  any  such  point 
due  to  the  induced  distribution  on  the  planes  is  equal  bution  on 
to  that  of  a  charge  —  q  situated  at  P,  that  is  —  qjr^  where  Spheres  i 
r  is  the  distance  of  the  point  from  P,     The  potential  at    ^'ontact. 
any  point  on  or  within  the  spheres  is  therefore  —  qja,  a 
constant  quantity.     Again,  since  the  potential  produced 
by  the  electrification  of  either  plane  at  any  point  on  the 
plane  or  in  front  of  it  is  the  potential  due  to  the  trail 
of  images  behind  the  plane,  the  potential  at  any  point 

VOL.  I.  H 
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on  or  external  to  either  sphere  produced  by  the  distri- 
bution on  the  sphere  is  the  potential  at  that  point  of 
the  trail  of  images  within  the  sphere.  It  follows  that 
the  charge  on  each  sphere  is  equal  to  the  sum  of  the 
image-charges  whose  positions  fall  within  it ;  and  that 
the  distribution  thus  found  is  the  equilibrium  distribu- 
tion when  the  spheres  are  freely  electrified  in  contact. 

Denoting  the  charge  on  the  sphere  B  by  Qb,  and  the 
radii  of  the  spheres  .4,  B  by  r^,  r^  respectively,  3umming 
the  image-charges,  and  substituting  in  the  result  V  for 
—  qja,  aj^r^  for  a,  a^l^r^  for  /8,  we  get 

(«  +  l)(ri  +  T-jj)  J 

(90) 


=    V 


^l^i 


+  M(rj  +  rj) 

2      n=a»  1 


11^  CO 


where  n  has  every  positive  integral  value  from  1  to  00 . 

A  similar  expression  with  r^,  rg  interchanged  holds 
for  Qa. 

The  capacities  of  the  spheres  are  of  course  obtained 
by  dividing  Qb  and  Q^  by  V, 

Multiplying  the  expression  (p.  89)  for  the  density  at 
any  point  of  the  plane  A  by  a^/r^,  where  r'  is  the 
distance  from  P  of  the  corresponding  point  B  on  the 
sphere  A,  making  the  above  substitutions,  and,  besides, 
putting  a*(l//2  —  IjAiT^)  for  7^  we  get  for  the  density  at  E 

(271  +  \)r^  +  "Inr^ 


2Vr, 

<T  =  

TT 


2^  2 
^2 


n=oo   f- 


n=0 


[/2  [(2n-\-i)r2-^2nr^\H  4^r^'r^'-r'%']i 


(2n  +  l)r. -^  2(n -\- l)r^ 


[r''  {(2n  +  l)r^  +  2{n  +  l)r^f  +  4^1^  -  r' V]l 


(91) 
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^  CHAl 

^^P  This  expression  la  conx'ergoat,  and,  when  the  value  of   Electric 
r   18  not  infiniteiy  small,  the  density  at  any  point  can  any "umt. 
be   approximately  calculated  from   the   potential,   the 
radii  of  the  spheres  and   the   distance   of  the   point 
from  P. 

For  r'  =  0  the  expression  (91)  fails,  but  since  the 
resultant  force  acts  outwards  at  any  point  oh  either 
sphere  at  right  angles  to  the  suiface,  it  follows  that  it 
must  be  zero  at  any  point  infinitely  near  the  point  of 
contact ;  and  hence  the  density  there  must  be  zero.  The 
density  is  a  maximum  on  each  sphere  at  the  point 
diametrically  opposite  to  the  point  of  contact. 

The  density  at  any  point  on  £  is  obtained  as  before 
by  interchanging  r^  and  r^ 

The  charge  on  each  sphere  is  the  difference  of  the 

Sams  of  two  harmonic  seiies,  and  cannot  be  obtained 

in   finite   terms.      E^h   series   is  divergent,   but   tlie 

two    taken    together    as    in   (90)   constitute    a    con- 

_,retgeDt  series,  and  hence  the  charge  can  be  approxi- 

lately  calculated  for  given  values  of  V,  r^,  r^.     The 

isions  agree  with  those  given  in  a  different  form 

f  PoisBon,  who  first  attacked  this  problem,  and  solved 

I  by  ft  direct  but  recondite  method.*     It  is  interesting 

I  note  that  equations  (90)  and  (91)  give  the  alge- 

rucal   theorem   that   the  integral  of  the  expression 


*  itlmoires  dt  TlnttiUU,  1'   partic,  p.  1.     See  also  Plans,  Mhnaina 

il  VAadfmie  da  Snenta  lU:  Turin,  Sirio  II.  t  vii.  p.  71,  for  a  ruUer 

lo[iDi>lit  of  Puifaon'a  mntliod  (lid  resulU.    A  sk«t«li  ot  the  metliad 

k  i^nu  in  Mucart's  TraiU  d: Ulcctrietti  Statique,  t.  i.  [i,  373.     It  is 

y  to  aonrnrt  the  vijirswion  for  Vji  in  (fO)  into  »■  deOnite  integral 

Mliig  wilJi  ths  tfsult  given  b;  Poirison  fot  titia  coae. 

H    2 
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Charge  in  on  the  right  of  (91)  taken  over  A  is  the  expression 
two^Eqiial  ^^  ^^®  right  of  (90)  with  r^,  r^  interchanged. 
Spheres.        When  a  =^  fi,  T^  =  7*2,  and  we  have 

e^  =  ^2,  =  FV-i  (1  -  ^  -f  J  -  i  +  &c.) 

=  Vr^ .  loge  2  =  693147 .  Vr^     .     (92) 

or  the  charge  on  each  sphere  is  to  the  charge  of  the 
sphere  when  alone  in  the  field  and  at  potential  V,  as 
loge  2  is  to  1. 
Case  of        If  rj  he  small  in  comparison  with  r^, 

One 

Sphere  __ 

SmaTl :  Qb  ==  "^  +  -^-^-    S^  ^r^.  =   T.,,      (93) 

n  t-  ^2  ^1  +  ^2   n=0    <^  +  1)  ^        ^       ^ 

since  5! tt  =  1-     The  charore  is  therefore,  neariy, 

the  free  charge  which  the  sphere  would  have  if  alone 
and  at  potential  V.     The  mean  density  is  V^4i'jrr.2. 
Ratio  of        On  the  same  supposition  we  have 

Mean 

and  the  mean  density  is  \  V'n^l4iirr^,  Thus  the  mean 
density  of  the  small  sphere  is  to  that  of  the  large 
sphere  as  71^/6  (=  1*645)  is  to  1. 

Hence  when  a  small  conducting  ball  is  brought  into 
contact  with  a  large  electrified  spherical  conductor  so 
as  to  receive  a  charge  which  can  then  be  removed  on 
the  ball  and  measured,  the  electric  density  at  the  point 
before  contact  is  to  the  mean  density  on  the  ball  as  1  is  to 
]  645.   The  same  result  will  hold  whether  the  conductor 
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be  spherical  or  not,  provided  its  curvature  be  continuous 
round  the  point  of  contact  over  a  distance  great  in 
comparison  with  the  radius  of  the  ball,  and  of  amount 
small  as  compared  with  that  of  the  ball. 

Many  other  interesting  examples  of  the  power  of  the  Problems 
ftiethod  of  images  are  to  be  found  in  the  solution  of  the  xnversion; 
problem  of  two  concentric  uninsulated  spherical  con- 
ductors under  the  influence  of  a  point-charge  between 
them,  and  the  derivation  by  inversion  of  the  induced 
distribution  on  two  mutually  influencing  spheres ;  the 
solution  of  the  latter  problem  by  a  direct  application  of 
images  and  Murphy's  principle  of  successive  influences  ; 
the  determination  either  directly  or  by  inversion  from 
the  result  of  p.  90  [eqs.  (85)  and  (85  bis)]  of  the 
distribution  on  two  spheres  which  cut  one  another  at 
right  angles ;  the  distribution  on  a  spherical  bowl,* 
and  other  important  cases.  For  these  the  reader  is 
referred  to  the  works  mentioned  above,  p.  99. 

•  For  the  spherical  bowl  see  Thomson's  Electrostatics  and  Mag- 
nctismy  p.  178,  which  contains  the  famous  original  solution  of  the  problem. 
The  subject  has  recently  been  considered  by  Mr.  E.  G.  (Jallop  {Quarterly 
Journal  of  Mathematics^  No.  83,  February  1886,  p.  229)  in  an  essay 
which  merits  special  attention  as  containing  the  most  exhaustive  treat- 
ment which  the  problem  has  yet  received. 
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A  remarkable  analogy  between  the  theory  of  the 
conduction  of  beat  in  solid  bodies  and  the  theory  of 
Statical  Electricity  was  pointed  out  by  Sir  William 
Thomson,*  aud  made  by  him  a  means  of  establishing 
many  of  the  most  important  theorems  of  electrostatics. 
According  to  the  theory  of  heat  conduction  given  by 
Fourier,  the  flow  of  heat  per  unit  of  area  per  unit  of 
time  (which  we  here  call  Jlux  of  heat),  across  a  plane 
slab  of  homogeneous  material  the  opposite  faces  of 
which  are  maintained  at  two  different  uniform  temper- 
atures, depends  only  on  the  difference  of  temperatures 
between  the  faces,  the  distance  of  the  faces  apart,  and 
the  nature  of  the  material;  and  takes  place  in  the 
direction  from  the  surface  of  higher  temperature  to 
that  of  lower  temperature.  Thus,  if  the  thickness  of 
the  slab  be  x  centimetres  and  v,  v'  the  uniform  tem- 
peratures of  its  faces,  the  quantity  of  heat,  Q.  conducted 
in  a  second  of  time  from  the  face  of  temperature  v  to 
that  of  temperature  v',  across  one  Equare  centimetre, 
is  given  by  the  equation 

(?  =  i-^-=-^  ...     (&6> 

•  lieprint  of  Papen  on  Elc. 


THEORY  OF  FLUX  OP  HEAT. 


k  is  a  constant  fftlways  positive)  depending  on 

le  materiat.     From  the  fact  that  tbere  is  the  s&me 

of  beat   inwards  across  one   face   that  there   is 

.twards  acrosa  the   other,  and   therefore  also  across 

all  intermediate  parallel  sections,  it  follows   that  the 

TBiiatioQ  of  temperature  from  one  face   to  the  other 

uniform. 

The  constant  k  is  called  the  Tkcnnal  ConduclivUy  ' 
tf  the  substance.  In  bodies  which  have  a  different 
lolecular  structure  in  different  directions  (that  is 
which  ore  not  vtotropic. "  in  structure),  such  as  un- 
aunealed  glass,  or  a  piece  of  otherwise  isotropic  glass 
iatorted  by  flexure  or  by  pressure  unequally  applied 
its  surface,  all  crystals  except  those  of  the  cubic 
fibrous  materials,  &c.,  the  value  of  k  is  also 
liBFerent  in  diflTerent  directions.  We  shall  consider 
first  the  flow  of  heat  in  a  solid  body  for  which  the 
value  of  A  is   the   same  in  all   directions  and  at  all 


wl 

annei 
L^atoi 
^K  it 
^■rstei 


llUC- 

ity 


I  Let  tlie  tempemture  vary  cont.inaously  over  ench  of  two 

fanllel  flectiooB  in  the  bnct}-,  and  from  ODe  section  to  the  otiier,    | 

pougli  Dot  neccBBaril}'  with  a  uniform  gnidient.     If  the  eeclions 

1  taken  very  close  together,  tlie  deviation  of  the  temperature 

_nidient  fruiu  uniformity  along  any  line  drawn  Dormsllj  from 

Ml«  to  the  other  may  be  neglected,  nnd  if  a  siiHiciently  emnll 

1  be  taken  in  each  section  at  the  extremity  of  that  straight 

,  the   doviotion   from   uniformity   of  temperature  over  tlint 

t  may  alao   be  neglected.      Taking  equal  arena  in  the  two 


D  whicli  any  given  quality  ii 
latd  to  be  Uolropit  %s  to  tbaC 

3d  by  C'*nphy :  the  term  ir. 
m  been  used  by  Thomson  and  Tut  a 


all  iwints  the  w 


nail 


J)  be  Uotropit  %s  lo  Ibat  iiaality.  The  term  ieutrapie 
■  intn^uced  by  C'AQchy :  the  term  iBololraplc,  from  ati\os,  rarie- 
•  •  '      •  .  .     n..  '  ■"  ■■     1  lije  negBli»c  of  inotropic. 


ilMdr  inny  evidently  be  hmnuyen'oiui,  that  is  eunal  enbicnl  pi 
[  ^nbitnt  parti  of  the  body  wliioh  have   tbcir  sides  in  the     ...  . 
-.„..    I,,    ^.^..j.^i..   .;„.!!..    .(mj    yj(    t]jg    boily    may  ha 
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Mo4)sure  sections,  each  thus  small  in  any  dimension,  and  at  the  same 

of  Heat  time   large   in   comparison   with   the  distance   of  the  sections 

at  any  apart,   we  may  neglect    the    effect  of  the   remainder  of   the 

{►oint  in  sections,  and  consider  only  the  flux  from  one  small  area  to  the 

sotropic  other,  and  apply  the  result  obtained  above.     Denoting  each  area 

Solid.  }yy  dg^  aij(j  their  distance  apart  by  rfar,  and  putting  dQ  for  the 
quantity  of  heat  conducted  from  one  to  the  other,  we  have 

dQ  =  -  k^  ds (96) 

dx 

In  the  limit,  therefore,  wo  have  for  the  flux  in  any  direction,  ;r, 
at  a  point  in  a  solid  at  which  the  temperature  is  v,  the  value 

—  k  y,  and  the  flow  per  unit  of  time  across  an  element  of  area 
ds  at  right  angles  to  the  direction  of  x  and  passing  through  the 

point  is  -  ^  —  ds, 
ax 

Motion  of       Now  consider  a  small  parallelepiped  of  the  material  with  faces 

Heat  in     parallel  to  three  rectangular  axes  of  x,  y,  z,  and  bounded  by 

Isotropic   edges  of  lengths  dx^  dy^  dz.     Let  the  temperature  at  the  centre  of 

Solid.      the  parallelepiped  be  r,  tlien  the  temperatures  at  the  centres  of 

the  y,  z  faces  are 

i)  ^  \  ^  dx^    and     t?  +  i  t  ^•^* 
dx  dx 

The  total  flow  from  left  to  right  across  the  left-hand  y,  z  face  is 
therefore 

—  ^  J    (v  -  ^  J  dx)  dydz, 

uX  ux 

Differen-    *^^  across  the  opposite  face  in  the  same  direction  is 
Equation  ~  ^  7x  ^^ '^  ^  £  ^^^  ^^ ^'^' 


found. 


The  excess  of  the  outflow  above  the  inflow  in  the  direction  of  x 
is  therefore 

—  k  ^-z  dx  dy  dz, 
dx* 

Proceeding  in  the  same  way  for  the  other  two  pairs  of  opposite 
sides,  we  get  for  the  total  excess  of  the  outflow  above  the  inflow 
the  value 
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I  tbia  Imve  a  positive  value  there  h  a  generation  of  heat  witliin  djh^ 

W  pmm  ;    if  a  negative  vnliie  mure  flowH  in  than  flows  out  til 

fjVU  Utter  case  if  c  be  the  tltemial  cnpucity  of  the  toll'l  per  Equi 

it  of  volume,  the  thennal  oupacity  of  tiie  psralli<lopipc(l  is  fooi 
ildjiift.     Dividing  by  thia  the  laxt  fuiinit  expression  witli  the 
a  chnnged  we  get  the  time-rale  of  n»e  of  temporalurB  of  the 


dr 


meat  itself.  If  the  outflow  is  e<^iiiil  to  the  inHow  there  is 
^ther  generntiun  nor  aliHoq>tion  uf  hent,  and  no  tlimige  occnrs 
■(heteuiptMuture  of  the  prism.  Including  the  cuae  of  ({eiieraliim 
■  hmt,  and  patting  4wii  di  dy  dt  for  the  heat  generateil  within 
^  prinn  per  unit  of  time,  so  that  47*1  ie  the  mean  value  over 
I  prism  of  the  time  ritte  of  generation  of  heitt  per  unit  of 
hiine,  wo  hava  when  there  ia  no  change  of  temperature  in 
f  element 


,  /d^    ,    d*t>   ,   dh!\    .   , 


D  the  Mime  wny  if  dvjdri,  dcjdv^  be  the  rate  of  variation  of 
Bipernture  along  normniR  drawn  into  two  media  from  a  point 
■  m  marfaee  septirutinc  them,  and  if  k,,  l\  he  the  (.'andiietivitjes 
Kthe  respective  me<lia.  the  quantity  uf  Leat  conducted  away 
^l  the  lurfnce  along  the  normal  per  unit  of  time  per  unit  of 
I  are  —  kide,ldt^,  k^e^ldr^^  and  this  must  he  eqoal  to  tlie 
..  a  rate  of  gennration  of  heat  at  the  surface  per  unit  of  area. 
inetiiig  the  latter  by  4nn,  we  have  the  surface  etjmition 


,    df. 


=  0. 


(9-i) 


Thns  if  we  consider  tlie  case  of  n  Jistribtition  of  Analogy  of 

constant  heat  sources  and  a  corresponding  system  of     gf!^J' 

temperatures   in  the  conducting  medium  surrounding  Motion  of 

wliicb  also  remain  constant  with  the  time,  that 

Ltbe  case  in  which  sources  have  esisl«d  and  given  out 

jat  so  long  at  a  constant  rate  that  the  medium  has  at- 

ined  a  permanent  state  as  to  temperature,  wo  obtain  an 
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itio^^ 
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equation  which  corresponds  exactly  to  Poisson's  equal 
and  holds  for  all  volume-sourcea,  positive  or  negative, 
that  is  wliere  heat  13  supplied  to  the  body  or  carried  off, 
and  cQireaponds  to  Laplace's  equation  at  all  other  places, 
for  there  /i  =  0,  A  surface  differential  equation  (976) 
corresponding  exactly  to  ("26)  above  has  also  been  found, 
by  an  exactly  similar  process,  for  a  surface  distrihution  of 
|-to  Elfetro.  thermal  soui-ces,  and  we  have  seen  that  in  this  case  the 
rate  of  generation  of  heat  per  unit  of  area  corresponds 
to  electric  surface  density  multiplied  by  itr.  Hence 
taking  temperature  as  the  analogue  of  electric  potential, 
and  rate  of  generation  of  heat  per  unit  of  volume,  or 
Anftlognee  per  unit  of  area,  as  the  analogue  of  electric  volume 
"riieDriea"  "Idsily  or  electric  surface  density,  multiplied  by  iw, 
the  fundamental  differential  equations  are  the  same  in 
the  theory  of  heat  conduction  in  a  body  in  a  permanent 
state,  and  in  that  of  a  system  of  electric  charges 
surrouuded  by  an  insulating  medium.  Further,  since 
to  a  given  system  of  sources  corresponds  one,  and  only 
one,  system  of  temperatures  at  all  points  of  the  con- 
ducting medium,  and  these  temperatures  must  be  zero 
at  all  points  infinitely  distant  from  the  source,  the 
electrical  and  thermal  theories  are  identical,  and  every 
solution  of  a  problem  in  one  is  capable  of  being 
RvBoltB  interpreted  as  the  solution  of  a  problem  in  the  other; 
f ""'."''."?.  tlif^t  is,  to  a  given  distribution  of  beat  sources  and  the 
resulting  temperatures  in  a  conducting  medium  sur- 
rounding them,  corresponds  an  exactly  similar  distri- 
bution of  electric  charges  and  their  resulting  potcntiala 
at  different  points  in  an  iosulating  medium,  and 
couveraely.     Many  electrical  theorems  are  thus  capable 


PRINCIPLE  OF  SUPERPOSITION. 

Ibeicg  established  as  analogues  of  known,  and  indeed 
moua,  thermal  results. 

example,  consider  a  eitigle  coiiRUnt  puitit-Bourcs  of  heat  in  Eiami^w 

. .  ium  i>r  couiiucUvity  i  in  ull  directiunB,  and  let  tlie  total      Singla 

it  generated  M  the  source  in  unit  of  time  be  Q.     I'luialy  tliis      foiul- 

inttty  of  heat  must  flow  out  uf  every  closed  aurfnce  deacrihei 

lilndtJio  source.     Uy  what  has  been  ahown  (p.  104)  above,  w< 

,  for  tlio  total  flux  acrow  it  Hphericul  surfnue  uf  rudi 

ing  till)  HOiiroo  at  ita  centre,  the  value 


'-'  =  0,   and  tlierefnre  C  =  0.     Hen 


h>t  IB  the  temperature  ia  invcraelj'  aa  the  distance  from  the 
•ntre.  Putting  i  ~  1,  we  see  th;it  i>  is  alau  the  potentini  at  ii 
Oiot  ut  a  diatunce  r  from  aa  electric  charge  Qjiir  concentrated 
^tpoiut. 

L  The  principle  of  superposition  holds  for  temperatures  supat-  I 
II  well  as  for  potentials,  and  we  have  for  the  temper-  ^"inon  a 
I  at  any  point,  and  for  the  flus  of  heat  at  any  lurea  and 
ioint  and  in  any  direction,  the  sum  of  the  temperatures  ^™*'^- 
Pftnd  the  sum  of  the  fluxes  in  the  particular  direction 
due  to  the  several  source-s  separately.  Now  consider 
the  flow  of  heat  across  any  closed  surface  inclosing 
part  of  a  constant  system  of  sources  of  heat  in  a 
nedium  which  has  attained  the  permanent  state.     All 
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e  from  souraV 


,   dv  , 
dv 


I  Bui'favc*. 


TheriiiHl  tlie  Iioat  which  flows  in  across  the  surface 
I  of  Eic^ic  without  tho  surface  must  flow  out  again  elsewhere,  and 
'■  the  whole  heat  generated  within  the  surface  muat  flow 
out  acroBH  it.  Hence  if  —  kdvjdv  be  the  flux  of  heat  along 
the  norniw!  outwards  iicross  the  surface  at  anj  element 
ds,  the  total  flow  outwarda  across  the  whole  surfkce  pro- 
duced by  the  whole  system  of  sources  ia  /  I 

taken  over  the  surface,  and  this  must  be  equal  to  the 

whole  quantity  of  heat  generated  within  the  surface. 
We  have  therefore  a  theorem  for  heat  conduction 
Corresponding  to  (13)  of  p.  32  above. 
^Ifothemuil  Surfaces  of  equal  temperature,  or  Isothermal  Sur/aixt, 
correspond  to  equipotential  surfaces  in  the  electrical 
analogue,  and  the  flow  of  heat  across  any  suck  surface 
is  at  every  point  uluug  the  normal.  Now  it  is  evident 
that  the  temperature  at  any  point  without  any  iso- 
thermal surface  ini;losing  all  the  sources  is  independent 
of  the  position  of  the  sources  within  it,  provided  the 
temperature  of  the  surface  remains  unchanged;  and 
we  may  therefore  suppose  the  sources  distributed  over 
the  surface  so  us  to  fulfil  this  condition.  If  this  bo 
done  the  temperature  at  every  point  within  the  iso- 
thermal surface  must  be  the  same  as  at  the  surlhce; 
for,  as  there  are  no  sources  within  the  surface,  the  flow 
outwards  fi-om  within  is  on  the  whole  zero,  and  there- 
fore the  total  flow  from  the  external  isothennal  surface 
within  is  zero,  and  so  on  for  successive  isothermal 
BUrlaces  within.  Hence  there  ia  no  flow  of  heat  any- 
where within,  that  Is,  the  temperature  is  constant. 
If  then  V  be  the  temperature  at  the  surface,  and  iwfi 
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B  amount  uf  heat  gcneratsd  in  unit  of  time  per  unit  3 
!i  at  any  element  ds  of  the  surface,  the  temperature 
■Any  point  at  distance  r  from  ds  is,  by  the  result  found 
(i  107)  ahove,  fi.dslkr.     Hence  the  total  temperature 

t  any  point  la  t  j  f-  ds  taken  over  the  surface,  and  this 

t  be  equal  to  v  for  auy  point  eitJier  on  or  within 
e  isothermal  surface. 
Now  since  the  temperature  of  tlie  surface  and  the 
btemal    temperature    remain  unchanged    the  flux  of 
fi  at  every  external  point  remains  unchanged.   Henco 
p  flux  from  the  surface  outwards  is  —  kdv/dp  at  each 
int  aa  before,  and  since  the  Hux  is  normal  to  the 
!  this  must  be  equal  to  the  value  of  ft  at  the 
t  in  question.     We  have  therefore  the  result  that 
istribution  of  sources  of  heat  over  the  isothermal 
e  such  as  to  give  intensity  equal  to  —  Icdvjdv  at  each 
bt  will  produce  the  same  external  system  of  temper- 
From  this  we  get,  putting  /.■  =  !.  the  important 
Sctrical  theorem  proved  in  pp.  29  and  73  above. 
,_  So  far  we  have  considered  the  medium  surrounding 
I  conductors  to  be  vacuum,  and  we  have  defined  unit 
Utity   of   electricity   on    this    supposition  as  that 
Jitity  of  electricity  which  placed  at  unit  distance 
rom  an  equal  quantity  would  be  repelled  with  unit 
force.     But  in  all  cases,  even  in  a  so-called  vacuum,  say 
the  most  complete  that  can  be  made  by  the  best  air- 
pump  on  the  Sprengel  or  Geissler  principle,  there  must, 
according  to  the  theory  proposed  by  Fai*aday  and  now 
almost  universally  accepted,  be  a  mediiim  or  dkledric 
brhicb  transmits  the  electric  influence.     To  this  view 
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LSlwuific 


Faraday  was  led  by  tbe  results  of  bis  own  esperimei 
which  proved  tliat  the  phenomena  of  electrostatic 
induction  depend  on  the  nature  of  the  dielectric 
medium  interposed  between  the  conductors;  and  he 
gave  a  theory  of  the  action  of  the  medium  which  has 
since  been  fully  worked  out  mathematically  by  Thomson, 
Maxwell,  and  others.  It  would  be  out  of  place  here  to 
give  details  of  the  theoretical  investigations  of  these 
writers ;  we  shall  merely  state  briefly  such  results  as 
for  the  must  jtart  will  be  of  use  to  us  in  the  accounts 
of  measurements  which  follow. 

The  consideration  of  the  propagation  of  electric 
action  through  a  medium,  as  due  to  a  polarization  - 
of  its  particles  along  the  lines  of  force  so  that  each 
becomes  oppositely  electrified  at  its  extii;mities,  shows 
that  the  transmission  uf  electric  force  depen<ls  on  a 
certain  characteristic  property  of  the  medium,  in 
precisely  the  same  way  as  the  rate  of  flow  of  heat 
in  a  substance  depends  on  the  thermal  conductivity 
of  the  material.  We  have,  in  the  sketch  of  the  ana- 
logy between  heat  conduction  and  electrostatic  theory 
above,  put  t  =  1,  in  interpreting  electrically  the  results, 
The  behaviour  of  different  media  can  however  be 
accurately  expressed  by  supposing  each  medium  to 
have  at  every  point  a  quality  which  is  the  analogue 
of  thermal  conductivity  in  the  parallel  theory,  and 
is  called  the  Specific  Inductive  capacity  of  the  medium. 
We  shall  see  when  we  come  to  deal  with  magnetism 
that  precisely  similar  considerations  apply  to  magnetic 
media.  Also  we  sliall  see,  chap,  ii.,  that  the  Theoiy  of 
Flow  of  Electricity  ia   complelt" 
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p. 

^pSf  Heat  ConductioD,  or    that    of   the    motioii  of  an 
facompressible  fluid  under  certain  conditions. 

As  most  of  the  experimental  investigations  hitherto 

made  have  been  on  media  which  have  the  same  electrical 

^yialitiea  in  all  directions,  we  shall  give  here  only  s 

eaeral  considcrationa  regarding  such  cases,  and  eball 

.  specially  with   such  questions  regarding  crystals 

i  other  bodies  of  leolotropic  structure  as  may  arise. 

',  The  thermnl  aniklogy  shows  clenrly  how  the  reaiilts  given  aliove 

nr  B  mediimi  of  unit  flpecilio  incluctivn  citpadty  (or  i'iicuui7i  as  we 

ft  aiich  a  tnediiim  for  brevity),  ure  to  be  mndiKed  in  the 

B  of  any  other  medium.     We  hiive  seen  llint  the  totdl  flow  of 

ttacroesanycloscdBUrfitcein  nmediiitn  of  thurmnl  ooodiictivity 


-//'" 


Theo- 

Rosults  ttit 
Medium  of 


I  ida .  de/dv,   Deiioling  the  apeeific  inductive  capncity  by 

ir  the  total  quantity  of  electricity  witliin  nny  cloaed 

a  the  electric  fieJd  the   value    -  —    /  JK  —   di;  and 
iw  J  J       di> 

-  Kd>.  dF/iir  ie  now  the  Electric  Induction  ocrosa  the  element  d», 

-  dF/dr  oa  before  the  component  electric  force  at  ri^bt  angles  to 
'  f  surface.    The  induction  is  thus  a  directed  quantity  which  haa 

ry  point  in  an  isotropic  medium  (he  asme  direction  as  tlie 

e  have  thus  in  nil  the  investigations  above  to  substitute  for 
.mponent  forces  -  dFjds,  &c.,  the  expreHsions  -  kdF/dx, 
i  (which  are  called  the  cnniponenls  of  Electric  InductionV  lo 


Kndiic 


Kults  applicable 


n  isotropic  r 


e  equation  of  energy  by  putting   U  =   F, 
__,  and  dividing  by  fin-. 
P'We  also  see  that  the  force  between  two  quantities  q,  g'  of 
;ricity  cuDcentruled  at  points  at  diatauce  r  apart  in  eucli  a 
■      li,^/iH  V 

y  be  noticed  here  that  just  as  in  the  tlicrmnl  analogy  the  ' 
plinction  of  the  flux  of  beat  in  an  leolotropic  body  is  not  in 
t  right  angles  to  the  iaothermnl  surfucee,  so  in  an 
Inotropic  medium  the  direction  of  the  resultant  electric  in- 
action at  any  point  Is  not  in  general  the  aamo  as  the  direction 
t  the  resultant  electric  force  at  the  same  point,    Hero  also  the 
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Modified    two  theories  are  parallel,  but  it  is  beyond  our  limits  to  enter 
Form  of    into  them. 

PoLsson's       We  also  get  at  once  the  modified  characteristic  differential 
Equation,   equation  for  a  medium  of  specific  inductive  capacity  A'^  varying 

from  point  to  point,  but  the  same  in  all  directions  at  any  one 

point, — 


and  at  any  electrified  surface  in  the  medium, — 


jr  (^'  +  ^«U  4,<r  =  0.    .     .     .     . 


\dv 


dvj 


(100) 


Surface 
Equations. 


If  the  electrified  surface  be  a  surface  of  separation  between 
two  media  of  specific  inductive  capacities  A'l,  A'j,  the  surface 
equation  is  by  (976)  above 


A',  ^  +  A,  ^«  +  47r(r  =  0. 


dvi 


dv^ 


(101) 


Case  of 
several 
Media  in 
same 
Field. 
*'True" 
and  *•  Ap- 
parent' 
Electrifica- 
tions. 


In  the  case  of  a  field  occupied  in  different  regions  by  media  of 
different  specific  inductive  capacities,  the  characteristic  equation 
is  to  be  applied  with  the  corresponding  value  of  the  A's  in  eacli 
region,  and  the  surface  equation  (101)  at  each  separating  surface. 

It  is  to  be  observed  that  the  electric  densities  p  and  o-  are  tlie 
true  electric  densities  which  exist  in  the  form  of  an  electric 
diarge  conveyed  to  the  medium  or  placed  on  the  surface,  and  do 
not  include  the  electrification  of  the  medium  in  consequence  of 
induction. 

We  may  put  the  theorem  of  (101)  into  words  as  follows. 

If  iVj,  N^  be  the  normal  forces  at  infinitely  near  points 
on  opposite  sides  of  the  surface  of  separation  between 
two  isotropic  media,  each  force  being  reckoned  in  the 
direction  from  the  surface,  -ffj,  K^y  the  specific  inductive 
capacities  of  the  respective  media,  and  if  there  is  no 
electric  charge  on  the  surface  except  that  due  to 
induction,  then 

K^N^  +  K^^  =  0.   .    .     .     (101  lis) 


TRUE  AND  APPAKENT  ELECTRIFICATIONS. 
f  This  equation  may  be  written  in  the  form 

iV,  +  iV„  -  iTTO-'   =0,  ... 


2 


JC„ 


-^\  ■■ 


1      A\  -  h\ 


^\.  (103) 


This  value  of  tr'  is  the  electric  surface  density  which  E, 

rould  esist  on  the  separating  surface  of  the  media  if 

ich  had  unit  specific  inductive  capacity  and  N^,  N^ 

iieir  actual  values,  and  has  been  called  by  Maxwell  "  the 

mrent  electric  deosity  on  the  surface.     If  a  distri- 

ibution  of  this  density  be  made  over  the  surface  of  the 

^HMtce  occupied  by  A';,  ond  the  specific  inductive  capa- 

^aties  A',,  A'a  be  made  each  unity,  the  saine  electric  force 

ill  be  produced  at  all  points  internal  or  external.     For 

|he  distribution  if  made  gives  the  actual  values  of  N  at 

^e  surface,  and  equation  (99)  will  plainly  be  satisfied  ; 

md  we  have  seen  that  under  these  conditions  there  can 

B  only  one  value  of  the  potential  at  any  point. 

If  this  apparent  electrification  be  removed  during  the 

■rtion  of  the  inducing  force  by  bringing  every  part  of 

3  surfeve  to  zero  potential,  say,  by  passing  a  flame 

JVer  it,  and  the  inducing  force  be  then  removed,  there 

I  appear  a  tnie  electrification  equal  nnd  opposite  to 

This  fact  has  been  used  by  Sir  William  Thomson 

>  explain  the  phenomena  of  pyro-electricity  shown  by 

tain  ciystals.-f- 

jn,  (99)  nbave, 


VTe  iiiay  alao  write  for  I'nisaon'B  eqaitti 


+  -'   +4"P'  =  0. 


(104) 


i  AlnQ.,  Tul,  L,  3u<l  ml.,  pi  1*5. 


ELECTROSTATIC  THEORY. 

ds   dx   ~^  df   dy  ''    d:    dz 

If  K  Is  constant  the  last  equation  gives 

t 

K'      '    ' 


^ 


(106) 


Tho  vnliie  of  p  given  by  (IOC)  ja  tlint  required  in  a  field  of 
spBcitic  inductive  cipacity  unity  tn  produce  the  anme  potential  as 
JB  produced  in  the  actuarfield  hy  the  density  p. 

If  tlie  surface  of  separation  is  not  at  right  angles  to  the  linea 
of  force,  then  resolving  the  forces  at  two  infinitely  near  points 
on  opposite  sides  of  the  surfiice  along  and  nt  right  angle 
norma!,  we  have  hy  (101),  if  the  surface  is  not  electritied, 


.   dV. 


.  dr. 


-  =  0, 


e  P",  ■=  T\,  at  every  point  of  the  surface, 


I 


where  dVldm  denotes  rate  of  variation  of  potential  in  a  direction 
parallel  to  the  surface  of  supanition,  and  in  the  plane  of  the  line 
of  force  and  the  normal.  Hence  if  $,,  0^  he  the  angles  which 
the  line  of  force  makes  with  the  normal  in  the  Urst  and  ia  the 
second  medium  respectively,  we  have 


^.'^-ll-'Il,     i.n6. 


'   d^  I  dv,' 


"  ^'  ^  Ji^  '""  ^"' 


(107) 


The  line  of  force  thus  undergoes  a  species  of  refraction  iu 
□  of  which  the  tangents  of  the  angles  of  incidence  and  refraction 
Eleolro-  are  related  os  are  the  sines  of  the  corresponding  angles  in  tim 
static  «iid  refraction  of  lighL  It  is  to  be  observed  that  according  to  the  Ihw 
Optical  of  refraction  of  lines  of  force  they  can  show  nothing  corresponding 
_Batr^-  to  the  optical  phenomenon  of  total  reflection.  This  refraction  ia 
illuBlrated  in  Fig.  26. 


FIELD  CONTAINING  TWO  DIELECTRICS. 

If  the  soriiice  of  aepnration  between  two  media  be  at  riglit 

Slea  to  the  lines  of  force  in  one  medium,  it  is  by  equation  (107)  nt 
_  t  unglee  to  the  lines  offeree  iu  the  other,  that  is,  the  eurfuce 
k  on  equipotentiat  iurface. 


The  apparent  electrificatioii   and   the  force  at  any  Exiin^ 
are  easily  found  in  the  following  simple  cases, 
I  it  is  instructive  to  consider. 


(1)  Two  isotropic  media  .'1,  £  (Fig.  26),  of  specific  ^l)  t 
tive  capacities  A',.  JC„  have  a   plane  surface  of     Medi* 

n,  and  a  pomt-charge  of  amount  5  13  situated  by  Plmie 

t  P  in  the  medium  A  nt  a  distance  d  from  tlie  '^'"''iioc. 
e  of  separation.   The  normal  force  due  to  the  charge 
I  2 
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Two      J  is  at  any  point  E  in  the  plane,  q .  djPE^  in  the  direc- 
aeparatcd  ^^^n  from  A  to  B.     Hence  if  cr'  be  the  apparent  surfieuse 


by  Plane   density  at  E  we  have  the  equations 

Surface. 


^■i 


_       9^ 


PE 


-.  +  inra'} 


iV,=       ^ 


(108) 


PE* 
But  by  (103) 

,1    K^-Ki    „ 1 

<^  -  zi  — p —  •  -"i  -  z:; 


4  2ir<7'. 


K^-K^ 


49r       K. 
Hence  we  have 


4ir       K^ 


2* 


i\r,  =  - 


2^o 


grf 


-      JV  = 


2F, 


qd 


(109) 


The  force  at  any  point  in  the  medium  A  is  there- 
fore by  the  principle  of  electric  images  (p.  84)  that 
which,  if  A  and  B  were  replaced  by  a  single  medium 
of  unit  specific  inductive  capacity,  would  be  produced 
by  the  charge  q  at  P,  and  a  charge  of  amount 
q  {K^  —  K^I{Ky^  +  K^  at  the  image  P  of  P  in  the  plane  ; 
and  the  force  at  any  point  in  P  is  that  which  would 
be  produced  in  the  same  circumstances  by  a  charge 
2qKJ{K^-\-K^sXP, 

The  directions  of  the  lines  of  force  (or,  as  they  ought 
rather  to  be  called,  lines  of  induction)  for  the  case  of 
^2  =  5,  ifi  ^  3,  are  shown  in  Fig.  26,  which  represents 
a  section  of  the  electric  field  made  by  a  plane  passing 
through  P  and  cutting  the  plane  of  separation  nor- 
mally. The  closed  curves  which  surround  P  are 
sections  of  equipotential  surfaces,  and  the  lines  cutting 


^^ 


FIELD  CONTAmiNa  THREE  DIELECTRICS, 

ibem  at  rigbt  angles  are  the  lines  of  induction.  Tiie 
equipotentiai  surface  nearest  /*  in  the  diagram  is  a  aepji„,t<.j 
sphere,  and  the  surfaces  interior  to  it  are  omitted.  ^J'^'''"* 
The  distances  between  successive  eqiiipotential  surfaces 
on  the  left  show  how  the  electric  induction  K^F  varies 
point  to  point  in  the  medium,  and  the  lines  of 
idnction  are  so  drawn  that  if  the  diagram  were  rotated 

lut  the  line  PP'  the  field  on  the  left  of  the  plane 
separation  would  be  divided  by  the  equipotential 
surfaces,  and  those  generated  by  the  lines  of  induction, 
into  cellular  spaces  each  containing  the  same  amount 
of  the  electrical  energy,  considered,  as  in  p,  34  above. 

having  its  seat  in  the  medium. 

On  the  right  of  the  separating  line  the  curves  are 
continuations  of  those  on  the  left  into  the  second 
medium.  The  otiuipotential  surfaces  are  here  spherical 
surfaces  with  P  as  centre,  and  the  lines  of  induction 
straight  lines  radiating  from  P. 

The  apparent  density  for  any  given  electric  system 
is  of  course  obtained  by  superimposing  the  densities 
thus  found  for  the  sevei-al  elements  of  the  system. 

(2)  It  is  easy  to  apply  the  principle  of  images  to  find    (2)  Two 


i  apparent  electrification,  in  certam  simple  cases  of  V  a 

1-  -  JO-  .  ■  C    .1         W"»T  « 

B  or  more  media  occupying  dmerent  regions  ot  the     third, 
jic  field.     For  instance,  let  the  infinite  planes  AB 
.  27)  be  surfaces  of  separation  of  three  dielectrics 
;h  completely  occupy  the  field,  and  let  the  electric 
fstem  be  a  point-charge  at  P  in  the  medium  lietween   influence 
les.     Let  the  specific  inductive  capacity  o 
to  the  left  of  A   be  denoted  by  A'.,  o 
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Two      medium  to  the  right  of  B  by  ^o»  and  that  of  the 
separated  niedium  between  the  planes  by  K,  and  write  /ij  for 

third,     parent  electrifications  of  the  planes  Ay  B,  can  be  built 

under 

Inflaence 

of  Point. 

Charge  in 

one 


& 


'2 


B 


Fig.  27. 


up  by  considering  the  apparent  electrification  on  A  due 
directly  to  the  charge  q  at  P,  then  the  apparent  electri- 
fication of  B  due  to  2  at  P  and  the  electrification  of 
A  already  found,  then  the  electrification  of  A  due  to 
the  electrification  of  B  already  found,  and  so  on.  We 
get  in  this  manner  the  result  that  the  potential,  and 
therefore  the  force  at  any  point  whatever,  produced  by 
the  apparent  electrification,  is  that  due  to  a  series  of 
charges  of  the  amounts  and  in  the  positions  specified  in 
the  following  table : — 


FIELD  COSTAINING  THKEE  DIELECTRICS. 


Charges  equivalent  to  Apparent  Electkib'i cation.  Apparoai 


F  or  /„ 


I.— Plane  A. 

Positions  (Fig.  27). 
^,or/„        ^,or/„         J3or/,.&c. 

l*l»Iir.a— 

CUrge  a 
ill  Iiliiidle 
Stratum : 

Charges. 

1 

fif^>          /*iVi2.            >»i V?.  &c. 

■ 

Distances  from  plane  A. 

■ 

a  +  2/9.        3o  +  2/3,       3«  +  4/S,  &c. 

■ 

:  00  planed     >^V^1+'^?. 

1 

The   &C.S   here    indicate   that   the  series  arc  to  be 
wntinued  to  infinity  according  to  the  law  indicated. 


JI.— Plane  B. 

The  same  table  with  /  written  for  J,  J  tor  I,  /ii  for 

„  and  fj^t  for  ^,.  a  for  /3,  and  ff  for  a  thioughuut. 

In  these  tables  alternative  positions  are  given  for  the 

ges.     Of  these  the  first  in  each  case  in  the  first 

B  and  the  second  in  each  case  in  the  second  table, 

r  vice  versd.  are  to  he  used  in  calculating  the  potential 

■TjT',  or  V.^  at  any  point  according  as  the  point  is  on  the 

left  of  A  or  the  right  of  £,  and  the  second  in  each  case 

in  both  tables  in  calculating  the  potential  ( f")  at  any 

point  between  A  and  B.    If  Q  be  any  point,  we  have  for 

bhe  potential  in  each  of  the  three  csises  the  values — 
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Apparent 
Electri- 
fication of 
Planes — 


V  -0  ^  '^'^^  + 


?  (1    -  /*! 


^''Aw. 


+   &C 


^ 


r= 


_  q 


+ 


,'  1 


'^'^  [qi. 


+ 


M2 


+ 


t^lf^i 


+  ^**  \QJ,  +  <?^2  +  QJ, 


f  &c.j 


(110) 


-   +  &C.J. 


The  expression  for  V2  is  obtained  from  Vi  by  writing 
fii  for  fi2,  fJ^  for  /ii,  and  /  for  J  throughout. 
(2)  When       Let  P,  the  position  of  the  charge,  be  in  the  medium 
in  omTo?  *^  ^^^  l^f^  ^f  -^>  ^^^  1®^  i^^  ^^is  case  K,  K^,  K^  denote 

the  Side 
Dielectrics. 


—I- 
P 


E        F 


B 


I 


Fio.  28. 


the  specific  inductive  capacities  of  the  media  in  the  order 
from  left  to  right.  We  have  the  following  table  in 
which  /*!= iK-K,)l{K+  K^),  fjL, = (A-,  -  K^I{K, + K,) :- 
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Charges  equivalent  to  Apparent  Electrification,  f^^^^^^ 

Planes — 

Plane  A.  when 

Charge  is 

Positions  (Fig.  28).  the  side 

Dielec~ 
/j  or  P,       e/i  or  /g,  J2  or  /g,  J^  or  I^.  tries. 

Charges. 

Distances  from  plane  A, 
a,  2fi  -  a,  4/9  -  3a,  6^  -  5a,  &c. 


Total  charge  on  plane  A  =  ^fl  -  ^2^-^. 
*=»  ^  1  +  M1M2 


Positions  (Fig.  28). 
P  or  e/i,         Z,  or  e/g,  /g  or  e/g,  /^  or  e/"^,  &c. 

Charges. 
(l+/xi)//.^,  -  (l+/ii)/ii^2*(?»  (H-Mi>iV2''?,-(l+Mi>iV»&c. 

Distances  from  plane  ^. 
/9,  3^  -  2a,  5;9  -  4a,         7/3  -  6a,  &c. 

/^2  (H-  /^)  ? 


Total  charge  on  plane  JB  = 


1  +/h/^2 


If  Vj  V^,  Fj  be  as  before  the  potentials  at  a  point  Q 
in  the  media  of  specific  inductive  capacities  K,  Ki,  K2, 
respectively,  we  have — 
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•^-'(gp+S;) 

+  (i-/^V,(^^- 

-4c.)  ; 

>'',=«(l+ci)(i+ri(^^- 

--.); 

''  =  '('+'-'  {$^- 

-4c 

+  "=(«- 

-4..)J. 

The  apparent  density  at  any  point  on  eitber  plantfl 
easily  found  from  the  charges  and  their  distances  io  « 
manner  shown  in  pp.  S4,  89  above.  ^^ 

(3)  The  foUowiDg  case  is  of  great  importance  in  tha 
'  theory  of  magnetism  and  of  practical  interest  in  tJie 
experimental  determination  of  specific  inductive  capa- 
cities. A  spherical  portion  of  an  isotropic  dielectric 
medium  in  which  the  electric  force  has  everywhere  the 
same  magnitude  and  direction,  that  is,  in  which  there  is 
a  uniform  field  of  force,  is  rej)laced  by  an  equal  spherical 
portion  of  another  isotropic  dielectric.  It  is  required  to 
find  the  apparent  electrification,  and  thence  the  force  at 
any  point  without  or  within  the  sphere. 

Let  A',,  A'j  he  the  specific  inductive  capacities  of  the 
surrounding  medium  and  the  sphere  respectively,  F  the 
uniform  electric  force  in  the  first  medium  produced 
independently  of  the  apparent  electrification,  2Vj,  N^  the 
external  and  internal  normal  component  forces  at  any 
point  due  to  the  apparent  electrification,  a   the  surface 


r 
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■density  of  the  apparent  electrification  at  that  point  of 
the  separatiDg  surface,  and  6  the  angle  which  a  radius 
drawn  to  the  point  makes  with  the  positive  direc?tion  Condition 
-f  F.     Taking  JVi.  N^  in  the  direction  from  the  surface  brNomll 
1  both  sides  we  get  by  (101  his)  and  (102)  *'"'■<!««  at 

Surface. 


i"  COS  5  +  A' j)  = 


(Fcos6  ■\-  N^) 


■Fcose  +  N^).   .     (112) 


I 


"his  is  the  surface  characteristic  equation.     The  dig-  Appnrent 
nribution   supjKised   formed   in   the   following   manner    uiv^'iL 

"  Conches 
de  GIJBw- 


^tisfies  this  equation   at   the   surface,   and   Laplace's 

equation   at  every  internal   and   external   point,   and 

Hves  therefore  the   apparent   surface  density  for  the 

Two   equal   spherical   volume    distributions  of 

ctricity  of  uniform  density  p,  one  positive,  tbe  other 

;ative,  and  of  the  same  radius  as  the  sphere,  are 

i  io  coincidence ;  then,  according  as  K^  is  greater 

k  lesa  than  Ki,  the  positire  or  the  negative  distribution 
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^ 

F  throngirqV 


is  displaced,  Fig.  20,  in  the  direction  of  F  thronglij 
finite  distance  a  less  than  the  sum  of  the  radii.     A 
positive  volume  distribution  of  meuiscus  shape  is  thus 
formed  on  one  side,  a  negative  distribution  precisely 
similar  on  the  other,  aud  in  the  space  occupied  by  the 
coincident  parts  of  the  distributions  there  is  zero  electric 
density.     Now  let  the  distance  a  be  diminished  indefi- 
nitely and   the  density  of  the  volume  distribution  p 
increased  so  that  pa  remains  equal  to  its  former  value. 
ijiw  of    Drawing  then  any  radius  making  an  angle  9  with  the 
I     *""  '"'   direction  of  F,  we  have  for  the  thickocss  uf  the  stratum 
in  the  direction  of  tlie  radius  the  value  a.  cos  6.   Hence, 
writing  o-J  for  ap,  the  surface  density  at  the  txtremity 
of  the   radius   is  a\  cos  d.      Its  value  is   a^  or  —  a'^ 
according  as  5  =  0,  or  180°. 
I  Force  at        The  force  at  any  internal  point  P  due  to  the  distri- 
I  ],  "^1,]    bution  is  plainly  the  resultant  of  the  two  forces  due  to 
■  it  dno  the  two  spherical  portions  of  the  volume  distributions 
Lion."  which  have  C,  C  as  centres  and  F  a  common  point  on 
their    surfaces.      These   forces  ai^e  in  magnitude   re- 
spectively   4/3  .  wp .  VF,    4/3  .  trp .  C'P,  and  act   in  the 
directious  shown   in    the   figure,  and   therefore    their 
resultant  acta   in   the  direction  VC    Putting  R  for 
this   resultant   taken   positive   in   the  direction  of  F, 


-  \  irp  CV  -. 


013) 


runifom.   force,  F-{-  R,  within  the  sphere,  is  therefore  also  constg 


It  is   therefore   constant  in  magnitude.     Tlic  total 


in  ma^'iiitudf  and  direction. 


DIELECTRIC  SPHERE  IN  UNIFORM  FIELD. 


By  (113), 


4  4 

^'2  =    h  '^^'0  cos  ^  =  ^  TTO-', 


which  gives  by  substitution  in  (112) 


/  _    3     J^2 "~  ^1 


a  = 


47r  2K,  +  K 


2 


Therefore 


and 


•  •  • 


F+R  = 


SA", 


2A\  +  A' 


^  F. 


•  m 


125 

Internal 

Field 
Unifonn. 


I  Fcos0  ^  o-Jcos^.       (114) 


(115) 


(116)    Kesultant 
Internal 
Force. 


X 


<„......-...> 


Fig.  30. 


Hence  according  as  K^  is  greater  or  less  than  K^  the 
force  within  the  sphere  is  less  or  greater  than  the  force 
F  without. 

The   directions   of   the   lines   of  force   outside   and 
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Resultant  inside  the  sphere  are  shown  in  Fig.  30  *  for  the  case 
Force,     of  K^  =  2*8-^1,  and  radius  of  sphere  =  Ha;  in  Fig.  31 
for  K2  =  *48^3  and  radius  of  sphere  =  l'34a. 


X 


<~~: 


Fio.  81. 


Case  of        If  the  sphere  is  of  conducting  material,  iTg  =  00 ,  and 
jp      ~ 

ing  Sphere 


F  +  B  =^  Oy  as  it  ought  to  be.     In  this  case  also  we 


in       have 

Unifonn 
Field. 


a  =  J-  F  cos  0, 


(117) 


The  directions  of  the  lines  of  force  for  the  case  of  the 
conducting  sphere  are  shown  in  Fig.  32  *  The  i-adius 
of  the  sphere  is  a/V2  =  •794a. 

*  The  equation  of  the  curves  external  to  the  circle  in  Figs.  80, 
wl,  32,  IS 

The  centre  of  the  circle  is  the  origin,  and  the  curve  XX,  which  in  each 


CONDUCTING  SPHERE  IN  UNIFORM  FIELD. 


The  potential  energy  of  tlie  dielectric  sphere  in  tlie   Potential 
uniform  field  is  found  simply  by  calculaling  the  work   pi^J^tric 


done  by  electric  forces  in  the  relative  displacement  of  %''•'* '" 
the  imaginary  volume  distributiona.     If  r  be  the  radius     Ki^U. 

cue  is  a  ■trniglit  line,  Ja  the  axis  of  z.  In  Fi^.  30  and  32,  j/'  'a 
■TetTwhera  less  tluiu  b'  :  iu  Fig.  31,  g'  is  everywlicre  greater  than  P. 
Each  Ml  of  curves  is  ilnwn  Tor  a  cotiatant  value  uf  a  which  is  iodivitcd 

beloir  the  disgnni,  and  itiaea  of  6  *qn»l  to  0,  "20,  *ia,  'flu, J  ■8<i, 

In  ngs.  SO  Mjd  32,  the  curve  for  b  ■=  ^/'S/tj2  a  =  l-S'fio  is  drawn. 
This  ouTta  liHs  u  [iiur  of  doable  pointa  thniugh  which  the  oirulu  iu 
Fig.  31  puses ;  in  Fig.  SO  these  points  full  within  tbej^irde  and  are 
not  shoirn.  In  Fig.  32  iIib  circio  has  radiua  =  a/i/'i  -  -7940  aaJ 
onta  orthogonall;  all  tlm  turrea  except  thut  ou  whitib  are  the  doublx 
points :  in  Fiji^s.  80  aad  31  the  mdii  ut  the  circles  are  1  'la  and  l'34i 
rcapectiTBly.  [See  Sir  W,  Thomsoii'a  Si:prinl  qf  Papcn  on  SlaeCra- 
ia  and  ifn^ttitm,  p.  492,  boai  whicli  lh«se  Figures  are  token.] 
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Potential  of  the  sphere,  the  total  quantity  of  electricity  in  the 

D^el^ric  Positive  volume  distribution  is  4/3.7rpr*.      The  work 

Sphere  in  done  by  electric  forces  in  displacing  this  through  a  dis- 

Field.     tance  a  is  4/3 .  irpr^ .  Fa,     Hence,  if  E  be  the  energy  of 

the  sphere  in  the  fields 

E=-t^irT''F.pa  =  ^irr'Fa'^ 

This  expression   has   been   obtained   for  a  uniform 
field,  but  it  will  also  hold  for  a  variable  field  if  r  be  so 
small  that  the  value  of  F  is  sensibly  constant  in  magni- 
tude and  direction  at  every  point  of  the  sphere. 
Force  in        On  this  supposition,  the  rate  of  diminution  of  F  in 
Field:     ^^7  direction  i;  in   a  variable  field   is   given   by  the 
J}}  ^^.    equation 

Dielectnc       *  tttt  l^         L"     ^  nP^\ 

Sphere;  _  ^  =  ^b  ^^i .  ^Cp  (^^g) 

and  this  must  be  the  total  electric  force  on  the  sphere. 

Writing  x,  y,  z  respectively  for  v  in  this  formula  we 
get  Xy  Y,  Z  the  component  forces  in  the  direction  of 
these  variables.  The  direction  of  the  resultant  force  on 
the  sphere  is  that  for  which  d  (F^)/dv  is  a  maximum, 
and  in  which  F^  increases.  The  direction  therefore  in 
which  the  sphere  tends  to  move  is  towards  a  place  of 
maximum  value  of  F^ ;  that  is,  in  which  the  value  of  jP  is 
numerically  greatest  without  distinction  of  sign. 
(2)  on         For  a  conducting  sphere  (119)  becomes 

Conduct- 
Sphere.  -  ^-  =  r"  — ^— '     ....      (120) 


CONDENSER  WITH  TWO  DIELECTRICS. 

rinul  tlie  spbore  tends  to  move  in  the  saine  direction  as 
the  dielectric  apliere. 

Since,  as  we  iiave  seen,  there  is  no  place  of  ntaximum  ( 
■  minimum  jjotential  in  space  not  occupied  by  any 
■t  of  the  electrification,  a  point-charge,  or  small  sphere 
tPpoBod  uniformly  electrified,  ■would  nowhere  bo  in 
^ble  equilibrium  escept  in  contact  with  some  part  of 
fbe  electrification  ;  and  the  proposition  may  be  extended 
ttany  electrified  body.  Hence  in  the  cases  here  con- 
red  the  spheres  move  along  the  line  of  greatest 
uiKtiou  of  force  towards  a  place  where  the  force  is 
illinericatly  greatest.  Generally,  this  is  the  direction 
k  which  all  bodies  of  small  dimensions,  placed  in  the 
sctric  field  without  charge,  tend  to  move. 
By  (119)  and  (120)  (A',  -  A',);(2A'i  +  A'j)  is  the  ratio 
r  the  force  on  a  dielectric  sphere  of  specific  inductive 
capacity  K^  to  the  force  on  a  conducting  sphere  of  the 
same  radius  placed  at  exactly  the  same  place  in  the 
f  specific  inductive  capacity  A',. 
i  relation  has  been  used  by  Boltzmann  for  the 
inalion  of  specific  inductive  capacities  (see 
l«p.  VII.). 

B  shall  now  apply  the  results  stated  above  t<>  one  or 

0  important  cases : — 

)  An  elertric   field   consists   of    two   regions,   one 

ided  by  cquipotential  surfaces,   and  filled   with  a 

lectric  of  specific  inductive  capacity  K  the  same  in  all 

IB,  and  the  other,  the  remainder  of  the  space 

I  the  zero  equipotential  surface,  occupied   by   a 

of  unit  specific   inductive    capacity.      It   is 

uctive  to  refer  this  example  directly  to  the  thermal 
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analogy.  The  analogue  of  the  electrified  system  is  a 
;;i»()inetrically  corresponding  system  of  heat-sources  and 
isotlicrmal  surfaces  in  a  medium  of  conductivity  every- 
where U!iity,  except  in  a  region  bounded  by  isothermal 
Thonn.il  siirfacc^H,  where  the  conductivity  is  k.  Suppose  the 
' ""'  ''  whoh'  nu'dium  at  first  of  unit  conductivitv,  and 
that  then  a  mcrdium  of  conductivity  k  is  substituted 
for  the  former  medium  in  the  space  referred  to,  while 
everything  else  remains  unaltered.  The  effect  of  in- 
trodutMug  tiic  medium  of  (say)  higher  conductivity  is  to 
diminish  the  difference  of  temperature  between  the 
inner  and  outer  surfaces  of  the  new  medium  in  the 
ratio  of  1  to  /•,  since  everywhere  in  that  medium  the 
tliix  alt»ng  a  liiu'  of  flow  becomes  —  kdv-dr,  which,  as 
\\\o  generation  of  heat  is  unchanged,  must  be  equal  to 
t  he  t'ormer  value  of  —  dvldr.  Hence  also  the  flux  at  every 
point  whieh  is  not  in  the  n<»w  medium  is  unchanged, 
and  we  have  then^toreat  every  such  point  the  same  gra- 
dient ot'  ten»j»eralnre  as  before,  and  therefore  also  the 
sanie  ditVen»nee  o(  temiH^rature  ju^  before,  between  any 
point  of  the  system  o(  sources  and  the  inner  surface  of 
the  ne\N  medium,  and  between  any  jvnnt  in  the  outer  sur- 
t'aotM^t'the  new  medium  and  the  surface  of  zero  tempera- 
\\\\\\  It  then  tlie  ten\]HTature  of  the  inner  surface  was 
t^vinwMlv  ;\  and  that  of  the  outer  surtaoe  ?*',  the  tempera- 
t\n<^  of  atn  point  o\  the  >oni\v  has  Iven  lowered  bv  the 
»n<»odn,  tjo:\   i»t'   the   nusiium  of  oonduotivitv  k   bv  an 

luptN^sNtK  the  xnne  \\a\  in  t lie  eleotrioal  problem, 
\l'  the  rK*hu  »l»:U'j;ts  are  kept  the  s^-^mo,  the  electric 
t»M\*'  at  e\»t\  jvMUt  tn^de  ^M  outride  the  new  medium 
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)  unaltered,  and,  at  every  point  within  the  subsinnce 

f  the  medium  itself  is  changed  from  its  former  value 

f  to  F/K",  and  the  potential  of  any  part  of  the  electrified 

fcstem  is  lowered  by  the  amount  (V—  V'){K—V)IJC, 

irfaere   V  and    V  are  the  respective  potentials  of  the 

r  and  outer  separating  surfaces  of  the  media. 

If  the  new  medium  fill  the  whole  space  between  the 

lectrified   system   and   the   surface   of  zero   potential 

"  =  0.  the  potential  Vot  any  part  of  the  system  has  j 

diminished   in   the   ratio   of  1    to   K,  and 

xbarge    o(    the    whole    syat«m    necessary  to  produce  a 

given  potential  at  any  part  of  it  has  therefore  been 

.  in  the  ratio  of  A'  to  1 ;  that  is,  the  electro- 

lacity  of  the  system  has  been  increased  in  this 


r  The  same  results  would  be  obtained  by  imagining 
1  medium  of  inductive  capacity  A'  replaced  by  a 
bedium  of  unit  inductive  capacity,  and  the  internal 
and  external  surfacee  of  the  region  electrified  ao 
that  the  surface  density  at  any  point  of  the  inner 
surface  is 

tK-\ dV 


at   any   point   of   the   outer   surface 
A'-l  dV 
47r     dv 


where  dV/dp  is  the  rate  of  variation  outwards  along  a 
line  of  force  passing  tlirough  tho  point  taken  in  the 
e  just  inside,  in  the  second  case  just  outside,  the 
K  2 
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Dielectric  region  in  question.      These  being  equilibrium   distri- 

equUalent  butions  would   not  alter  the  actual  distribution,  and 

to  Surface  the  force  inside  and  outside  the  region  at  any  point 

tiou  of     would  be  the  same  as  before,  while  within  the  region 

.?^?^'      it  would  be  diminished  at  any  point  in  the  ratio  of 

"''  ^'     1  to  K. 

We  see  in  the  same  way  that  if  the  specific  inductive 
capacities/instead  of  being  1  and  K,  were  respectively 
K^  and  JSTg*  *^®  diflference  of  potential  between  the  two 
sides  of  the  layer  JTg  would  be  less  than  its  value  for 
the  same  space  occupied  by  the  medium  K^  in  the 
ratio  of  Ki  to  JTg,  and  the  density  of  the  imaginary 
distribution  described  in  the  last  paragraph  would 
be 

47r        dv 
for  the  inner  surface,  and  for  the  outer  surface 

47r       dv 

Condenser       (2)    The   Same   method   applies  to   the    case   of   a 

of  L^Ters  ^^1^   composed   of  dielectrics   of  inductive   capacities 

of  ditierent  j(;^^  x^,  K^,  &c.,  each  bounded  by  equipotential  surfaces, 

and  arranged  in  this  order  outwards  from  the  electrified 

system,  which  we  suppose  in  the  medium  K^     Let  V 

be  the  potential  of  any  part  of  the  electrified  system, 

Fi  the  potential  of  the  outer  surface  of  A'j  and  the 

inner  surface  of  K^^    V^  the   potential   of  the  outer 

surface  of  K^  and  the  inner  surface  of  JTj,  and  so  on. 

Then  if  K^  alone  were  replaced  by  vacuum,   V  —  V^ 
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aild  become  A'^f  V  —  V^)    the   other  differences  of  Con.lenM 

tential  remaining  the  same  as  before ;  if  .A'j  were  , 

ten    replaced   by   vacuum.    K,  —  V^   would   become  "f^i"'"'  t™ 

E^(F',  —  F'j),  and  so  on.     Hence,  il'  all  the  media  were      trica.  J 

lepliiced  by  vacuum,  the  potential  of  any  part  of  the 

Ktrified  system  would  be  changed  fi'Om  V  to 

A',{F-  r,)  +  ^jCr,  -  Fj)  +  &c. 

if  G  be   the   new  value   of  the   electrostatic 
icity   of    the    system    and    6"    its   former    value, 


'}  have 

C 

C       A\{  V  - 


yo  +  ^A  ^i-y^  +  &c. 


(121) 


Mftswell  ■  has  considered  a  dielectric  medium  8ur- 
roniiding  an  electrified  system  as  in  a  state  of  strain 
under  stresses  consisting  of  a  tension  (as  in  a  stretched 
wire  or  cord)  acting  at  each  point  along  the  direction 
e  electric  force,  and  an  equal  pressure  at  the  same 
I  all  directions  at  right  angles  to  that  of  the 
trie  force,  The  amount  of  the  tension  and  pressiue 
.  taken  in  unils  of  force  per  unit  of  area)  at  any 
jat  at  which  the  electric  force  is  .f  in  a  medium  of 
ic  inductive  capacity  K  is  KF'j%ir ;  tliat  is,  equals 
\  above)  the  electric  energy  of   the  medium  per 

volume  at  that  point, 
rther,  he  has  regarded  the  electric  charge  of  the 
1  US  the  surface  manifestation  of  u  change  which 
)ok  place  in  the  medium  Vhen  the  electrification  was 
t  up.     This  change  be  has  called  Ekctric  Diqilucancnt , 
'  El.  and  Hag.,  vol.  i.,  sea.  ed,,  n>.  SB— 67  .w.l  Ifi3-15fl. 
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and  consists  in  a  passage,  across  every  surface  drawn  in 
the  medium  so  as  to  enclose  the  electrified  system,  of  a 
Electric    quantity  of  electricity  equal  to  the  charge  on  the  system, 
ment.^     SO  that  the  introduction  of  a  charged  system  within  a 
closed  space  does  not  produce  any  change  in  the  total 
quantity  of  electricity  within  the  space.     Thus  when 
one   coating  of  a  condenser   is  charged  positively  an 
equal  quantity   of  positive   electricity  passes   towards 
the   other  coating   across   every  intermediate   surface, 
and  the  charges  on  the  coatings  are  to  be  regarded  as 
the  charges  of  the  surfaces  of  the  separating  dielectric. 
If  any  change  take  place  in  the  charge,  a  corresponding 
cliange  takes  place  in  the  displacement.     Hence  when 
a  quantity  of  electricity  is  transferred  from  one  coating, 
A,  to  the  other,  B,  as  when  charge  or  discharge  takes 
place  along  a  wire  connecting  them,  an  equal  quantity 
of  electricity  crosses  every  section  of  the  dielectric  from 
B  towards  A.    If  therefore  we  regard  the  process  of  dis- 
placement as  an  electric  current,  the  dielectric  and  the 
wire  constitute  a  closed  circuit  round  which  a  current 
passes  80  long  as  any  change  in  the  electric  state  of  the 
system  is  taking  place. 
Surfncr-        The  magnitude  of  the  electric  displacement  is  KFl^ir, 
liitegml  of  g^jjj  ^1^^  displacement  across  any  element  Ss  of  a  surface 

Electric  *  "^ 

Inductiou.  drawn  everywhere  at  right  angles  to  the  lines  of 
induction  is  Kt^HJ^-rr,  The  integral  of  this  expression 
taken  over  the  surface  is  the  whole  quantity  of  electricity 
in  the  form  of  a  charge  within  the  surface. 

The  ratio  iir/K  of  the  electric  force  to  the  electric 
displacement  Maxwell  has  called  by  analogy  the 
Co-efficient   of  Hkdrw   Maaticily  of  the   medium.     In 
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virtue  of  the  electric  elasticity  a  force  opposing  the  Electric 
displacement  is  set  up  which  restores  the  medium  to  "  *"  ^* 
its  former  state  when  the  electric  force  is  removed. 
In  a  conducting  wire  this  elastic  force  is  continually 
giving  way,  and  being  restored  by  the  displacement 
continually  going  on,  which  therefore  constitutes  an 
electric  current. 


CHAPTER  II. 
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HiTHEKTO  we  have  been  dealing  with  the  statical 
phenomena  of  electricity :  it  is  necessary  now,  before 
ent#;ring  on  the  subject  of  even  purely  statical  measure- 
rnent«,  t/>  briefly  c/mMev  s<^me  of  the  phenomena  and 
law«  of  current  electricity.  We  shall  not,  however,  here 
deal  with  any  fiart  of  the  great  subject  of  electro- 
magnetism,  but  reserve  that  for  a  special  chapter  pre- 
liminary U)  an  Jiccount  of  electromagnetic  measurements. 

When  two  conductors  are  brought  into  contact  either 
directly,  or  by  m'-ans  of  an  interposed  conductor  in 
contact  with  Ixith,  thr?re  ensues  in  all  cases  in  which 
the  two  condurrtors  are  of  the  same  material  (if  not  in 
all  cfiHCH  whatever)  an  equalization  of  their  potentials. 
This  equalization  does  not  take  place  instantaneously, 
although  for  most  firactical  purposes  the  time  during 
which  the?  change  takes  [)lace  may  be  regarded  as 
infiniUdy  short. 

In  every  such  case  there  is  a  diminution  of  the 
electric  energy  of  thrj  <;ondu(!tor  which  is  at  the  higher 
potential    accompanied   liy  a   fall  of  its   potential,  an 


HANGE  FROM  ONE  EQUILIBRIUM  STATE  TO  ANOTHER. 

Oreftse  of  tlie  electric  energy  of  the  otlier  conductor   I 
nth  a  rise  of  Its  potential,  arid  a  dittiiuution  of  the    eidvtric 
lectric  energy  of  tha  whole  system.     To  estimate  these  Enereyof 

langes  in  a  specific  case  we  sliall  suppose  that  the  

iOsduclnrs  are  brought,  without  any  change  of  position, 
0  contact  by  means  of  a  thin  conducting  wire  such 
ftat  its  capacity  may  be  neglected  in  couiparison  with 
tat  of  either  of  the  conductors  connected.  After  con- 
t  therefore  these  may  be  regarded  aa  one  conducioi- 
[til  charge  equal  to  the  sum  of  the  separate  charges 
bfore  contact,  and  capacity  equal  to  the  sum  of  the 
rate  eapacilies,  Let  tlieii  ^„  Q^,  be  the  charges  of 
me  conductors  before  contact,  A'„  A'j,  tlieir  capacities. 

The   energy  before   contact  was   IQflK^  +  iQ»lK^; 
after  contact  it  is  i{Qi  +  Q«fl{lCi  +  A*j).     The  diminu- 
Q  of  energy  is  therefore  given  by  the  expression 


f^  <  K,^  K,~  t;;- 


OJ"  1  ^  ,<Q,ir,-Q,K.)' 
A',  /      "A',  a;  (A-  +  A'i  " 


.  (1) 


Wliich  is  essentially  p<isilive. 

The  energy  represented  by  this  expression  is  trans-  Eijniviil,'nt 
unnei]  into  heat  which,  when  no  magnetic  or  chemical      j^gf  -,M 
prork  is  done,  takes  the  form  of  heat  given  out  paitly 
I  the  intermediate  conductor,  partly  in  the  conductors 
leniselves,  and   partly  in  a  spark  when  the  contact 
(made. 
The  passage  to  the  new  state  of  equilibrium  may  ' 
t  made!  to  occupy  a  longer  or  a  shorter  time   ao- 
mling  to  the  arrangemeut  adopted.     For  example,  if  ' 
i  conductors  he  the  opposite  plates  of  a  condenser, 
I  the  joining  conductor  be  a  long  thin  wire  wound 


/ 
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into  a  helix  containing  an  iron  core,  the  time  taken  to 
annul  a  given  diflference  of  potential  between  the  con- 
ductors may  be  made  so  long  as  to  be  capable  of  exact 
measurement. 
Electric  During  the  time  of  transition  there  is  a  flow  of  elec- 
urreut.    ^j^j^y  f^^jj^  ^j^g  conductor  to  another,  and  this  is  what 

is  called  an  Electric  Current, 
Measure  of  The  average  Strength  of  Current  over  any  cross-section 
C^rent.^  of  the  conducting  wire  is  measured  by  the  limit  towards 
which  the  ratio  of  the  quantity  of  electricity,  which  passes 
the  cross-section  in  a  small  interval  of  time,  to  the  mag- 
nitude of  the  interval  approaches  as  the  interval  is  made 
smaller  and  smaller ;  that  is,  it  is  the  time-rate  of  flow 
of  electricity  across  the  section.  Hence,  in  all  cases  in 
which  the  current  may  be  regarded  as  having  the  same 
value  at  any  one  instant  over  every  cross-section,  the 
time-rate  at  which  one  conductor  loses  and  at  which 
the  other  gains  charge  is  equal  to  the  current.  We 
shall  see  later  how  current-strengths  may  be  measured 
experimentally, 
^/s^^^d"  The  current  has  the  same  value  at  every  cross- 
current, section  when  the  capacity  of  the  connecting  conductor  is 
negligible  in  comparison  with  that  of  each  of  the  con- 
ductors connected,  and  also  when  the  current  is  steady ; 
that  is,  when  its  value  for  any  one  cross-section  does 
not  vary  with  the  time ;  but  in  many  cases  of  currents 
of  very  short  duration  the  assumption  of  the  fulfilment 
of  this  condition  must  be  regarded  as  giving  results 
which  are  only  approximately  true,  and  in  other  cases, 
for  example  that  of  a  submarine  cable,  cannot  be  made 
at  all. 


THEEMAL  ANALOGUE  OF  ELECTRIC  COHDPCTION. 

f  When,  however,  this  condition  is  fulfilled,  we  see  that 
a  electric  current  may  be  compared  to  a  current  of  on 
sompreasible  fluid  betweeu  two  vessels  coinmunicating 
I  rigid  canal,  which  opens  only  into  the  vessels  and 
■  kept  full  by  the  current.  The  diSerence  of  potentials 
JCtween  the  conductors  is  analugous  to  the  difference 
F  pressures  between  the  two  vessels,  and  the  cun'ent 
(  any  section  of  the  conductor  to  the  time-rate  of 
'  of  the  fluid  across  any  section  of  the  channel, 
!  fluid  is  incompressible  and  the  channel  is 
lEept  full  and  unaltered  in  dimensions,  the  time-rate  of 
low,  however  it  may  vary  with  the  time,  will  have  at 

e  instant  the  same  value  at  every  cross-section, 
I  The  time-rate  of  loss  of  energy  at  any  instant  is 
Eunly  equal  to  the  product  of  the  current  and  the  dif- 
e  of  potentials  between  the  conductors.  Denoting 
2  potentials  of  the  conductors  by  F,  and  V^  and  the 
r  time-rate  of  I033  of  charge  by  7,  and  using  A 
0  denote  time-rate  of  working,  or  Adivily,  we  have  for 
us  case 

J  =  (1^1-  y,)t (2) 

i  expression  is  of  course  precisely  similar  to  that 
;h  in  the  hydrokinetic  analogy  expresses  the  rate  of 
wking  of  the  current  of  fluid. 

The  flow  of  electricity  in  bodies  is  also  exactly  analo- 
gous to  the  conduction  of  heat  and  to  the  diB'usion  of 
liquids  and  gases,  and  the  mathematical  theory  common 
J  these  two  classes  of  phenomtua  may  be  used  also  to 
pve  results  in  the  electrical  problem.  Wc  shall  see 
felow  that  the  amount  of  flow  depends  on  the  nature 
r  the  substance  exactly  as  the  flow  of  heat  depends  nn 
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THEORY  OF  FLOW  OF  ELECTRICITY, 
'f  the  thermal  conductivity  of  the  siibstaDce.  In  fact,  if 
we  take  a  difference  of  temperature  as  the  analogue  of 
a  difference  of  potentials,  rate  of  flow  of  heat  across  an 
area  as  the  analogue  of  an  electric  current,  and  con- 
ductivity of  a  substance  for  heat  (taken  as  independent 
of  temperature  according  to  Fourier's  supposition)  aa 
the  analogue  of  a  quantity  which  we  call  the  Sjveifie 
Electric  CimductivUy  of  a  substance,  we  may  transfer  the 
equations  of  heat  conduction  bodily  to  the  theory  of  flow 
of  electricity.  For  example,  the  theory  given  in  Section 
v.,  Chapter  I.,  for  electrostatic  induction  in  different 
media,  can  be  at  once  translated  into  a  theory  of  electric 
How,  or,  as  it  is  also  called,  conduction  of  electricity,  in 
diffcreut  media ;  and  we  shall  see  below  that  the  results 
of  that  section  are  available  without  moililioation. 

The  analogies  we  have  referred  to  are  only  some  of 
those  which  exist  between  the  mathematical  theories  of 
electricity  and  magnetism,  the  motion  of  fluids  (in- 
cluding diffusion),  and  the  conduction  of  heat ;  and  it 
seems  highly  probable  that  some  of  these  analogies  are 
consequences  of  hitherto  undiscovered  mutual  relations 
of  the  phenomena. 

It  is  found  experimentally  by  measuring  with  a 
cate  electrometer,  tliat  between  any  two  cross-secl 
A  and  B  of  a  homogeneous  wire,  which  is  not  in  mi 
in  &  magnetic  field,  and  along  ^vlli(.'h  a  steady  cut 
of  electricity  is  kept  flowing  by  any  means, 
exists  a  difference  of  potentials,  and  that  if  the  wire 
bo  of  uniform  section  throughout,  tlio  difference  of 
potentials  is  in  direct  proportion  to  the  length  of  wire 
between  the  cross-sections.     It  is  found,  furl.her.  that  if 
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B  difference  of  potentials  between  A   and  S  is  kept 
lant,  and  the  length  of  wire  between  tbem  is  altered, 
e  strength  of  the  current  varies  inversely  as  the  length     Liiienr 
'  of  the  wire.     Again,  if  the  length  of  wire  and  the  dif- 
ference of  potentials  between  A  and  B  be  kept  tlie  same 
while  the  cross-sectional  area  of  the  wire  is  increased  or 
I  jdiminished,  the  current  is  increased  or  diminished  in 
e  same  ratio.    Hence  the  wire  is  said  to  oppose  to  the 
a  Tcmslarux  which  is  directly  proportional  to  the 
mgth   of  wire  between   tlie   two   crosa-aectiona,   and 
pBTersely  proportional    to   the   cross-sectional  area  of 

1  wire, 
}  If  for  any  particular  wire  measurements  of  the  current 
rengtb  in  it  he  made  for  various  measured  differences 
potentials  between  two  cross-sections,  the  current 
rengths  are  found  to  depend  only  on,  and  to  be  in 
tiaimple  proportion  to,  the  differences  of  potential  so  long 
B  there  is  no  sensible  heating  of  the  wire. 
i  If  7  be  put  for  the  strength  of  the  current  flowing  in 
]  wire  of  resistance  R  between  two  cross-sections  at 
^tentials  Fj,  Vj  respectively,  these  results  are  all  ex- 
ressed,  an<l  unit  resistance  ia  defined,  by  the  equation 


La*.* 


(3) 


This  is  equivalent  to  a  relation  given  by  G.  S.  Ohm,' 

and  is  hence  called  Ohm's  Law.     Ohm  used  the  expres- 

"Gefalle  der  Elektncitiit "  for  a  quantity  which, 

I  the  earlier  works  which  appeared  after  the  publication 

E  his  essay,  was  called  "Difference  of  Tensions,"  but 
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KW.uci-    which  is  now  recognizer!  as  proportional  to    F'j—  F'j ; 
Vrtrrpi      *^^  i*  '^^  s^'^1^  usual  to  give  a  special  name  to  difference 

(U^finM.  of  potentials  when  considered  in  connection  with  the 
flow  of  electricity.  Thus  the  name  Ehdnmiotlv*^  F'yrce 
is  frequently  given  to  the  difference  of  potentials  between 
two  pr>ints  or  two  equipotential  surfaces  in  a  homo- 
geneous conductor,  when  thus  considered  with  reference 
to  flow  of  electricity  from  one  to  the  other,  and  in 
accordance  with  custom  and  authoritv  the  term  may  be 
thns  employed.  A  somewhat  more  general  sense  in 
which  the  term  is  used  will  presently  be  explained. 
It  is  to  V>e  carefully  remembered,  however,  that  electro- 
motive force  is  not  iifr/rr/t :  the  two  words  must  be  taken 
lofff^tMr  as  a  sinc(le  term  having  the  meaning  assigned 
U)  it  in  its  definition. 

A  constant  difference  of  potentials  may  be  main- 
t-ain^'^1  between  the  extremities  of  a  homocjeneous 
conduct/)r,  anrl  therefore  also  a  current  maintained  in 
the  cond(K't/>r,  in  several  different  ways:  for  example, 
by  a  voltaic  IjatU^ry,  a  thermo-electric  pile,  or  a  dynamo- 
electric  or  maj^'Tifjto-electric  macliine.  Particulars  re- 
garding diff^Te.nt  forms  of  voltaic  batteries,  and  the 
jiractical  constnu'tion  r>f  other  (;lectric  generators,  are 
given  in  varirni^  treatiwrs;  at  present  we  deal  only  with 
princif)leH  which  are  genr-rally  applicable,  reserving  for 
consideration  l/it(^r  their  applications  in  particular 
cases. 

Kcjuation   {'\)   in  not  fiilfilhid    in  general  by  a  con- 

motiro*    <lnotor  nuwli!  uj)  of  diffctn^nt  homogeneous  portions,  put 
Force  in  a  (.^d  to  (!n(l,  or  tiy  a  condiicior  moving  across  the  lines  of 

ductor.     force  of  a  magnoti(!  field,     For  Much  cases 
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V, 


-r,    E 


K 


mere   Fj,  J-'j  denote  as  before  tlie  potentials  at  the 

retnities  of  the  conductor,  and  R  the  sum  of  the 

nistaoces  of  the  homogeneous  portionsof  the  conductor 

i  the  former  case,  or  the  actual  resistance  nf  the  con- 

Ictor  in  the  latter.     The  conductor  in  such  cases  ia 

I  to  rmU'dn,  or  to  be  the   seat  of,  an  electromotive 

E,  or  (as  frtquenlly  in  what  follows)  an  electro- 

l.motive  force^is  said  to  be  ijtthe  conductor.    The  total 

electromotive  force  producing  a  current  in  the  conductor 

is  now  r,  —  Tj  +  E.  Since  iu  a  heterogeneous  conductor 

,j.^)  applies  in  the  first  case  to  every  part,  except  any, 

towever  small,  which  includes  a  surface  of  discontinuity, 

iie  electromotive  force  ia  said  to  have  its  seat  at  the 

rface  or  surfaces  of  discontinuity.     In  the  other  case 

ictromotive  force  has  its  seat  in  every  part  of  the 

iductor  moving  in  the  field,  according  to  a  law  which 

e  shall  afterwards  discuss. 

In  a  circuit  composed  of  different  homogeneous  con- 
tors  let  adjacent  points  be  taken  on  opposite  sides  of 
I  surface  of  continuity,  and  let  the  difference  of 
tenlials  between  the  pair  of  points  in  each  conductor 
J  measured;  the  sum  of  these  differences  taken  in 
■der  round  the  circuit  is  equal  to  the  sum  of  the  parts 
F  £  contributed  by  the  discontinuities.  For  going 
lund  in  the  direction  of  the  current  fi-om  a  point  (not 
\  surface  of  discontinuity)  to  the  same  point  again 
B  have  F,  =  F,  and 


Ohm's 

H Otero. 

iraneoiu 
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But  denoting  the  successive  Loraogeneous  condoctoq 
1    their  order  round  the  circuit  by  tUe  suffixes  1,  2,  . 
and  the  differences  between  tbeir  extremities  by 

r,  -  V\,  Fj  -  V\, ....  n  -  V'^ 
and  tbii  Cur  ro  a  ponding  resistances  by  I^^.R^,  .  . 
have 

Hence 

t(V-V)-=E 

E  is  called  the  total  electromotive  force  in  the  c 
or  simply  the  electroraotivB  force  of  the  circuit. 

In  Chapter  VIII.  will  be  found  an  account  of  exj 
mental  methods  used  for  the  verification  of  OHm 
and  details  as  to  its  application  to  chains  of  conductc 
of  different  substances.  We  will  consider  here  as  an 
example  of  the  principles  just  stated  its  application  to 
the  case  of  a  simple  voltaic  cell  composed  of  two  plates  of 
dissimilar  mptals  connected  by  a  liquid,  for  example, 
copper  and  zinc  immersed  in  hydrochloric  acid,  and 
connected  externally  by  a  copper  wire. 
f  Let  c  and  ;  denote  the  copper  and  zinc  plates,  I  the 
'^h^«  liquid  between  them.  By  the  theory  of  the  voltaic 
CJl  cell  now  generally  adopted,  there  is  a  certain  finite 
difference  of  potential  on  the  two  sides  of  the  junction 
of  the  dissimilar  metals,  and  on  the  two  sides  of  each 
junction  of  a  metal  with  the  liquid.  We  may  suppose 
for  simplicity  the  plates  to  be  such  that  tliey  add  no 
sensible  resistance  to  the  circuit,  and  that  therefore  the 
potential  may  be  taken  as  the  same  at   every  point 
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of  each.  Let  Va  denote  the  potential  of  the  copper  Case  of 
plate ;  V^  the  potential  of  the  copper  wire  close  to  its  Voltaic 
junction  with  the  zinc  plate ;  V^  the  potential  of  the  ^^^• 
stratum  of  the  liquid  close  to  the  zinc  plate;  and 
Vic  the  potential  of  the  stratum  of  the  liquid  close  to 
the  copper  plate.  The  difference  of  potentials  between 
two  points  in  the  copper  conductor  near  its  ends  is 
therefore  Va  —  V^^  and  that  between  the  two  isdes  of 
the  liquid  is  Vu  —  Vu;.  Both  of  these  differences  are 
positive,  and  the  current  flows  from  the  copper  plate  to 
the  zinc  plate  through  the  wire,  and  from  the  zinc  plate 
to  the  copper  through  the  liquid.  Further  it  is  au 
experimental  fact,  as  we  shall  see  later,  that  the  current 
across  any  cross-section  is  the  same  at  every  part  of  the 
circuit.  Calling  B  the  resistance  of  the  copper  con- 
ductor joining  the  plates,  and  r  the  resistance  of  the 
liquid  of  the  cell,  we  have  by  (3) 


7  = 
and  therefore  also 

7  = 


Vg^  V,  ^  Vu  -  F^ 
It  r 


Vg^Vu^Vu-  V, 


But    Va  -  Vu  is   the   finite    difference   between  the    ^^*?f''^" 

,  ^  motive 

potential  of  the  copper  plate  and  that  of  the  liquid  in    Force  of 
contact  with  it,  and  Vic  —  Vt  is  similarly  the  difference      Cell'^ 
between  the  potential  of  the  liquid  in  contact  with  the 
zinc  plate  and  that  of  the  extremity  of  the  copper  wire 
adjacent  to  the  zinc  plate,  and  the  sum  of  these  two 
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difforences  constitutes  what  is  called  the  Electromotive 
Force  of  the  cell.     Calling  this  E,  we  have 

Any  other  case,  however  more  complicated,  might  bp 

treated  in  a  similar  manner. 
Dlitrllm        If  V  be  the  diflference  of  potentials  between  any  two 
PotantlftI   points  in  the  copper  wire,  R  the  resistance  of  the  wire 
n  Oirnuit,  between  these  two  points,  and  r  the  remainder  of  the 

resistance  in  circuit,  we  have  from  the  equations 


the  result 


_  V  ^_E_ 


V^-E-J^— (6) 


R^  r 


A«JJ^*y        The  activity  in  the  wire  is  by  (2) 

A=Vy  =  ^^- (7) 

and  for  the  whole  circuit 

E^ 
A  =  Ey^'^^ (ybis) 

By  (7)  the  activity  in  any  wire  not  containing  an 
electromotive  force  can  always  be  found,  whatever  be 
the  arrangement  of  which  it  forms  part.  The  activities 
in  the  different  parts  of  more  complicated  circuits  con- 
taining electromotive  forces  of  different  kinds  will 
be  considered  in  the  chapter  on  the  Measurement  of 
Electric  Energy. 
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flf  instead  of  a  single  cell  we  have  a  battery  of  several 
Sis,  its  electromotive  force  is  found  in  exactly  the  same  Ko"™"  o 
Hitiner  by  summing  ail  the  finite  differences  of  poten-  ^'"?"'.  "' 
1  at  the  surfaces  of  separation  of  dissimilar  substances    Batieiy : 
in  the  circuit.     Hence  if  there  be  n  cells  in  the  battery 
joined  in  series,  that  is  to  say  the  rinc  plate  of  the  first  Amaga 
,  celt  joined  to  the  copper  plate  of  the  second  cell,  the    ^''-'*^ 
inc  plate  of  the  secoTid  to  the  copper  plate  of  the  third, 
1  so  on  to  the  last  cell,  the  total  electromotive  force 
f  the  arrangement,  if  the  cells  Lave  each  the  elcctro- 
s  force  F.  is  nS.     If  the  copper  plate  of  the  first 
I  and  the  zinc  plat-e  of  the  last  be  joined  by  a  wire, 
i  S  denote  as  htfore  its  resistance,  r   the  internal 
resistance  of  each  cell,  a  current  of  strength  y  given  by 
the  equation 


7  = 


nE 


-flH 


(8) 


i  flow  in  the  wire.     Tbia  equatioo  may  be  written 

bich  shows  that  when  n  is  so  great  that  H/n  is  smnlt 
!  comparison  with  r,  little  is  added  to  the  valne 
I  <y  ^y  further  increasing  the  number  of  cells  in  the 


The  method  of  joining  single  cells  in  series  is  advan- 
tageons  when  SI  is  large,  but  when  iJ  is  comparatively  ^ 
snaail  it  fails  as  shown  above,  and  it  is  necessary  then  to    Maltiplo 
diminish  r  as  much  as  possible.     The  value  of  r  is,  for        ''' 
1  which,  as  is  generally  the  case,  each  plate  nearly 
L  2 
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Arrange-  covers  the  cross-section  of  the  liquid,  nearly  in  the 
Multiple  inverse  ratio  of  the  area  of  the  plates,  and  directly  as 
^^'  the  distance  between  them.  Hence,  by  increasing  the 
area  of  the  plates  and  placing  them  as  close  together  as 
possible,  the  resistance  may  be  diminished.  One  large 
cell  of  small  resistance  may  be  formed  of  several  small 
cells  by  putting  all  the  copper  plates  into  metallic  con- 
nection with  one  another,  and  similarly  all  the  zinc 
plates.  Several  compound  cells  of  large  surface  thus 
made  may  be  joined  in  series.  The  electromotive  force 
of  each  compound  cell  will  be  -ff  as  in  a  simple  cell,  but 
if  m  cells  be  joined  so  as  to  form  one  compound  cell 
its  resistance  will  be  r/m.  If  n  of  these  compound  cells 
be  joined  in  series,  we  have,  calling  the  total  external 

resistance  iJ, 

n  E  m  n  E  ,_ . 

y  = =  — ri ....      (;M 

'       ^         r       m  M  -{-  n  r  * 

B  \  n- 
m 

Condi tiou  jf  jg  be  not  too  great,  and  we  have  a  proper  number 

Maximum  of  cells,  it  is  possible  to  arrange  the  battery  so  that  7 

tlirouKh  °^^y  \^^yQ  a  maximum  value.     There  being  m  n  cells 

given  in  the  battery  the  numerator  of  the  above  value  of  7 

Resistance  j  ii*rj.i  j./»ii*  •! 

does  not  change  when  the  arrangement  01  cells  is  varied, 
and  therefore,  in  order  that  7  may  have  its  greatest 
possible  value,  m  R  •\'  n  r  must  be  made  as  small  as 
possible.     But  identically, 


m 


B  +  nr={^mB  —  Jnry  +  2jmnIir. 


As  the  last  term  on  the  right-hand  side  does  not  vary 
with  the  arrangement  of  the  battery,  it  is  plain  that 
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S  +  ttr  will  have  its  smallest  value  when  •JmR  —  Jnr 
s,  that  IB  when  Jw7i  =  »)-orfl=  mr/ni.or, in  words, 
jBrlieii  the  total  external  resistance  of  the  circuit  is.equal 
[■  io  the  internal  resistance  of  the  battery.  It  may  not 
be  possible  in  prtictice  so  to  join  a  given  battery  as  to 
fulfil  this  condition,  but  if  the  strongest  possible  current 
is  required  it  should  be  fulfilled  as  nearly  aa  possible, 
^liia  method  of  arrnngiug  the  battery  is  called  joining 
t  in  multiple  are. 

It  is  to  be  carefully  observed  that  this  theorem  applies  C 
ply  to  the  case  in  which  we  have  a  given  battery  and  ^ 
Bve  to  arrange  it  bo  as  to  produce  the  ijrcntcd  currcHt    ' 

rough  a  given  external  resistance  Ji;  and   the  fallacy 

■'  to  be  avoided  of  supposing  that  of  two  batteries  of  ^ 

%ual  electromotive  force,  but  one  having  a  high,  the 

rther  a  low,  resistance,  the  former  is  better  adapted  for 

working  through  a  high  external   resistance.     Nor   is 

this  method  of  using  the  battery  to  bo  confounded  with 

the  most  economical  method.     By  this  arrangement  the 

greatest  rate  of  working  in  the  external  part  of  the 

circuit  is  obtained;  for   by  (7   iis)  the  total   rate   of 

orking  is  w£'7,  and  the  part  of  this  which  belongs 

^  the  external  conductor  b  mnEfRj^mB  +  nr),  which 

f  a  maximum  under  the  same  conditions  as  7.     As 

^ucb  energy  is  thus  given  out  in  the  battery  itself  as  in 

!ihe  external  resistance,  and  it  ia  plain  that  for  economy 

I  little  as  possible  of  the  energy  of  the  battery  must 

e  spent  in  the  battery  itself,  and  as  much  as  possible  in 

4ie  working  part  of  the  circuit.     Hence  for  economical 

Forking  the  internal  resistance  of  the  battery  and  the 

distance  of  the  wires  connofting  the  battery  with  the 
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working  part  of  the  circuit  must  be  made  as  small  as 

possible.     We  shall  return  to  this  question  in  a  later 

chapter. 

Theory  of      We   shall  now    consider  shortly  the   theory   of    a 

jSn^r^    system   of  linear   conductors   (homogeneous  wires   of 

Con-      uniform     section)     in     which     steady     currents    are 

ductors.     n 

flowing. 


Fio.  33. 


Principle 
of  Con- 
tinuity. 


It  has  been  stated  above  that  when  a  steady  current 
is  kept  flowing  across  any  cross-section  of  a  conductor, 
the  current  strength  is  the  same  across  every  other 
section  of  the  conductor ;  or,  in  other  words,  that  the 
flow  of  electricity  at  any  instant  into  any  portion  of 
the  conductor  is  equal  to  the  flow  out  of  the  same  por- 
tion. This  is  what  is  called  the  principle  of  continuity 
as  applied  to  the  case  of  a  steady  flow  of  electricity. 
By  the  same  principle  we  have,  in  the  case  in  which 
steady  currents  are  maintained  in  the  various  parts 
of  a  network  of  conductors,  the  theorem  that  the 
total  flow  of  electricity  towards  the  point  at  which 
several  wires  meet  is  equal  to  the  total  flow  from 
that  point.  Thus  the  current  arriving  at  A  (Fig.  33) 
by  the  main  conductor  is  equal  to  the  sum  of  the 
currents  which  flow  from  A  by  the  arcs  which  connect 
it  with  B, 
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By  Ohm's  law,  if  two  points  A  and  B,  between  which      Eoui- 
a  difference  of  potentials  V  is  maintained,  be  connected  ResiaUnc© 
by  two  wires  of  resistances  t^  and  r^,  the  current  in  that    j£°[^^^j^ 
of  resistance  r^  will  be  F/r^  and  in  the  other  F/r^.     But 
if  7  be  the  whole  current  flowing  in  the  circuit  we  have 
by  the  principle  of  continuity 


Arc 


^1  ^2         ^ 


where  R  is  the  resistance  of  a  wire  which  might  be  sub- 
stituted for  the  double  arc  between  A  and  B  without 
altering  the  current  in  the  circuit.     Hence, 


and 


1111 

r,       ro       A 


72=   -^^^ 


T.  4-  r< 


2J 


(10) 


The  reciprocal  of  the  resistance  ^  of  a  wire,  that  is,  1/JB,  Definitioii 
is  called  its  condiLctivity.  Equation  (9)  therefore  afl&rms  d^ctivi^. 
that  the  conductivity  of  a  wire,  the  substitution  of  which 
for  rj  and  r^  between  A  and  B,  would  not  affect  the 
current  in  the  circuit,  is  equal  to  the  sum  of  the  con- 
ductivities of  the  wires  r^  and  r^.  From  equation  (10) 
we  see  that  the  resistance  R  of  this  equivalent  wire  is 
equal  to  the  product  of  the  resistances  of  the  two  wires 
divided  by  their  sum. 

If  for  T^  we  were  to  substitute  two  wires  having  an 
equivalent  resistance,  so  that  A  and  B  should  be  con- 
nected, as  in  Fig.  33,  by  three  separate  wires  of  resistances 
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^v  ^2»  ^s*  ^^  should  have  in  the  same  manner  for  the 
current  in  r^  V/r^ ;  in  rg,  V/r^ ;  in  r^y  Vjr^  and 


1111 


R 


s 


^  = 


^1  ^2  ^3 


> 


.       .       (11) 


^1  ^2   -H  n  ^s  +  ^8  ^4  ; 


Con- 
ductivity 

and 
Resistance 

of 
Multiple 

Arc 


Total 

EliTtro- 

inotive 

Force  in 

any 
Circuit  in 
Network 
of  Con- 
ductors. 


Generally,  if  two  points  A  and  B  are  connected  by  a 
multiple  arc  consisting  of  n  separate  wires,  the  conduc- 
tivity of  the  wire  equivalent  to  the  multiple  arc  connec- 
tion is  equal  to  the  sum  of  the  conductivities  of  the  n 
connecting  wires ;  and  its  resistance  is  equal  to  the 
product  of  the  n  resistances  divided  by  the  sum  of  all 
the  different  products  which  can  be  formed  from  the  n 
resistances  by  taking  them  ti  —  1  at  a  time. 

As  a  simple  example,  we  may  take  the  case  of  a 
number  n  of  incandescence  lamps  joined  in  multiple  arc. 
If  the  resistance  of  each  lamp  and  its  connections  be  r, 
the  equivalent  resistance  between  the  main  conductors, 
the  resistance  due  to  the  latter  being  neglected,  is  by 
(11)  r"/7ir""'^  =  TJn.  Thus  if  r  be  60  ohms  when  the 
lamp  is  incandescent,  and  there  be  twenty  lamps,  their 
resistance  to  the  current  will  be  3  ohms. 

By  the  considerations  stated  above,  we  at  once  deduce 
from  Ohm's  law  the  following  important  theorem.*  In 
any  closed  circuit  of  conductors  forming  part  of  any 
linear  system,  the  sum  of  the  products  obtained  by  mul- 
tiplying the  current  in  each  part,  taken  ib  order  round 

*  This  theorem  and  the  application  of  the  principle  of  continuity 
were  first  stated  explicitly  hy  Kirchhoff,  Pogg.  Ann.  Bd.  72,  1847,  also 
Qes.  Abhand.f  p.  22. 
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the  circuit  by  its  resistance,  is  equal  to  the  sum  of  the 
electromotive  forces  in  the  circuit.  This  follows  at  once 
by  an  application  of  Ohm's  law  to  each  part  of  the 
circuit,  exactly  as  in  the  investigation  in  p.  145  above  of 
the  electromotive  force  of  the  circuit  composed  of  a 
cell  and  a  single  conductor. 

As  an  example  of  a  circuit  containing  no  electro- 
motive forces,  consider  the  circuit  formed  by  the  two  Examples, 
wires  (Fig.  33)  of  resistances  r^,  r^  joining  AB.  We 
have,  for  the  current  flowing  from  A  to  B  through  r^, 
the  value  V/r^ ;  the  product  of  this  by  r^  is  V;  for  the 
current  flowing  from  B  to  A  through  r^  we  have  —  V/r^y 
and  the  product  of  this  hy  r^  is  ^  V:  the  sum  is 
F  -  F  or  zero.     As  another  example,   consider  the 


Fio.  34. 


diagram,  Fig.  34,  of  resistances  r^,  r^,  r^,  r^,  rg,  between 
the  two  points  A  and  B,  By  what  we  have  seen,  if 
Fa,  Vb,  Fc,  Fd,  be  the  potentials  at  A,  B,  C,  D, 
respectively,  the  current  from  A  to  (7  is  (Va—  ^c)/^i» 
from  (7  to  -D  ( Fc  -  Vd)/r^,  and  from  -D  to  ^  (  F^  -  Va)/r^, 
Hence,  taking  the  sum  of  the  products  of  these  current 
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Problem 
of  Two 

Points 

Joined  by 

xfetwork 

of  Five 

Con- 
ductort. 


strengths  by  the  corresponding  resistances  for  the  circuit 
ACDA,  we  get 

Fa  -  Tc  +  F,  -  Td  +  Frf  -  Fa  =  0.  .  .  (12) 

To  illustrate  the  use  of  the  principles  which  have 
been  established,  we  may  apply  them  to  find  the 
current  strength  in  r^  (Fig.  34)  when  r^  contains  a  battery 
of  electromotive  force  E.  Let  r^  be  the  resistance  of  the 
battery  and  the  wires  connecting  it  with  A  and  B,  and 
let  7i,  72»  <^c.,  be  the  strengths  of  the  currents  flowing 
in  the  resistances  r^,  rg,  &c.,  respectively,  in  the  directions 
indicated  by  the  arrows.  By  the  principle  of  continuity 
we  get 

73  =  71-75^ 

74  =  72  +  76  ^ (13) 

7«  =  7i  +  72  ^ 

Applying  the  second  principle  to  the  circuits  BACB, 
ACDAf  CBBC,  and  using  equation  (12),  we  obtain  the 
three  equations, 


7l  (^1  +  ^3  +  ^  o)  +  72^6  -  75^3  =  ^ 

7l^l  -7>^'2  +  76*6  =^ 

7i^8  -72^4-75(^3+  ^4+0=^ 

Eliminating  7^  and  73,  we  find 


(14) 


_  Ji  (r._  r^  -  7-t  r,) 

76-  JJ 


where 


(15) 


D  =  r^r^  (^1+^2+^3  +  0  ^  n  (Ti  +  ^3)  (^2  +  O  ^- 

^6  (^1  +  ^'2)  (^8  +  ^4)  +  ^1^3  (^*2  +  O  +  ^2^4  (^\  +  ^3)  •    •    (16) 
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By  substituting  for  70  in  the  second  and  third  of   Problem 
equations  (14)  its  value  7^  —  7^,  we  get,  Points 

joined  by 
7i  ('•1  +  r^  +  y,r,  _  Y^  r,  =  0  \       ^^^   Network 

Con- 
ductors. 


From  these  we  obtain  by  eliminating  7^, 


•  =  0    )         /n  hr\    Network 

*  ^    C  '     (17)     of  Five 
4  =  0   J  Con- 


ry^^  76(^2^8-^4)         ^^        ^        ,         .        (18) 

^        ^6  (^*1  +  ^2  +  ^8  +  '4)  +  (^1  +  ^2)  (^8  +  0 

By  means  of  equations  (15)  and  (18)  we  can  very  easily 
solve  the  problem  of  finding  the  equivalent  resistance 
of  the  system  of  five  resistances  r^,  rg,  &c.,  between  A 
and  B.  For  let  E  be  this  equivalent  resistance,  since 
7g  is  the  current  flowing  through  the  battery,  we  have 
7g  =  ^/{^Q  +  -B).  Substituting  this  value  of  7^  in  (18), 
equating  the  values  of  y^  given  by  (15)  and  (18),  and 
solving  for  -B,  we  get 

^^r,(r^4-r3)(rg  +  r,)  +  r,r3(rg  +  r,)-f  r,r,(r,4-r,) 

^•6(^  +  ^2+^8-+-^4)  +  (^l  +  ^2)(^3-^-  ^4) 

It  follows  from  Ohm*s  law,  and  the  theorems  which  Principle 
have  been  deduced  from  it,  that  any  two  states  of  a  °^  Super- 
system  of  conductors  may  be  superimposed;  that  is, 
the  resulting  potential  at  any  point  is  the  sum  of 
the  potentials  at  the  point,  the  current  in  any  con- 
ductor the  sum  of  the  currents  in  the  conductor,  and 
the  electromotive  force  in  any  circuit  the  sum  of  the 
electromotive  forces  in  the  circuit,  in  the  two  states  of 
the  system. 

The  following  result,  which  is  a  direct  inference  from 
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the  foregoing  principles,  and  can  be  verified  by  experi- 
ment, will  be  of  use  in  what  immediately  follows. 
Eesult  of  Any  two  pointy  in  a  linear  circuit  which  are  at 
Foregoing  different  potentials  may  be  joined  by  a  wire  without 
altering  in  any  way  the  state  of  the  system,  provided 
the  wire  contains  an  electromotive  force  equal  and 
opposite  to  the  difference  of  potential  between  the  two 
points.  For  the  wire  before  being  joined  will  in  con- 
sequence of  the  electromotive  force  have  the  same 
difference  of  potentials  between  its  extremities  as  there 
is  between  the  two  points,  and  if  the  end  of  the  wire 
which  is  at  the  lower  potential  be  joined  to  the  point 
of  lower  potential  it  will  have  the  potential  of  that 
point,  and  no  change  will  take  place  in  the  system.  The 
other  end  will  then  be  at  the  potential  of  the  other 
point,  and  may  be  supposed  coincident  with  that  point, 
without  change  in  the  state  of  the  system.  The  new 
system  thus  obtained  plainly  satisfies  the  principle  of 
continuity,  and  the  theorem  of  p.  152  above,  and  is  there- 
fore possible ;  and  it  can  be  proved  that  it  is  the  only 
possible  arrangement  under  the  condition  that  the  state 
of  the  original  system  shall  remain  unaltered. 

As  a  particular  case  of  this  result  any  two  points  in 
a  linear  circuit  which  are  at  the  same  potential  may 
be  connected,  either  directly  or  by  a  wire  of  any  resist- 
ance, without  altering  the  state  of  the  system. 

Further,  it  follows  that  if  an  electromotive  force  in  one 
conductor.  A,  of  a  linear  system  can  produce  no  current 
in  another  conductor,  B,  of  the  system,  either  con- 
ductor may  be  removed  without  altering  the  current  in 
the  other.     For  let  the  conductor.  A,  be  removed  :  the 
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bentiala  at  the  points  of  the  system  at  which  it  was   Ri--*nit «[ 
iched  will  in  general  then  be  altered.     And  ainco  Priud^«* 
Sny  two  points  in  a  linear  system  between  which  there 
t  a  difference  of  potentials  may,  without  altering  the 
bto  of  the  system  in  any  way,  be  joined  by  a  wire 
ptich  contains  an  electromotive  force  equal  and  opposite 
>,  the  difference  of  potentials,  we  may  suppose  the 
inductor  replaced  with  an  electromotive  force  in  it 
)^aal    to    the   difference   of   potentials   now   existing 
)ctween  the  two  points,  and  its  presence  or  removal 
will  not  affect  the  current  in  any  part  of  the  system. 
But  the  same  result  may  be  attained,  of  course,  without 
removing  the   conductor,   by  simply  placing  within  it 
the  required   electromotive   force,  and   this  by  hypo- 
thesis does  not  affect  the  current  in  the  other  conductor. 
Hence  the  removal  of  the  conductor,  A,  does  not  affect 
the  current  in  the  other.     Again,  by  the  first  reciprocal 
relation  below  (p.  150),  if  an  electromotive  force  in  A 
1  produce  no  current  in  B,  an  electromotive  force  in 
9  can  produce  no  current  in  A.     Hence  the  same  proof 
lows  that  B  may  be  removed  without  affecting  the 
rrent  in  A, 
{  A,  S,  C,  D  he  four  points  of  meeting  in  a  net-  Theorems 
pk  of  linear  conductors,  in  one  wire  of  which  joining  ^^J^'^ 
T  there  ia  an  electromotive  force,  while  CD  is  con-    of  Con> 
Jcted  by  one  or  more  separate  wires,  the  network  can 
1  reduced  to  a  system  of  six  conductors  arranged  as 
ID  Tig.  34,  and  such  that  the  wires  AB,  CD,  the  currents 
in  them,  and  the  potentials  at  their  extremities  remain 
uuchangeii.     For  currents  will  enter  any  one  mesh  of 
}  network  at  certain  points  and  leave  it  at  certain 
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;ma  other  poiuts,  One  of  the  former  points  must  be  ! 
'^^  point  of  masimum  potential  in  the  mesh,  one  of  tiie 
n-  latter  the  point  of  minimum  potential.  The  circuit  of 
the  mcah,  therefore,  conaiats  of  two  pai'ts  joining  these 
two  points,  and  to  any  point  in  one  of  the  parts  will 
corresponil  a  point  of  the  same  potential  iu  the  othur 
part.  We  may  therefore  suppose  every  point  in  one 
in  coincidence  with  points  of  the  same  potential  in  the 
other ;  that  is,  the  mesh  replaced  by  a  single  wire  joining 
the  two  points,  and  such  that  the  currents  entering  or 
leaving  it  by  wires  joining  it  to  the  rest  of  the  system, 
and  the  potentials  at  the  points  of  junction,  are  not 
altered. 

Since  the  only  electromotive  force  ia  in  the  wire  AS, 
the  current  must  enter  the  network  at  one  of  its 
extremities,  A,  say,  and  leave  at  the  other  extremity,  A 
A  and  B  are  therefore  the  points  of  maximum  and 
minimum  potential  of  the  network.  Hence  we  ctu 
replace  the  meshes  of  the  system  one  by  one  by  single 
wires,  keeping  CD  unaltered  until  we  have  reduced  the 
network  to  two  meshes,  one  on  each  aide  of  CD,  con- 
nected by  single  wires  to  A  and  B  respectively.  Each 
mesh  and  connecting- wire  can  be  replaced  by  two  wirea 
joining  A  and  B  respectively  with  CD,  and  thus  tie 
whole  system  is  reduced  to  an  equivalent  system  of  the 
form  shown  in  Fig.  34.  We  can  now  deduce  from  this 
simple  system  relations  for  the  currents  and  potentials 
in  the  conductors  AB,  CD,  which  will  hold  for  these 
conductors  in  the  more  complex  system. 

Let  the  electromotive  force  hitherto  supposed  acting 
in  A£  be   transferred   to    CD,   while   the    resistaaceB 


r 
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J  are  maintained  unaltered.     The  value  of  7^  will  1 
be  obtiiiited  from  (15)  by  retaining  the  numerator  nn-  „ 
altered  and  interchanging  r^  and  r^,  r,  +  r^  ami  r^  -i  r^, 
I  and  Tg   -I-  r^  in  D.     But  these  interchanges 
I  not  effect  any  alteration  in  the  value  of  D,  and 
nee  the  new  value  of  7^  is  equal  to  the  former  value 
r  75.    Hence  the  theorem : — An   electromotive  force  ^ 
Brhick,  placed  in  any  conductor  Ci  of  a  linear  eystem,  1 
I  current   to  fiow  in  any   other  C,  would,  if 
laced  in  Cp,  cause  an  equal  current  to  tlow  in  C|. 
If  the  arrangement  ia  such  that  when  the  electro-  c 
lOtive  force  is  in  Ci  the  current  in  C'^  is  zero,  the  current 
in  C|   will  be  zero  when  the  electromotive  force  is  in 
C„;  and   no  electromotive  force  in  one  will  produce 
a  current  in   the   other.     The  two  conductors  are  in 
this  case  said  to  be  conjugate. 

We  can  easily  obtain  another  important  theorem. 
The  five  conductors  AO.  AD,  BG,  BD,  CD,  in  Fig.  3-t 
may  be  regarded  as  the  reduced  equivalent  of  a  network 
of  conductoi's,  at  one  point  of  which,  A,  a  current  of 
amount  y^  enters,  and  at  another  point  of  which,  B, 
the  same  current  leaves.  Multiplying  the  expression 
for  7^  by  r^,  we  get  for  the  diflference  of  potentials 
between  C  and  D  the  value 


••.('. 


'Jl'. 


.(20) 


But  the  resistance  of  the  system  of  five  conductors, 
iween  the  points  CD,  ia 
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Conjugate  and  if  a  current  of  amount  7^  enter  at  G  and  leave  at 
ductors.  A  *1^G  diflference  of  potentials  between  C  and  D  will 
be  equal  to  this  expression  multiplied  by  7^.  The 
product  multiplied  by  r^\{r^  +  r^  is  the  diflference  of 
potentials  between  G  and  A,  and  multiplied  by 
^3/(^3  +  ^4)  is  the  diflference  of  potentials  between 
G  and  B,  Hence  the  difference  of  potentials  between 
A  and  B  is  the  difference  of  these  products,  or 


Sj'pond 


^5(^1  +  ^2  +  ^3  +  O  +   O'l  +  ^2>X^8  +  O' 

the  same  value  as  that  given  in  (20)  for  the  difference 

of  potentials  between  G  and  D,    Hence  the  theorem  : — 

Reciprocal      If  to  a  Current  entering  at  one  point  -4  of  a  linear 

Kelaiioi).   system  and  leaving  at  another  point  J?,  there  correspond 

a  certain  difference  of  potentials  between  two  other 

points  G  and  i>,  then  to  an  equal  current  entering  the 

system  at  G  and  leaving  at  D  there  will  correspond 

the  same  difference  of  potentials  between  A  and  B* 

Efr«'ct  of       The  following  result  is  easily  proved,  and  is  frequently 

of  a  Single  useful.     If  the  potentials  at  two  points  A^  B,  of  a  linear 

^  ire^to    system  of  conductors  containing  any  electromotive  forces, 

System,    be  F,  V  respectively,  and  R  be  the  equivalent  resistance 

of  the  system  between  these  two  points,  then  if  a  wire 

of  resistance,  r,  be  added,  joining  ABy  the  current  in 

the  wire  will  be  ( F'  —  V*)I{R  +  r).     In  other  words  the 

linear  system,  so  far  as  the  production  of  a  current  in 

*  The  theorems  just  proved  havo  been  obtained  in  different  ways  by 
Kirchhoff  {Pogg.  Ann.  Bd.  72,  1847,  and  Chs,  Abhand.  p.  22),  and 
Maxwell  {El.  and  Mag.  vol.  i.,  p.  371)  from  a  consideration  of  the 
general  theory  of  a  linear  system. 
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STEADY  FLOW  IN  NON-LINEAR  CONDUCTORS. 

added  wire  is  concerned,  may  be  regarded  as  a  single 
conductor  of  resistance  It  connecting  the  points  AB  aud 
containing  an  electromotive  force  of  amount  V—  V. 
For  let  the  points  A  and  S  be  connected  by  a  wire 
of  resistance  r,  containing  an  electromotive  force  of 
amount  V  —  V  opposed  to  the  difference  of  potentials 
between  A  and  B,  no  current  will  he  produced  in  the 
ire,  and  no  change  will  take  place  in  the  system  of  con- 
[ctora.  Now  imagine  another  atate  of  this  latter  system 
of  conductors  in  which  an  equal  and  opposite  electro- 
motive force  acts  in  the  wire  between  A  and  B,  and 
there  is  no  electromotive  force  in  any  other  part  of  the 
system.  A  current  of  amount  (V  —  V)j(li  +  r)  will 
the  wire.  Now  let  this  state  be  superimposed 
the  former  state,  the  two  electromotive  forces  in  the 
ill  annul  one  another,  and  the  current  will  be 
unchanged.  The  potentials  at  different  points,  and  the 
imrents  in  different  ports,  of  the  system,  will  be  the 
sum  of  the  corresponding  potentials  and  currents  in  the 
two  states,  and  will  therefore,  in  general,  differ  from 
those  which  existed  before  the  addition  of  the  wire. 


So  fnr  we  have  conaidered  only  coses  of  steady  flow  in  con-  ,Sie«d*^ 
ductnra  wliich  are  called  linear — that  ie,  conductors  for  wbicli  it  is  Flair  ^ 
convenient  io  consider  the  lota!  current  flowing  from  one  equi-  Non-l 
potentirtl  aurface  to  another,  and  when  no  electromotive  fores  Iiaa  Linwtffl 
lie  seat  in  tliia  position  of  the  conductor,  to  take  tbe  ratio  of  the  Condm^ 
difference  of  the  potentials  of  tlie  surfaces  to  this  total  current  as  t*"*-  j 
tlie  resistance  between  the  surfaces.  It  is  of  importance,  how- 
er,  for  tlie  comparison  of  esperiment  with  theory,  to  consider 
-  distribution  of  the  flow  iliroughout  conductors,  and  the 
e  of  the  equipolential  surfaces  in  different  cases,  and  for 
a  purpose  it  is  necessary  to  find  the  differenlial  ei^uation  of 
t  potential  for  the  case  of  Rteady  flew  in  uny  one  medium,  and 
medium  to  another.     Wc  shall  consider  onlj-  isotropLc 

Itol.  l  h 


I 
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media.    The  theory  given  above  (pp.  103-106)  for  the  flow  of 

Iieat  is  directly  applicable. 

0hm*8         AssumiDg  what  is  the  fundamental  principle  of  the  theory  of 

Law;  Non-  Ohm,  that  the  rate  of  flow  of  electricity  at  any  point,  jr,jr, «,  in  any 

Linear      direction  is  directly  proportional  to  the  gradient  of  potential  at 

Conduc-    that  point  and  in  that  direction,  we  have  for  the  flow  of  electricity 

^^'       per  unit  of  time  per  unit  of  area  in  each  of  three  mutually 

rectangular  directions  in  an  isotropic  medium  the  values 


—  k —  » 
dz 


since  the  flow  takes  place  in  the  direction  in  which  F*  diminishes. 
The  coefiicient  k  is  the  Specific  OmductivUy  of  the  material,  and  is 
measured  by  the  reciprocal  of  the  resistance  between  two  oppoeito 
faces  of  a  centimetre  cube  of  the  substance. 

Considering  now  an  elementary  rectangular  parallelepiped 
having  edges  of  lengths  dx^  </y,  dz^  and  its  centre  at  jt,  jr,  r,  and 
containing  within  it  no  electromotive  force,  we  get  for  the  flow  in 
the  direction  of  x  iuto  the  element  the  value 

and  for  the  flow  out  of  the  element  across  the  opposite  face 

/        dV  d^V     \ 

Proceeding  in  the  same  way  for  the  other  two  pairs  of  faces,  we 
get  for  the  total  excess  of  inflow  above  outflow 

Jr-F  ,iPF      (/Tx 
If  the  flow  is  steady  this  must  be  zero,  and  we  have 


</jr*  ^  ay 


(21) 


that  is,  Laplace's  equation  holds  for  this  case.    The  electric 
density  is  therefore  zero  in  the  interior  of  such  a  conductor. 
Surface         At  any  point  of  a  surface  which  separates  a  medium  of  con- 
Character-  ductivity  k^  from  one  of  conductivity  t^  we  have  the  equation 
i'tic  .^  ,^ 


dp,  ^  "*  dr^  -  " ^^"^ 

where  drdtf^  dFjdPf,  are  the  rates  of  variation  outwards  from  the 
surface  along  normals  r^,  f^  drawn  from  the  point  into  the  media. 


PARTICULAB  CASES. 

'   Putting  kf  =  0,  we  get  for  the  equation  at  the  siirfuce  separatinj;     Sgrike^l 
Bonductiiig  meiiiura  from  one  of  zero  conductivity  C'lunwter- 

ijlio 
—   =   0  f231  E']ualiwi. 

lar  tlie  oomponent  of  flow  at  right  angles  to  the  Eurfitco  is  zero  ^^^B 

Wtt  every  point  on  the  surface.  ^^^| 

I      If  on  tne  surface  of  separation  between  the  media  there  be  an  ^^^| 

^detitromodTC  force  £acting  from  the  medium  of  conductivity  i,  ^^^^ 

'o  that  of  conductivity  ii,  we  have  heaides  (22)  the  equation  ^^^| 

Fi-  Fj  -  £  =  0 m)  ^H 

where  F,,  Fj  are  the  polentials  at  tlie  point  but  on  opposite  cuies  ^^^| 

«f  the  Burfnce  of  separation.  ^^^| 

^^f    These  differential  equatioDS  are  prcoisely  similnr  to  the  equa-  EUotro- 

^HKodb  obtiuned  fpp.  102  H  leq.)  fur  electrostatic  phcnuniena  from  atatiu 

^^Hba  thermal  analogy,  and  the  solutions  are,  with  the  Biibslitution  Analogy. 
^HKlnply  of  the  analof^ueB  of  certain  quantities,  nt  once  intern  ret  able 

^^Tiw  flow  of   electricity.     These   substitutions   are  specilic  con-  ^^h 

ductivity  for  specitic  inductive  capacity,  flow  of  electricity  per  ^^^| 

unit  of  area  per  unit  of  time  for  electrostatic  induction,  and  line  ^^^| 

or  tube  of  flow,  for  line  or  tube  of  force.  ^^^| 

We  shall  consider  in  addition  one  or  two  simple  and  intcreattng  ^^^ 

1.  An  annular  space  contained  within  two  cyliridrio  surfaces  is  Particnlnr 

lllled  with  a  conducting  liquid,  and    the   inner   nndouler  sur-  Caaps  of 

s  are  maintained   at  given  potenlials;  it  is  required  to  find      Flow, 

)  resistance   of  the  liquid  for  conduction  between  these  two 

[  Let  the  inner  and  outer  radii  of  the  space  be  dennted  by  r„  tt, 
d  the  distance  of  any  point  from  the  common  axis  by  r.     Wo 
Bay  take  the  flow  ax  everywhere  radial  between  the  two  cylinders. 
'  place's  equation  (21)  tecoinea 

s?+r:=" <-> 

J  integration  this  gives 

dF 

'rf.=^ (2«) 

r=Aiogr+JI <27) 

fence  if  r„  F,  be  the  inner  and  outer  potentiaia  we  have  by  (27) 
r,  =  .i  log  n  +  B, 
F.=^  A  log  r,-\-  B; 

U   2 


TllKOEY  OF  FLOW  OF  ELECTEICIT! 
1"  nnii  thereforo 

f\  -  r^  =  J  log  ^'  . 

But  if  /  he  the  length  of  the  cylinder,  F,  the  grenter  potontlal, 
and  t  tlie  npedlio  condiictivitv  of  the  lt(|uii),  the  totnl  current 
ia  -  'iwilr.  dF/Jr  or  -  2iriU.  'Hence  we  hnve 

The  fxpression  on  the  rig-ht  is  the  total  reRistance  of  the  liquid 
for  conduoKon  hetweenthetwo  cylinders,  and  depends  odIj>  on  tlie 
ratio  of  the  two  rndii,  and  not  on  their  abaoliite  amountfl.     Tfait 
iit  the  rase  of  the  odlumn  of  liquid  between  two  cooxinl  cylindrie 
plates  in  a  voltaic  cell.     This  result  ini(;ht  have  been  ubtoinod 
by  interpretation  from  the  equation  for  V,  p.  5S  above, 
.     Bmall         2,  Two  smidl  highly  conducting  spherical  eleetrodes  kept  ftt 
Spherical    different  pofenliala  are  buried   in  an  infinitely  extending  con- 
Electrodes  ductor  of  comparatively  nuicli   lower  specific   conduplirity   k: 

'".  it  is  required  to  find  the  resistance  between  the  apherGa. 
«'!jfil?  The  potential  of  each  sphere  must  be  nearly  tlie  same  through- 
out its  mass,  and  if  the  distance  apart  be  great  in  comparison 
with  the  potential  at  any  point  in  the  neighbourhood  of  eitlier, 
will  be  nearly  in  inverao  proportion  to  the  distance  of  tho  point 
from  the  centre  of  the  sphere.  Thus  if  f,,  F,  be  tho  potentiolB 
of  the  spheres  in  order  of  magnitude,  and  r,,  r,  the  rndii,  tho 
potential  at  such  a  point  will  he  FJr  in  one  case  and  FJr  in  the 
other  if  r  be  the  distance  of  the  point  from  the  sphere  in  ques- 
tion; and  the  corresponding  outward  gradients  of  potential 
JF/dr,  dVjdr  will  be  -  Fijr*,-  FJA  This  gives  at  the  surfftcea 
of  thft  eleotrodes  the  ralues  -  Fjr,*  and  -  FJrJ'.  The  outward 
flow  from  the  sphere  of  higher  potential  is  therefore  iwtF^  and 
the  inward  flow  over  the  other  —  4jtiF^  Hence  if  y  be  the  totaJ 
current,  we  have 

y  «  2r*Cr,  -  F,). 


PARTICCLAK  CASES. 


with  tlie  "  enrthing"  of  lelegraph-wireH  niid  otlier  conduclors,  for 
we  infor  that  the  resislance  between  two  electrodes  buried  in  the 
eartli  is  prSL-tically  iodepeodeat  of  their  diBtance  apart 

If  the  coDductar  were  separated  into  two  parts  by  a  plane 
paaeiDg  through  the  centres  of  the  splieres,  the  reslHtance  between 
the  homiBphericnl  electrodes  in  eacli  part  would  be  double  that 
given  by  (30),  or  l/iri. 

3.  Tm  same  case  as  in  2,  esoept  thnt  ttie  electrodes  are  circu- 
\k  diacs.  Supposing,  as  before,  tlie  electrodes  to  he  at  a  distance 
ereat  in  comparison  with  either  disc,  the  distribution  of  potential  ^ 
in  the  medium  surrounding  either  is  the  same  approximately  as 
it  would  be  if  the  electrode  were  alone  and  chari;en  in  an  inhnite  , 
inedtum.  Letr,.  r,  be  the  radii  of  the  disre,  F,,  r,  their  potentials 
in  order  of  magnitude.  If  ir  be  the  electric  surface  density  at  any 
point  on  the  surface  of  the  disc  at  potential  f,,  then  the  outward 
normal  eoraponent  of  electric  force  —  dF/dv  =  iira:  Hence  inte- 
grating over  the  whole  disc  (boili  faces),  end  pulling  Q  for  the 
—whole  charge,  -  (dt.dF/dt^ivQ.  But  the  total  outward  flow 
hT--*l*(IJ.  dF/dy  =  i7rkq  =  8kFin  [by  (55)  p.  53  above].  In 
■'  e  way  f  roiu  the  other  disc  y  =  4iriQ^  =  —  SkF^,.    Hence 

\r,  =  -  F^r^  this  gives 


-  (31) 


f  We  infer  that  the  parts  of  H  due  to  the  respective  discs 

We  l/8tr.  and  l/Skr^ 

'   If  the  fliscs  lie  in  the  bounding  surface  conduction  takes  place 

J!tom  only  one  face  of  eacli,  and  the  value  of  M  ia  twice  that  just 

bbtnined. 

I    This  result  gives  an  inferior  limit  to  the  correction  to  be  made   ( 
Bon  the  resistance  of  a  cylindrical  wire  which  is  joined  to  a  large 
mass  of  metal.*     Let  the  junction   be  made  by  a  thin   disc  of 
perfectly  conducting  matter.     The  end  of  the  wire  will  be  brought    - 
tfl   one  potential,  and  therefore  its  conducting  power  up  to  the  j' 
disc  fully  made  use  of.     Hence  an  inferior  limit  to  the  correction 
ie  an  addition  of  Ijikr,  to  the  resistance,  or  if  f  be  the  conduc- 
tivity of  the  wire,  of  irk'r/ik  to  the  length.     Lord  Rnyleifih  h«8 
given  '8242  /^r/le  as  a  superior  limit  to  the  addition  to  the  lengtli. 


I,  SI.  uKdMag.  vol.  L  pp.  390,  387  [sac  ed.). 
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VARIABLE  FLOW. 


VARIABLE  FLOW. 


HlTHKHTO  w 


e  have  boen  dealing  witli  caBca  in  which  the  time- 
in  at  the  electriu  flow  is  zero,  and  have  seen  that 

y  tlie  theory  of  such  cases  is  analogous  to  that  of  the  stonily  fii 
of  heat.  Wo  eUall  now  consider  cases  of  variable  flow  uadiC, 
the  conditions  stnted  above  that  no  effect  of  electromngnetio 
peristaltic  induction  Ib  tahen  into  accoimL  The  theory  of  m 
oases  is  also  analogous  to  that  of  the  flow  of  heat,  in  fact-', 
have  only  to  modify  Fourier's  solutions  for  the  variable  flov 
heat  to  suit  the  particular  electrical  problenia  which  it  is  rtton 
iin|iorIaiit  to  solve.  The  justification  of  thia  procese  is  of  coutae, 
as  in  other  cases,  to  be  found  in  the  agreement  of  tlio  results  witli 
tJiose  of  experiment. 

if      Wo  consider  first  the  following  problem,  which  is  that  of  a 
single-wire  telegraph  cable  : — A  homogeneous  wire  of  unifomi 

■  cross- sect  ion,  covered  uniformly  ivitli  a  coaling  of  matarial  of 
r  compnratively  small  conductivity  the  external  surface  of  which 

■  is  kept  at  zero  potential,  has  one  end  brought  to  a  potsntnt 
f  ulfilliag  some  specified  law  of  variation  and  existing  for  as'** 
interval  of  time,   while  the  other   end   is   maintained   at 
potential  ;  it  is  required  to  find  tlio  (lolentlal  and  current  at 
point  in  tlie  wire  at  nny  specified  instant.* 

The  equipoteniial  surfaces  in  the  wire,  it  is  evident,  will  not 
differ  sensihly  from  pinnes  at  right  angles  to  t^e  axis,  and  we 
may  therefore  lake  the  potential  as  having  the  same  value  ftt 
every  point  of  nny  such  cross-soction.  By  Ohm's  Law  the  Hux 
of  electriuitv  across  a  cross-seclJnn  at  which  the  potential  is  F" 
is  (p.  162  above)  -  kdF/di.  Let  J.  B,  C  be  three  crow- 
tvctiouB  in  the  wire  in  the  order  from  left  to  right,  tind  let  tho 
distance  of  B  from  A,  and  of  Cfrom  if,  he  very  small  nnd  equal 
to  iir,  so  that  Ar  in  tli«  distance  of  C  from  A.  If  jr/nCi  he  "-^ 
gradient  of  potential  at  S  tJiu  gradient  at  J  or  at  C  is  given 


itr 


1 


*  The  electrical  consliuitK  of  the  uniling  snii  n^aiiviiiK  appanitiii  are 
here  negkcted.  In  pmctico,  except  in  Ihp  i'a»  uf  d  long  cable,  Uimb 
eonsiants  miiitl  be  1a1h-ii  into  aecount.  Smiio  further  tnatmeat  «' 
this  snliject  will  be  given  in  a  l»t«r  cbipter. 


^^Wconltng'  HE  t 


VABIABLE  LINEAR  FLOW. 


f  HE  tlifl  upper  ur  lower  sign  is  tnkeo.     Tiiking  now 
e  k  aa  the  conduotivity  of  tlie  conductor  uer  unit 
of  length,  we  linve  by  Ohm^  law  for  the  flow  towurdB  tlie  right 
across  A  and  C  respectively  the  eipresaiooH 


Tlie  flow  acroHS  the  outer  aurfaco  is  proportional  to  tlic 
difference  of  poleufialH  hetwoeu  the  wire  and  the  eilemal 
Burfaoe  of  the  coating,  that  JB  1o  K  It  we  denote  by  A  tlie 
conductivity  of  unit  lenglb  of  iha  coating,  the  time-rate  of  Iobb 
of  charre  acroBB  the  lateral  aiirface  of  the  portion  between  A  and 
C  is  iFOx.  The  total  rate  of  loss  of  thorge  from  thifl  portion  of 
tlie  wire  is  equal  to  the  eieesa  of  the  rate  of  lose  oeroas  C  and 

Iie  lateral  surface  above  tlie  rate  of  gain  acroas  A,  mid  is 
«refore 
The  effect  of  loss  of  charge  must  be  to  lower  the  potential  of 
IB  element  between  A  and  C,  mid  the  rate  of  fall  of  potential 
ast  be  equal  to  the  loat  exprefsion  divided  by  the  electrostatic 
>p»city  of  the  element.  By  (60),  p.  56,  the  capacity  of  tlie  wire 
per  unit  of  length,  if  of  circular  aection  and  covered  with  a  coaiial 
inaulating  coating  also  of  circular  section,  Ik  1/2  log  (j/a),  where  a 
is  the  internal,  6  ihe  external  rndius  of  the  covering. 

Denoting^  thia  by  <•,  we  have  for  the  capacity  of  the  element    j 
e.&r.     Dividing  the  rate  of  Iubb  of  charge  by  this  number,  and 
equating  tlie  result  lo  -  dl-'/dl,  the  time-rate  of  full  of  potential,    i 
wb  get  the  differential  equation  o 

dF       k  d^F       h  ^  '■ 

I 
This  is  precisely  the  same  ss  the  eijuation  of  the  linear  motion    ' 
of  heal  given   by  Fourier,*  and  his  solutions  are  immediately 
applicable.     It  b  of  course  for  A  ^  0  a  particular  case  of  (97), 
p.  105  above. 


*   TheorU  Anaiyliqua  dt  la  Chaleur,  Chap.  IL  Art.  105. 


VARIABLE  FLOW. 


mplified  by  writing  V 


di 


'  d^'  • 


which  is  the  differentittl  equation  for  A 

leaknge.  A  solution  for  the  latter  Cftse  can  be  converted  inta 
one  for  nny  valuo  of  i  by  eimply  multiplying  the  poteotial  found 
by  ,-iWo, 

Sir  William  Thomson  has  given  the  name  diffusivilij  to  tho 
quantity  t/c,  and  deisntcs  it  by  k.  The  quantity  A  corre«ponda  to 
what  for  thermal  nidiation  he  baa  iiaWea  emimrity* 
rCiblo  ot  To  integrate  (32)  for  the  case  proposed  above,  let  firmt  the 
Finite  end,  *  =  0,  of  the  cable,  to  which  the  battery  is  applied,  be 
LcnKth.  brought  auddenly  at  time  /  =  0  lo  potential  ^^  and  kent  at  that 
Integral  poteutial  ever  after.  Let  x  be  measured  from  that  end,  and  let 
for  one  end  J  be  the  lenglh  of  the  cable.  The  potential  for  *  =  /  is  likewiae 
uteonetBot  always  zero;  and  there  is  a  continual  approach  with  lapse  of 
potential,  time  to  a  state  of  uniform  Tarintion  of  potential  with  reraslance 
J  end  to  the  other.  These  eondiU'onB  are  fulfilled  and  the 
difforentkl  equation  siitieSed  by  the  solution 


r«  r- 


rf-.)*'*;"  -  ,-(i-.)Vv« 


+  r^-"'"  X  ^" 


where  t  is  a 
It  only  rt 
only  infiniti 
for  every  other 

equation 


iteger,  and  k  ii 

8  to  determine 

greater  than  0,  F  = 
le  of  X.     Putting  t 


s -«..•.■"■ 


rf-ifv'wirf  -  »-<i-rt*'»/^ 


1 

hen  f  is 

Dd    =^  0 

get  the 

1   ttitt^^ 


which    must    hold   for   every   value   of  x  greater   than    ; 
Multiplying  both  sides  by  sin  (Jirx/I)iir,  where  J  is  any  integer, 
■nd  integriiling  from  *  =  0  to  j^  =  /,  we  get  on  -"--  '-'■  '---- 

•  £nevel.  Brit.,  Art.  "  Hoaf,  g  71. 


^V  FLO' 

^^■terjr  term  vanishes    except  that    for  which  /=  t)  At.  Ill; 

^Bnd  on  tlie  right  -  i,ricfr/(iVro  -f-  hP).    Hence  (33)  becomes 

I       - 

The  series  on  the  right  Is  convergent,  and  admits  of  easy  n 
evaluation. 

If  the  lenkoKe  is  inconsiderable,  Uiat  ie,  if  i  may  be  taken  as 
zero,  Ibe  eciuation  reduces  to 


FLOW  ALONG  TABLE  OF  TINITE  LESGTH. 


r/-^'-2n^  i. 


1 

atential 


I'Froin  this  we  obtain  the  current  y  at  distance  r  from  the  end 
"  0  (the  sending  end)  by  finding  -  UF/dt.     We  thus  get 


Current  nt 
diitanco  x 

Bending 


-"•Si 


[  When  X  =  i  and  A  =  0,  this  tieeomea 


/ 


{i  +  2S(-')'' 


a  rapidly  convergent  series  which  gives  the  current  at  the  end 
X  =  i  (Uie  reoeiving  end}  when  tbe  leokuge  is  zero. 

The  ordinales  of  curve  A,  Fig.  35,  calculnted  from  (37),  give 
tbe  values  of  y  for  different  values  of  (  as  ubscisBS.  The  linal 
value  of  the  current  is  lukcn  as  unity  ;  and  a,  tbe  unit  of  the 
scale  nt  ahscipsee,  is  for  tbe  reason  stilted  below  made  to  represent 
/  ^  2/'/r'k  .  log  j.  Tbe  Slim  of  the  series  on  tbe  right  approaches 
4  as  /  is  made  more  and  more  nearly  zero.  Hence  the  current  at 
"  e  end  of  the  cable  is,  oa  was  lo  be  expected,  zero  immediately 
'   the   first   contact.     It  does   nut  diCTer  sensibly  from  eero 


VARIABLE  FLOW. 


J,  that  is    llllfflB 


fjmtil  tlie  first  term  of  the  seriea  is  greater  tlian  J,  t  

is  greater  than  PIit'k.  log  |.  Ttiis  value  of  t  has  been  cnUed  by 
Sir  William  Thoiuson  the  relardation  of  the  cahle.  After  the 
interval  of  retardation  has  elspeed  tlie  current  increases,  as  is 
shown  in  the  diagram,  rapidly  at  first  and  more  and  more 
gradually  afterwai^a  towarda  the  value  ty^Jl,  which  it  roaches 
when  I  =  cc.  This  agrees  with  what  we  ought  to  expect,  aa  i/l 
is  the  reDistance  of  the  whole  cable  and  F^  the  difference  of 
potential  between  its  extremities  :  the  Rta(«  of  the  cable  ap- 
proachea  a  unifunn  gradient  of  potential  from  end  U>  end. 


1 ^f 1 

^ /  Vi  ^M 


I  CrapUic  Curve  (1)  gives  the  current  at  the  receiving  end,  for  difforMJM 
BSolationa  values  of  t  nn  obscisate,  in  the  case  tn  which  the  sending  end  is 
^odifferent  brought  suddenly  to  potential  V„  and  maintained  at  that  poleo- 
tial  fur  an  interval  of  time  0,  or  twice  the  retardation,  and  then 
brought  suddenly  to  zero  potential  and  kept  to  ever  after.  It 
has  been  constructed  by  compounding  with  A  the  aanie  curve  u 
A  drawn  on  the  opposite  aide  of  the  line  of  absciasx  and  beginDlnif 
at  ■  distnnce  a  to  tlie  right  of  zero.  Curves  (2)  nnd  (3}  giv» 
similarly  the  currunta  for  ihe  rases  of  contact  at  the  same  conatUlt 
potential  ksting  intervula,  retipcctively,  four  tiinea  and  six  ti 
tlie  retard  uliun. 


Corre  (B)  gives  the  current  for  llie 
'  *"  "'ely  short.    The  equation  o 


r:  infinilel 
"leiiUy 


wbere  y,  denotes  the  current  at  timo  t  due  lo  -{-  F^  established 
at  thd  origin  wlien  /  =  0,  and  Fi-r  the  current  due  to  -  fu 
ftlone  eatabUshed  at  time  I  =  r.    But  if  r  is  very  smnjl  we  may 


?^'S(- 


^^ho 


pUbw  curve  coincides  with  the  other  cnrvefl  from  /  =  D  to  /  =  a/2, 
rises  rapidly  to  a  maximum  which  it  reitches  when  h^kI/P  ih 

Considering  the  distribution   of  potential  in  two  cables  of  C 
ngtha  /,  /'  with  the  snme  potential  at  the  Beading  ends,  we  see 
points  *,  ar',  fulfilling  ilie  conditiuu  »/l  =  j//f  will  be  at  the 
i  potential  for  the  same  value  of  t  if  k/I'  =  x'll^,  that  ia,  the  ^' 
two  cables  will  huve  the  same  retardation  only  if  the  diffupiivities  °\ 
are  as  the  squarea  of  tliB  lengtlis  of  the  cables.     But  diffuais-ity 
=  k/c  =  tire,  where  r  is  the  resiatance  of  unit   length  of  the 
cable  ;  hence  in  order  that  the  relardution  at  distances  n  varying 
the  lengths  of  the  different  cables,  or  At  the  receiving  ends, 
ly  retualn  constant  re  must  vary  inversely  an  the  square  of  the 
igtb  of  the  coble.    This  meanif  practically  that  tlie  diameter  of 
le  conduulor  and  the  external  and  internal  diameters  of  the 
covering  inu«t  be  doubled  when  the  cable  is  doubled  in  length  in 
order  that  the  apeed  of  signalling  may  remain  unchanged.* 


I 


*  This  conclnition  was  given  by  Sir  William  Thomaon  in  the  early 

^B  ofSubmaiine  Telegraphy,  when  the  Eret  Atlautic  rahlo  wu  ^ing 

~^t«d.  and  the  reeognition  of  its  validity  by  tba»  intereit«d  in 

.1  andertkkingi,  led  to  the  adoption   of   copper  of  the  highest 

„jtibls  conductivity  for  the  condnclora  of  the  cables,  and  of  material 

fepbiiiing  luw  specific  inductive  capirity  with  high  reaislance  for  the 

^ring,     This  has  given  rise  to  a  new  industry,  tlie  manufacture 

m  eommeri'iat  sole  of  pnclically  pure  copper,  now  carried  on  to  an 

.rmoot  extent.     The  scientifle  exiwrimen  Is  made  in  order  to  find 

Ihblc  mstefials  have  added  grentfy  to  knowledge  of  electrical  pro- 

■ ' !»  of  bodies. 


•  Velocity 


W  Jnliniicly 


VARIABLE  FLOW. 

The  some  conclusion,  it  is  to  be  remarked,  may  be  derivi 
llie  diSerential  equation  directly.    For  the  two  equalioEW 

are  identicii  if  j^/i^  =  tr'f'lt're;  in  other  words  two  cables  ■ 
equril  potentials  at  similarly  situated  poinls,  (thtit  is  points  ft. 
wliii/h  xl^^lji'),  Ht  the  Bunie  time,  if  x'l^=rcire.  Tliis  h olds  also 
in  tho  cose  of  leakage  if  the  further  relation  Pjl'^  =  A/ri'ia  ful6lled. 
It  will  be  observed  that  there  is  properly  speaking  no  velocity 
of  propagation  of  electricity  tlirough  n  cable,  la  tue  example* 
given  above  (p.  170)  as  soon  as  contact  is  made  at  Ibe  Eendini;  end 
tho  potential  at  distance  x  begins  to  riee,  inlinitely  slowly  at  fi»t, 
but  with  gradually  increasing  rapidity  until  after  n  certain  interval 
of  time  has  elapsed  the  potential  has  risen  to  a  specified  fraction 
of  its  maximum  amount.  This  interval  of  time  depends  as  wo 
have  seen,  p.  170,  on  the  nature  of  tiie  cable.* 

In  the  case,  however,  of  an  impressed  potential  at  the  seoding 
end,  varying  as  a  simple  hurmonic  function  of  the  time,  ihsre  is 
a  definite  rate  of  propagation  of  the  electric  impulses  through  IllO 
cable.     This  ease  we  shall  consider  later. 

Equations  (31).,.  (39)  contain  tlie  complete  solution  of  tliopro- 

blem  proposed  for  the  different  circumstances  considered ;  and  trom 

this  solution  we  can  easily  obtain  the  solution  of  related  problems 

of  great  interest.    We  shall  consider  first  the  cose  of  an  infiDit«ty 

long  cable,  or  which  is  the  same,  a  cable  whose  length  /  is  great 

in  comparison  with  the  distance  x  of  any  section  considered  ;  and 

we  shall  assume  firat  that  there  is  no  leakage.    From  the  solution 

on  this  supposition  we  caa  easily  pass,  as  shown  above,  to  that 

for  an  infinitely  long  cable  with  a  covering  of  uniform  conductivity 

h  per  unit  of  length. 

n      Assuming  that  i  is  very  great  in  comparison  with  i  we  may 

a  write  in  (35)  o  for  tvf/l,  da  for  itt/1,  and  the  aigii  of  integration 

t   for  that  of: -■—      ''''■■- -i-..:-. 


-  ^ 


,■'.11*'  ai 


aia. 


(40) 


This  integral  may  be  aimplified  as  follows.    It  is  proved  ii 
on  Integral  Calculus  that 


'  dz,  and  putting 
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■ulliplying  bntli  eides  of  tliis  equntion  b}-  dn  and  integrating' 
■Vith  reapect  to  h  between  Uie  limita  0  and  1  (on  the  left  within 
e  lign  of  inlegrutiun),  we  get 

I  /         ,-=>/ui  Binnrfa  =   -Jw  j    2(-"'==  'i 

Wtitisg  the  last  integral  in  the  form    / 
i?  =  «*/4(i/  at  the  anperior  limit  wo  have 

It  baa  been  shown  by  Sir  Williiun  TtioniBon 

where  i  is  an  integer,  and  R  a  quantity  whicli  ia  ineensible  if  a 
is  ao  large  tbnt  to  the  degree  of  nccuracy  to  which  the  value  of 
f-*  is  desired  t-«^/*  amy  be  neglected, 
^_      By  multiplying   both   eides  of  this   equation   by  /{z)di   and 


d,)    , 


Colcola- 

Poteu  title. 


HbtegratiDg  between  0  and  t 

■■Miy  case  in  wliicli  |    /(/)  cof 
Putting /W  =  1  we  get 


'e  can  evaluate 
Vila) .  dc  can  be 


|]  ■-'/(.•)J,  in 
easily  calculated. 


„(2(_+l)» 


+  S, 


^^■rtiere  S  ia  insensible  if  a  fulfilB  the  condition  already  stated. 
^^Bha  series  is  rapidly  convergent,  and  a  very  few  terms  suffice 
^^B>  give  the  numerical  value  of  tbe  integral  to  a  high  degree  of 

^^V  Cslcaliiting  tiiuH  the  values  of  F  for  different  values  of  I  and 

^^  single  value  iif  z,  uud  plotting  the  resulte  with  values  of  /  as 

■bscissn  and  the  correBponding  values  nf  F  as  ordinates  we  get 

•  J/oCA.  and  rhya.  Faptrt,  voL  ii.  p.  68,   'On  llio  Cakulation  of 
endenls  of  the  farm    I 
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the  curve  A,  Fig.  36,  which  therefore  represents  the  rise  of 

potential  at  the  distance  x  from  the  origin  after  the  establishment 

of  potential  ^  at  the  origin. 

Graphic        ^  ^^^  potential  at  the  origin  be  maintained  at  V^  for  an  interval 

Solutions   of  time  r,  and  be  then  brought  to  zero  and  kept  so  ever  after,  the 

for  Short   potential  at  any  section  at  distance  x  may  be  supposed  produced 

Contacts,    by  supposing  impressed  at  the  origin  a  potential  V^  from  i  ^  0 

to  t  =  r,  and  a  potential  -  Fo  from  /  s  r  to  /  «  oo .    This  mav 

be  supposed  done  by  connecting  for  an  interval  r,  at  the  end, 

X  =  0,  of  the  cable  one  terminal  of  a  suitable  battery  whose 
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resistance  is  small  compared  with  that  of  the  cable,  while  the 
other  terminal  is  connected  with  the  earth,  then  disconnecting 
the  battery  and  keeping  both  ends  of  the  cable  in  contact  with 
the  earth.  The  curve  of  potential  for  the  former  of  these  is  Ay 
that  for  the  latter  is  simply  A  drawn  on  the  opposite  side  of  the 
line  of  abscisssB  and  beginning  at  a  distance  r  to  the  right  of 
zero.  The  resultant  obtained  by  compounding  these  two  curves 
shows  for  the  case  considered  the  variation  of  potential  at  distance 


k  from  the  origiD.    Potential  curves  <lrftwn  la  i 
given  in  Fig.  36,  {1)  for  r  =  i^/4«,  (2)  for  t  =  ^li'/U,   (3)  for 
r  =  Sj'lit,  that  is  for  values  of  t  respectively  a,  2a,  3a  on  tlie 
Kale  of  the  dia^^m. 

Curves  can  be  drawn  ia  a  aimilar  manner  for  other  cases;  for 
exninple  tLe  cane  of  potential  at  tlie  origin  -f  ^o  '''*'  ""  'Utervnl 
3^  then  —  Va  for  an  equal  interval,  then  +  ^i  for  an  interval  a, 
uid  xero  potential  ever  after.  This  curve  would  be  drawn  by 
compoundtag  with  the  curve  A,  Fig.  36,  three  other  curves,  as 
follows, — a  negative  curve  with  ordinates  double  thonc  of  A  fur 
the  same  abscisse,  and  starting  at  f  =  3a,  a  positive  curve 
preciaeljr  the  same  as  the  last  in  ordinates  and  ab!<ciss»,  and 
■tarting  at  f  =  da,  and  lastly,  a  negative  ourve  precisely  tho 
Mine  ae  A  starting  from  (  =  7a.  Anotlier  importnnt  case  is 
that  in  wliicli  the  potential  at  the  origin  is  I't,  for  say  3a,  then 
-  r„  for  2a  and  siero  ever  after.  The  curve  for  this  case  would 
1»  drawn  by  omitting  the  last  curve  of  the  previous  eiample, 


Solutions 
for  Short 


making  the  positive  c 


!  start  at  ^  =  6a,  instead  c 


I 


These  examples  are  of  interest  as  ilhistraling  what  ia  called 
"oiirb'Sigualling"  through  telegraph  cables.  When  to  produce  S 
a  signal  the  battery  is  applied  at  the  sending  end  of  the  cable  for 
any  interval,  and  that  end  then  placed  in  contact  with  the  earth 
aa  In  ordinary  uncurbed  sigcailirg,  the  potential  at  a  distance  x 
npidly  naen  and  then  slowly  falls.  To  more  rapidly  discharge 
the  cable  so  as  to  bring  tho  effect  of  one  signal  to  zero  before 
mother  ia  begun,  and  thus  render  the  signals  sharper  and  more 
^distinct,  the  operator,  instead  of  putting  the  cable  to  earth  after 
"a  first  application  of  the  battery,  reverses  the  battery  on  tho 
ble,  ganerally  for  a  shorter  interval,  as  in  the  second  case  just 
soribed,  and  then  connects  to  the  earth  before  beginniog  tlie 
_Xt  rignal.  Tliia  has  been  called  signalling  with  single-cuTh. 
HtAad  however  of  thua  dividing  the  signal  into  two  parts,  a 
Hsitive  and  a  negative,  the  operator  may  arrange  to  divide  it 
mta  three  parts,  a  positive,  a  negative  and  a  positive,  of  suitable 
laratioijB,  Bsy  2a,  2a,  a,  or  3a,  2a,  a,  and  then  connects  to  earth. 
Hie  effect  of  the  positive  third  part  is  to  render  the  potential  of 
*  B  cable  more  nearly  ^ero  throughout  at  the  end  of  the  signal. 
I  been  called  Bignolliiig  with  tiatihU-eurh*  Curve  (o) 
ahows  the  current   in  the  cable  for  the  case  of  cnrb- 

*  An  instrument  by  which  the  atgnnls  are  made  and  the  curli,  cither 
ingin  ot  donb!«,  in  any  required  nropnrtions,  ii  applied  aatomatically, 
at  b«en  invented  by  Sir  Willinm  Thcrmson.  For  deucripljon  see 
inrnal  ^  Itm  Society  of  TeUgraph  Enginccn  for  1876. 
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signalling  in  which  the  positive  pole  of  the  battery  is  applied  for 

an  interval  3a/2,  the  negative  n>r  an  equal  interval,  and  lastly 

tlie  positive  for  an  interval  a/2. 

Analytical      The  equations  of  the  curves  (1),  (2),  (3)  of  Fig.  36  are  easily 

Solution    obtained  from  (41)  above.    For  let  Vt—r  denote  the  potential  at 

for        distance  x  from  the  origin  due  to  potential  Vq  established  at  the 

Infinitely   origin  when  /  =  r,  and  U  the  potential  at  x  after  time  ^  due  to 

Short       +  Vq  established  at  the  origin  when  /  =  0  with  —  F^  superim- 

Contact,    posed  when  /  =  r.    We  have 

U^  Ft-  Fi-T (42) 

If  r  be  small  we  may  write  this  equation 

„         dF         dF  dz 
at  dz    dt 

Using  this  in  (41)  we  get 

^=2-ffl'-"'*" (^^> 

If  the  interval  r  be  finite  then  plainly 

jr=  -^  r—^,  «-^/M«-«)rf^  .    .    .    (44) 

2»rW  J  oli^  0)' 

where  6  is  any  value  of  t  less  than  r. 

In  actual  practice  the  value  of  the  potential  at  the  origin  is 
not  constant  throughout  the  whole  interval  during  which  the 
battery  is  applied  but  varies  with  the  time.  Hence  the  potential 
at  the  origin  after  the  interval  has  e^.apsed  from  the  instant  at 
which  the  battery  is  applied  may  be  denoted  by  F(ff).  This 
substituted  in  (43)  for  Fq  gives 

and  (44)  becomes 

U  =  ~  r  ■r^^.i  €-«Wt-i^)  de  .    .    .    (46) 

It  ie  to  be  noted  that  only  values  of  /  which  are  greater  than 
T  can  be  "sed  in  the  evaluated  integrals  of  (44)  and  (46). 
The  current  y  at  time  i  and  distance  x  from  the  origin  can  be 
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by  calculnling    -  i.dF/ilx.      For  eiuiupli 


a1''.1'^_*^.-,./^.    .     .    .    (47)    CkuU- 


vhicb  gives  tlie  current  at  distHnce  x  from  the  sending  end  in  a 

'  '       '  ■  '    ■  lo^g  ()]nt  kf^/i  is  negliipble.     Tiie  value  of  y 

foi  /  =  i=/L'«,  und  grftdually  fallB  lo 


for  Long 
CoQlsci. 


■With  /,  is 


80  greiit  thiit  kFJl 
he  i-estored  to  eauat 
in   this  case, 


n  be  neglected,  tliB  term 

(41)  before  diEferentiHtion. 

distance  »  small   in  compuiisun 


,rH'')t  / 


.■Willi 

Wnd  contiauitlly  approaches  the  value  kF^t.     The  character  of 
the  curve  is  the  surae  as  that  of  J,  Fig.  35,  above. 

The  equation  for  y  in  trie  case  of  an  infinitely  short  contact  is  C 
obtained  from  (43)  us  before  by  calculuting  —  kJUIdx.    We  got 

Tl 


(48) 


(49) 


This  has  a  masimum  for  t  =  x^l\2tl,  is  zero  for  (  =  i^I2k  and 
rhegative  for  greater  values  of  t,  and  gradually  approauhea  zero  as 


I 

^of     - 
Short 


In  practice  the  speed  of  ttignalliiig  is  increased  by  the  use  of 
candensers,  so  that  tlie  conductor  of  the  cable  ia  kept  insulated. 
One  terminal  of  the  battery  is  connected  to  eurtb,  the  other  lo 
one  surface  J  of  a  large  condenser,  the  other  surface  of  wliich 
Bis  joined  n-ith  the  near  end  of  the  cable.  The  farther  end  of  the 
coble  is  in  contact  with  one  surface  W  of  aDOtber  large  condenser 
of  which  the  other  surface  .4'  is  connected  to  earth.  The  surface 
A  comes  rapidly  after  contact  to  the  full  potential  which  can  ba 
^  )duced  b^  the  battery,  and  the  surface  B  becomes  oppositely 
Aftrged  while  the  surfaces  B  and  A'  at  tbe  farther  end  become 
■iectntied  in  tbe  munner  of  A  and  B  respectively.  There  is  thus 
■  (positive  or  negative)  flow  of  electricity  from  the  battery  to  A, 
not  B  to  B'  in  the  (^aute  and  from  A'  to  earth,  and  this  instead 
(  ooDtinuing  and  Hpproaching  a  steady  state,  as  in  the  cases 
Ureody  considered,  while  tlie  battery  contact  is  niaintalned,  falls 
^  towards  tmo  as  llic  cable  approaches  a  uniform  potential 
roughout  The  sigwds  are  thereby,  when  the  operations 
VOL.  I.  N 
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described  above  are  perfonned  at  J.  which  is  now  the  send- 
ing end.  rendered  sharper  and  a  higher  speed  of  signalling  is 
obtainable. 
Tran»-  We  sitall  conclude  this  part  of  the  subject  with  tiie  solution 

misiion  of  for  an  infinitely  lotjg,  well  insulated  submarine  cable  with  a 
Electric    potential  at  the  origin  varying  according  to  a  simple  harmonic 
Ware      function  of  the  time.     Let  the  potential  be  T^  sin  2ji/,  then  the 
S  l^f  ^     potential  at   distance  x  from  the  origin  and  time  /  measured 
^^^t'^'^  from  any  instant  at  which  tlie  potential  at  the  origin  was  zero 
^'      will  be  given  by  the  equation 

F  =  r^-'*'»  *  sin  (^/  -  Ts'n\ 

for  this  value  of  F  satisfies  the  differential  equation  and  all  the 
other  required  conditions. 

The  interval  between  the  time  of  any  particular  phase  at  the 
origin  and  that  of  the  corresponding  phases  at  distance  x  is 

X  2  sfm*.  and  the  corresponding  value  of  F  is  diminished  in  the 

ratio  of  1  to  c-'*  ■  «.     An  electric  pulse  or  wave  of  potential,  of 
amplitude  diminisbins:  per  unit  of  distance    travelled  in   the 

geometrical  ratio  €~*  ■«'«,  is  thus  propagated  along  the  cable  with 

velocity  2  \  mk,  that  is  the  velocity  of  propagation  is  directly  as 
the   square   n.K>t  of  the  product  of  the  frequency  (sw)  of  the 
oscillation  and  the  conductivity  of  the  cable,  and  inversely  as 
the  electrostatic  capaciry  per  unit  of  length. 
Use  of  Such  a  Iianuonic  variation  of  potential  could  be  produced  at 

Telephcno  the  sending:  end  by  a  telephone  responding  to  a  musical  note  of 
on  Cable,  definite  pitch.  If  tlie  note  have  a  frequency  of  100^  that  is  to 
say  a  period  of  1  100  of  a  second,  and  the  cable  have  a  copper 
conductor  of  resisiance  of  5  ohms  (5  X  10-^^  C.G.S.  electro- 
static units  per  knot,  and  an  electrostatic  capacity  of  "S  micro- 
farad per  knot  (3  X  10*  C.G.S.  electrostatic  units)  the  velocity  of 
propagation  of  the  note  will  be  about  ^30  knots  per  second ;  and 
the  amplitude  will  be  diminished  to  i  its  initial  value  in  traversing 
about  3*2  kn-jis  and  to  |\j  in  traversing  al>out  96  knots.  In  the 
case  '"f  a  telephone  responding  to  notes  of  different  pitches  pro- 
duced simultaneously,  the  pulses  corresponding  to  tJie  higher 
notes  would  be  transniiitetl  with  the  greater  velocities,  and  would 
be  received  in  order  of  pitch  beginning  with  the  highesL* 


*  Th-  subject  of  the  Transmission  of  Eleotri^'^l  Waves  along  a  Wire, 
here  only  touched  u\vyn  under  limitations,  has  l»een  more  fully  dis- 
cussed hy  Profcss^^r  J.  J.  Thomson.  P/vc,  London  Maih,  Soc,  voL  xvii. 
Xocj.  i'72,  273  :  and  bv  Mr.  Oliver  Heavii^iae,  Fhil.  Afag.  Feb.  1S88. 
See  also  Sir  William  Thomson's  Math,  amJ  Phfts,  Pa^rs^  voL  iL 
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US'ITS   AND  DIltEmiONS. 


A   PHYSICAL   quantity  is   expressed   numerically  i 
[Qs  of  some  coovetuent  magnitude  of  the  same  kind  ^ 
unit  and  compared  with  it.     The  expression  of 
quantity   cooaiats  .essentially   of    two    factors,   i 
pwmcm,*    uud    the   unit    with    which    the    quantity   ; 
|nea£ured  is  compared  ;  and  the  numeric  ia  the  ratio  of 
the  quantity  measured  to  the  quantity  chosen  as  unit. 
Thus  when  a  certain  distance  is  said  to  be  25  yards, 
what  is  meant  is  that  the  distance  has  by  some  process 

'  The  term  Kumerie  hii&  been  intnidaced  by  Prof,  JatDOs  Thoiueaa 
tl'honiBDn'a  "Arithmetic,"  Ed.  LXXII.,  p.  i)  m  an  sbbrcviatioD  ot 
pnnmericalexpresiiioii."  It  denotes  ftnaiuber,  or  a  proper  fraction,  or 
S  improper  frootiau,  or  kq  iotuinimensnrabie  ratio,  Wb  shall  find  it 
'ilnv<aiieiit  to  employ  it  here  where  ne  wish  to  lay  stress  on  the  ftut 
t  we  am  doaling  with  what  are  essentially  DtinieriCAl  expressionl. 
le  what  is  HCtaally  meant  bylhe  consenienlly  brief  expressiona 
PFsIraKtb,  L,"  "Bmos!,  M,"  "aforee,/',"  and  .the  like,  la  simply  thai 
^  M,  J*,  &o.,  denote  the  niimeTics  which  express  the  respeutivo  i^iiau- 
irms  of  Xhv  units  choaen,  that  is,  ore,  as  we  shsJl  say  below, 
■icfofthe  pianiUiain  terms  of  those  utiitb.  Further  in  suuh 
"theproduut  of  mass  and  velocity,"  or  "  the  product  of  charjjo 
3  potential,"  aud  so  ou,  the  proJact  (or  whatever  other  function  a 
Ssd)  of  the  DUmeriusisof  course  what  is  intended.  If  all  such  ex- 
ioiu  were  mude  verbally  uncxoeptioniihlv,  the  iisnlting  prolixity 
mild  b#  iutolerahlfl. 
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Numeric    been  compared  with  the  length,  under  specified  con- 
Unit      ditions,  of  a   certain   standard   rod   (which  length   is 
defined  as  a  yard)  and  the  ratio  of  the  former  to  the 
latter  found  to  be  25. 

The  unit  of  measurement  is  of  course  itself  capable 
of  being  expressed  numerically  in  terms  of  any  unit  of 
the  same  kind,  and  in  the  same  way  therefore  its  full 
expression  consists  of  a  numeric  and  the  new  unit. 
Hence  if  iV^  be  the  numeric  of  any  physical  quantity  in 
terms  of  the  unit,  N'  in  terms  of  another  unit,  and  n 
che  numeric  of  the  first  unit  in  terms  of  the  second,  we 
have 

N'^n.N (1) 

Change-  In  order  therefore  to  find  the  expression  If  of  the 
quantity  in  terms  of  the  second  unit  from  its  expression 
U  in  terms  of  the  first  we  have  to  multiply  by  w,  the 
ratio  of  the  first  unit  to  the  second.  This  numeric  has 
been  appropriately  called  the  cJiangC'rcUio  for  the 
change  from  the  first  unit  to  the  second. 

Arbitrary  The  change  from  N  to  N'  cannot  be  made  unless 
the  change-ratio  n,  is  known.  Each  unit  may  have 
been  arbitrarily  chosen  without  reference  to  any  other 
unit,  and  n  determined  by  some  process  of  measure- 
ment ;  or  the  units  may  have  been  derived  from  certain 
chosen  fundamental  units,  and  the  ratio  deduced  from 
the  relation  of  one  system  of  fundamental  units  to 
the  other.  In  the  measurements  described  in  this 
work  the  units  employed  are  entirely  of  the  second 
kind  here  referred  to. 

In  the  early  days  of  electrical  measurements  the  units 
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GADSS'S  SYSTEM  OF  ABSOLUTE  UNITS. 

El  use  were  most  of  them  thus  arbitrarily  chosen,  each  ArUtn 
rithout  reference  to  other  physical  quantities;  and 
Ibrtiier  each  investigator  had  his  own  standards, 
tdopted  to  suit  his  own  convenience,  by  which  he 
isted  the  electrical  qualities  of  the  substances  he 
mployed.  The  great  inconvenience,  loss,  and  un- 
irtainty  caused  by  this  want  of  a  common  system  of 
measurement  became  intolerable  when  pi'acttcal  appli- 
cations of  electricity  like  those  of  submarine  telegraphy 
wgaa  to  be  proposed  and  undertaken,  and  led  to  the 
idoplioQ  of  so-called  absolute  units,  that  is,  derived 
mitB  depending  on  a  system  of  fundamental  units  in 
way  affected  by  locality  or  other  conditions  of 
aperimenting,  or  related  to  the  iastnimenta  and 
utterials  of  any  investigator. 

!  system  chosen  is  one  which  was  suggested  first 


.mical  and  for  electric  and  magnetic  quantities, 
itended  and  developed  first  by  Wilhelm  Weber,  and 
len  by  Thomson,  Maxwell,  and  others  who  formed  the 
A.  Committee  on  Electrical  Standards,  and  gradually 
lopte«l,  until  finally,  at  the  Congresses  of  Electricians 
)sld  at  Paris  iu  1S81,  1882,  and  1S84.  electric  units 
nded  on  it  were  chosen  for  use  by  the  whole  civilised 
In  this  system  the  units  of  length,  mass,  and 
le  are  defined  and  taken  as  fundamental  units,  and 
these,  units  for  ihe  measurement  of  all  physical 
lantities  are  derived  in  the  manner  explained  below. 
It  is  to  be  noticed  that  although  this  system  is  an 
tbsolute"  system  in  the  sense  just  stated,  it  is  only 
10  of  several  systems  ubsolute  in  tlie  same  sense,  which 
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^^E  might  be  constructed.     It  has,  however,  the  great  i 

^^B  T&Dtn^  that  the  fundamental  units  adopted  are  tini 

^^M  of  those  physical  quaatities  which  are  measturGd  ( 

^^M  tinually  in  the  ordinary  busines.s  of  life,  as  thus  all  t 

^H  derived  physical  units  are  brought  into  direct  comparison 

^H  with  the  standardsof  length  and  mass  in  tho  comparison 

^H  and  reproduction  of  which  so  much  scientific  labour 

^H  has  been  expended,  and  with  tlie  elaborately-accurate 

^^P  measurements  of  time  furnished  by  the  astrotiomical 

observatories  of  the  world. 

"Dimat-       The  task  before  ns  is  to  determine  the  i 

f  hrsieni    which  the  Various  derived  units  involve  the  fimdamei 

I  9°?" ■     units,  that  is,  we  have  to  determine  for  each  qui 

'p.  180  above)  the  change-ratio  n  in  terms  of  the  f 

mental  units.     The  formula  which  expresses  i  

unit  of  measurement  of  any  quantity  we  shall  call  the 
Formula  of  Divunsiona  or  \}iG  IHrnensitmal  Formnia  of 
the  quantity.  To  prevent  the  necessity  for  the  constant 
repetition  of  these  terms  we  shall  denote  the  dimensiomJ 
formula  of  any  quantity,  of  which  the  numeric  is  de- 
noted by  any  particular  symbol,  by  the  same  symbol 
inclosed  in  square  brackets.  Thus  we  denote  the  dimoQ- 
sional  formula  of  the  quantity  Q  by  the  symbol  [<Qi], 

Examples  of  the  values  of  [Q]  will  be  found  in  deal- 
ing with  the  various  units  to  which  we  now  proceed. 
We  shall  first  consider  the  definitions  and  relations  of 
the  fundamental  units  in  common  use  luid  the  denra- 
tion  from  them  of  the  units  of  otl^er  phyttical  ciuantjties. 
In  doing  so  we  shall  find  the  dimensional  formula  in 
each  case  and  its  numerical  values  for  certain  chaiijEi 
of  units. 


manner  .^^1 

ndamen^^H 
h  qnsi^^^H 
thefond^H 


DEFISITIOS  OF  THE  METRE. 


Fundamental  Units. 


II 


(1)  Lfngth,    The  stantlard  unit  of  length  in  Great 
letined  by  Act  of  Parliament  in  the  following 
The  straight  line  or  distJince  between  the  udopird, 
'bentres  of  the  transverse  lines  in  the  two  gold  plugs  in  ^f  length, 
the  bronze  bar  deposited  in  the  Office  of  the  Exchequer  ^| 

shall  bo  the  genuine  standard  of  length  at  62°  F.,  and  ^| 

if  loat  it  shall  be  replaced  by  means  of  its  copies."  ^| 

Authorised  copies  are  preserved  at  the  Royal  Mint.  ItrniBrial 
le  Royal  Society  of  London,  the  Royal  Observatory  at  de^ed. 
'Greenwich,  and  the  New  Palace  of  Westminster.  The 
comparisou  of  the  length  of  the  standard  with  the 
lengths  of  its  copies  has  been  effected  with  the  utmost 
scientific  accuracy,  and  formed  a  most  elaborate  and 
important  scientific  investigation. 

The   length   of   a    simple    pendulum  which    beats 

seconds  has   been   determined    for   several   places   by 

means    of    very    careful    observations,    and    reiieated 

pendulum  experiments  at  these  places  woidd   in  the 

ivent  of  the  destruction  of  the  standard  and  all  its 

lies  give  a  means  of  accurately  renewing  them. 

In  France  and   in   most  Continental  countries  the 

idard  of  length  is  the  Mdre.     This  is  defined  as  the 

listance  between  the  extremities  of  a  certain  platinum 

when  the  whole  is  at  the  temperature  0°  of  the 

iDtigrade  scale.     This  rod  was  made  of  platinum  by 

inla,  and   is   preserved  in   the  national  archives  of 

V&  in  the  case  of  the  yard,  authorised  copies 

■  18  and  19  Viirt.  c.  72,  July  30,  1S55, 


ifi  VniTH  Ayi)  DIMEXSIOXS. 

wiiotut  l<;n((t.lm  hriv<*  }x;<;n  carefully  compared  with  the 

oltirMlfir'l  tin^  \irt'nt*rvtul  in  variouB  places. 

lM'iii'»iM»f      TIm'   iiM'lnj  WMH  oofiKlructed   in  accordance  with   a 

hiiMi II '   »l«"'»*'f  of  tlm   KnTirli  Ik'pnblic  passed  in  1795,*  which 

•immh  irj    nMMi'inI,  on  (liM  nTiiiiiriH'mlution  of  a  Committee  of  the 

l''ii  iM'li    Arfi(|<*tny  *»f  H<nt'nr(?s,  consisting  of  Laplace, 

MoImiiiImi*,  liiihlti..  and  others,  that  the  unit  of  length 

nhtiiilil    hi'   nnn   tnhiiiillioiiih    i)art    of    the    distance, 

iiiiiiiniiiiMl  iiliin^;  Ui(«  nit^ridiiin  ])iisHing  through  Paris, 

liitiit  iho  |i;i|tiii(iir  to  tht*  North  Polo.    The  arc  of  that 

iiii>itihMn  I'xti'iulin^f  hf't\vtM»n   Dunkirk  and   Barcelona 

\\i\t\  intrnMUhnl  hv  l>t«hunl>n'  and  Muohain, and  from  their 

I 

»«»hnh'<  \\\o  Mi\\\\h\\\\  nuMiv  was  ri^alisod  in  platinum 
h\  Unidd,  T\\o  \\w\Vi\  it  is  to  Iv  observed,  is  not  now 
.h'tlhiMl  \\\  »t»latiou  to  tht^  earth's  dimensions,  and  later 
t\\\A  »uo»o  Ml  em  ate  n^s\dtc4  ot'  c^wlesv  have  therefore  not 
ntb.  tid  \\w  \r\\\x\\\  ot'  the  luetiw  hut  ai>?  themselves 
»  \p»v'>'»,  »i  \\\  tonus  et'  the  h^Uj^th  \vhiv*h  Boixla's  rod  has 
.o  \>   r 

\v.,M.  i»  \\\  U\o  TtN  u  J\  x\>tem  tV,e  d<vinvv;  ni^xie  of  reckoning 
"'V.' '.'     Im*  ts .  n  \,i,Nj^;,\i  t.\\  \e.v,^;\\^les  av..5  sv.Kir.uhiples  of  all 

^»--M"'  *1»'  unMN  V;.\;n  i;,,^  v/.^vxv  ts  e.A 'j.^.e.;  iv.io  u-n  equal 
^ M 1 1  •  .  •  i» ! \  X  • « .  ,  s  i  ..^  .  ■  .\- .  v.", ,* ;  v*^  "* )  /  ,\  iv  -. v.^c  ;3V  :tito  t^n 
ysxi-  . M , ;  1  oi , ., M  -k  ,\". . ;  :*. , - -.v  A'. ?.;  1 V c  <vr;::r:iT: ire  inio 

1,^1  »M  n  <»  o  *,  ^   ,  ■ » .  ,\  .    :i  ..*••,.  ;v        A^ir^.v..  A  Ji  liiTl h  of 


« 


•    ■*       ■  ■•  ^     \*  ■      n     -i^a.  ,       «.» 


Xs    '  A  *%V    •       »»-»■    ^\      V.cs.  *    Oi  •.':%  . 


STANDAKD  OF  MASS. 


I8S] 


I  B,  A.  Committee,  the  centimetre  has  been  very 

merally  chosen  as  the  unit  of  len^h  for  the  expression 

scieQtiBc  results,  and  on  it  as  unit  of  length  the 

setric  and   magnetic   units  approved   by  the   luter- 

tltional  Congreaa  of  Electricians  held  at  Paris  in  1882 

:  been  founded.     The  reason  for  this  choice  will 

when  we  consider  the  unit  of  mass. 

I  We  shall  denote  the  numeric  of  a  length  by  L.    The 

mensional  formula  is  therefore  \L\. 
J  For  example,  if  we  wish  to  find  from  the  numeric  of  "^  Le">8'i^ 
■length  in  terms  of  the  yard  as  unit  the  numeric  of  the 
me  length  in  terms  of  the  metre  as  unit,  we  have 
K]  =  "yi+SO,  the  ratio  of  one  yard  to  one  metre;  and 
pe  of  course  is  equal  to  36/39370+.  or  91-43!)/100,  &c., 
lie  ratios  of  the  numerics  of  the  two  units  directly 
tained  according  a«  the  inch,  or  the  centimetre,  Ac,  is 
kkeu  as  unit  of  comparison.     Similarly  the  value  of 
Uj  for  a  change  from  the  foot  as  unit  to  the  centimetre 
k  unit  is  3U-47945. 

((S)  Mais.    The   legal   standard   of    mass   in    Great  StoL 
■itidn  is  the  Imperial  standard  pound  avoirdupois,  a  ** 

a  of  platinum  marked  "  P.  S.  1S44,  1  lb.,'"  preserved 
I  the  Exchequer  Office.  In  the  Act  of  Parliament 
ne  Act  already  referred  to)  which  gives  authority  to 

standard,   it  is   called    the    "legal    and    genuine    imperisi 
tndard  of  weight ; "  and  the  Act  provides  that  if  the     ?^°°'' 
tndard  is  lost  or  destroyed  it  may  be  replaced  by 
nns  of  authorised  copies,  which  are  kept  in  the  same 
tional  repositories  as  the  copies  of  the  standard  of 


k  It  is  to  be  noted  that  the  word  "  weight "  used  in  the 
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1  two  diatan*^^ 


Ambi-     Act,  is  one  which  is  constantly  used  in  i 

senses :  (1)  as  here,  to  signify  the  quantity  of  matter  in 
■eight"  a  body ;  (2)  in  its  proper  sense,  to  signify  the  downward 
force  of  gravity  on  the  body.  It  is  evident  that  these 
two  senses  are  distinct.  The  quantity  of  matter  in  a 
body  is  invariable ;  the  force  of  gravity  upon  the  body 
depends  on  the  situation  of  the  body,  and  may  even  be 
zero.  At  a  given  place  the  forces  of  gravity  on 
different  bodies  are,  as  was  proved  by  Newton  by 
pendulum  experiments,  proportional  to  their  masses, 
and  thus  a  comparison  of  the  weights  of  different  bodies 
gives  a  direct  comparison  of  their  masses. 

The  pound  has  been  generally  used  in  Great  Britain 
as  the  unit  of  mass  for  the  expression  of  dynamical 
re.sults,  but  in  engineering  and  the  arts,  larger  units, 
for  example,  the  ton,  or  mass  of  2240  lbs.,  and  the 
hundred -weight,  or  mass  of  112  lbs.,  are  frequently 
employed. 

The  French  standard  of  mass  is  a  piece  of  platinum 
called  the  KUogramme  dcs  Archives,  made  also  by 
Borda  in  accordance  with  the  decree  of  thp  Republic 
mentioned  above.  It  was  connected  with  the  standnrd 
of  length  by  being  made  a  mass  as  nearly  as  posdbla 
equal  to  that  containeiJ  in  a  cubic  decimetre  of  distilled 
water  at  the  temperature  of  maximum  density,  4"  C. 
The  comparison  was  of  course  made  by  weighing,  and 
BO  far  as  this  process  was  concerned  it  was  possible  to 
obtain  great  acciii^acy,  but  the  density  of  water  is  some- 
what difficult  to  determine  with  exactness,  and  is  still 
in  a  small  degree  uncertain.  The  relation  between  the 
standards  is,  however,  so  nearly  that  stated  above  that. 


I  defined. 


DEFINITION  OF  THE  GRAMME. 

for  practicai  purposes,  the  error  may  be  neglected.  But 
»<Mi  account  of  this  uncertainty  it  is  important  to  re- 
Lineinber  that  the  standard  is  defined  as  the  kilogramme 
Ltle  by  Borda,  and  not  as  the  mass  of  a  cubic  decimetre 
if  distilled  water  at  4°  C,  which  it  approximately  equals, 
y  A  comparison  between  the  French  and  British 
tandards  of  mass  made  by  Professor  W.  H.  Miller 
gave  the  mass  of  the  Kilogramme  des  Archives  as 
15W2-348T4  grains. 

The  gramme,  defined  as  1/1000  of  the  Kilogramme  des 

rchives,  and  approximately  equal  to  the  mass  of  one 

nibic  centimetre  of  water  at  4°  C,  was  recommended 

r  the  B.  A.  Committee  as  the  unit  of  mass  for  the 

ipression  of  experimental  results  generally,  and  this 

BjAloice  has  now  been  ratified  by  the  general  practice  of 

tcientific  men.     The  convenience  of  the    adoption   of 

■jiiis  unit  of  mass  lies  in  the  fact  that  it  is  approxi- 

"mately  the  mass  of  unit  volume  of  the  substance,  (water 

t  its  temperature  of  maximum  density),  usually  taken 

3  standard  of  comparison  in  the  estimation  of  specific 

ravities  of  bodies,  which  therefore  become  in  this  case 

me  numbers  as  the  densities  of  the  bodies. 

multiples   and   sub- multiples   of   the   gramme 

iceed  decimally,  and  are  distinguished  by  the  same 

retixes  as  those  of  the  metre." 

We  shall  denote  the  numeric  of  a  mass  by  M,  and 
Knee  its  dimensional  formula  by  [M\ 

i>  value  of  [J/]  for  a  reduction  from  the  pound  as 
t  to  the  gramme  as  unit  is  453'593,  for  a  reduction 
e  grain  ns  unit  to  the  gramme  as  unit  15*432. 
*  See  Table  al  loiil  ofthia  volume. 
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Kirals  of  iSm^^ 


(3)  Tiiiu.  The  definition  of  equal  intervals  o 
belongs  to  dynamics  and  cannot  here  be  entered  on, 
bat  according  to  it  the  times  in  which  the  earth  turns 
through  equaJ  angles  about  its  axis  are  to  a  very  bigh 
degree  of  approximation  equal.  These  intervals  cor- 
respond to  equal  intervals  of  time  shown  by  a  correct 
clock,  and  if  the  clock  just  goes  twenty-four  hours  in 
the  time  of  an  exact  revolution  of  the  earth  about  it« 
axis  (or,  whicli  is  the  same,  the  interval  between  two 
successive  passages  of  a  fixed  star  in  the  same  dirodJon 
across  the  meridian  of  any  place),  showing  Oh.  Oni.  Oa. 
each  time  a  certain  point  of  the  heavens  called  tie 
First  Point  of  Aries  crosses  the  meridian  in  the  sunie 
direction,  it  is  said  to  show  sidereal  time. 

Though  sidereal  time  is  used  in  astronomiciil  obser- 
vatories, it  is  more  convenient  in  ordinary  civil  affaira 
to  use  solar  time;  but  as  the  actual  solar  day,  the 
interval  between  two  successive  transits  of  the  8«n 
across  the  meridian  of  any  place,  varies  in  length 
during  the  year,  the  standard  intenal  is  the  mean  of 
such  intervals,  and  is  called  a  mran  solar  day.  On 
account  of  the  orbital  motion  of  the  otirtb  tba  mean 
solar  day  is  about  3in.  55'9s.  longer  than  the  sidereal 
day. 

The  mean  solar  second,  defined  as  1/86400  part  of 
the  mean  solar  day,  is  taken  as  the  unit  of  time  for  the 
expression  of  all  scientific  results. 

We  have  seen  that  the  choice  of  the  fundamental 
^■^nitl»  units  is  entirely  arbitrary,  and  there  is  nothing  in  their 
rf  Length,  nature  which  entitles  them  in  any  just  sense  to  the 


I  Unit  of 

Time 
,    defiacil. 


araoKSTED  fundamental  standards. 


e  Lave  reason  to      Other  * 


&  period  of  rotatimi  of  lliu  earth,  is,  \ 

lieve,  subject  to  a  slow  progressive  lengthening,  due  g^^jj^" 
I  retardation  of  the  earth's  rotation,  and  possibly  of  Length, 
i  to  frictional  resistance  of  the  siirrouniliug  medium ;     Tima. 
1  as  a  matter  of  definition,  without  reference  in  all 
B  to  realisation,  it  would  be  easy  to  find  many  much 
e  satisfactory  standards.   Thus  it  has  been  suggested 
by  Sir  William  Thomson  •  that  the  period  of  vibration 
of  a  metallic  spring,  and  kept  in  a  hermetically  sealed 
exhausted  chamber  at  a  constant  temperature,  or  the 
period  of  a  particular  mode  of  vibration  of  a  quartz 
crystal  (or  other  crystal  of  definite  composition)  of  a 
icified  size  and  shape  and  at  a  given  temperature, 
luld  be   theoretically  preferable  to   the  mean   solar 
^ond,  as  fulfilling  with  a  much  nearer  approach  to 
rfection  the  condition  of  constancy.     Clerk  Maxwell  t 
I  also   suggested   as  units  of   time   the   period   of 
gabratioD  of  a  gaseous  atom  of  a  widely  diflFused  sub- 
race  easily  procurable  in  a  pure  form  ;  or  the  period 
t  revolution  of  an  infinitesimal  satellite  close  to  the 
rface  of  a  globe  of  matter  at  the  standard  density, 
fcich  may  bo  any  density  determined   by  a  definite 
fhysical  condition  of  any  substance,  for  example  tlie 
iximum  density  of  water.    This  period  is  independent 
f  the  size  of  the  globe  J  and  it  has  been  pointed  out 
lat  this  advantage  would  also  be  obtained  by  founding 

•  EUeMrily  ind  MaifHfti/im,  to!,  i.  ji.  3  ;  Thomaon  anJ  Tail,  Niit. 
,  i.  pojt  i.  p.  227  (second  editiou), 

1  For  w«ter  nt  Ilia  tempe»tare  of  nitucimnm  density,  it  is  approxl- 
itel;  lOh.  :tm. 
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Other     the  unit  of  time  on  the  period  of  a  small  simple  harmonic 

St^dards  vibration  of  a  globe  of  standard  density. 

of  Length,      The  mass  of  a  gaseous  atom,  for  example  that  of  a 

Time,      sodium  or  hydrogen  atom,  and   the  wave-length  of  a 

definite  line  in  the  spectrum  of  an  easily  obtainable 

substance,  for  example  the  D  lines  in  the  spectrum  of 

sodium,  might  be  chosen  as  the  units  of  mass  and 

length.     These  units  would  be  quite   definite   since, 

according  to  the  kinetic  theory  of  gases,  the  atoms  of 

any  one   substance   are    undistinguishable    from    one 

another  by  any  physical  test. 


Derived  Units. 

Dimen-        Let  US  suppose  that  the  numeric  iV^  of  a  physical 
Formula    quantity  is  given  by  the  equation, 

of 

S.^  N  =  CL^  i/T  r;  .   Li  M^  T;  .  &c.,    .    .  (2) 

where  Zj,  Zg,  &c.,  3fj,  ifo,  &c.,  T^,  T^,  &c.,  arc  numerics 
of  different  lengths,  masses,  and  times  in  terms  of  a 
certain  chosen  unit  for  each,  and  (7  is  a  numerical 
multiplier  (generally  equal  to  unity)  which  does  not 
depend  on  the  units  adopted.  Now  let  other  units  of 
length,  mass,  and  time  be  chosen  and  let  N'  be  the 
numeric  of  the  same  quantity  in  terms  of  these  units, 
and  L\y  L\,  &c.,  Jfj,  M\,  &c.,  T\,  T\,  &c.,  those  of 
the  lengths,  masses,  and  times.     Then  we  have 

N'  =  (7.Z V if 7  Ti" .  Z'/  3/7  T;  .  &c.  .     (3) 
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pat  by  equation  (1)  X''  =  Z'  [Z]',  3f "  =  J/"  [M]",  and 
on.     Hence  (3)  becomes, 

N'  =  C.L^  M^  T^  .  L,"  M.^  T.; .  &c.  [L]'  ^- '  +  *=■ 
[^-p+9  +  '^_  j2.j-  +  r  +  *^     ...    (4) 

f  equation  (1)  therefore  tbe  dimensional  formula  [N] 
■  the  quantity  is  m'^"*'"':  [J/]"+'+*'^-.  [r]''+'^'"=- 
I  accordance  with  the  notation  [N],  we  shall  denote 
future  by   the    more    convenient    expression 

[7Hp+*c.         t/«+g+Sc,         mn+r+Sc-i 

[  The   numerics   l+p+&c.,   &c,  correspond   to   what    Dimon- 

lurier"    called   Ics  erposants   des  dimcnsioTis  of  the     Unit*. 

Quantities  which  entered  into  his  analysis,  and   it  is 

■<theiie  numerics,  not  the  dimensional  formulas,  which 

1  proiwrly  the  "  dimensions "  of  the  uuifa.     It  was 

pointed  out  by  Fourier  that  iu  equations  involving  the 

numerics  of  physical  quantities,  every  terra  must  be  of 

_the  same  dimensions  in  each  unit,  otherwise  some  error 

Bust  have  been  made  io  the  analysis.  This  consideration 

ironia  in  physical  mathematics  a  valuable  check  on  the 

mracy  of  algebraic  work. 
I  It  is  obvious  from  equations  (1)  or  (4)  that  the  dimen- 
jonal  formida  of  the  product  of  any  number  of  numerics 
,  JVj  of  different  physical  quantities  is  the  product 
V].  N^.  &c.]  of  their  dimensional  formulas,  and  more 
Jenerally  that  the  dimensional  formula  of  the  product 
'  [-Wi"'-  -'Vj"'-]  •^c.,  of  any  powers  whatever  of  these  ex- 
pressions, is  the  product  of  the  same  powers  of  the 
corresponding  dimensional  formulas. 

•  TlUorit  Analylvpte  df  la  Chnlmir,  (.'lia[i.  II,  Sect.  IX. 
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Dimen-  We  are  now  prepared  to  find  tbe  dimensional  formulas 
U^&  of  the  various  derived  units.  The  process  will  consist 
in  finding  for  each  quantity  the  formula  corresponding 
to  the  right-hand  side  of  (2),  and  thence  deriving 
according  to  (4)  the  proper  formula  of  dimensions.  We 
shall  consider  first  the  units  of  Area,  Volume,  and 
Density;  then  the  various  dynamical  units  which  are 
involved  in  those  of  electrical  and  magnetic  quantities. 

Area.  Area.   The  general  formula  for  the  area  of  any  surface 

can  be  put  in  the  form  CZ^  where  Z  is  a  numeric 
expressing  a  length,  and  (7  is  a  numeric  which  does  not 
change  with  the  units.  Hence  by  (4)  the  formula  of 
dimensions  for  area  is  [Z*]. 

Volume.  Volume.  Similarly  the  formula  for  the  numeric  of 
a  volume  can  be  written  CZ',  and  the  formula  of 
dimensions  is  [Z*]. 

Density.  Density.  The  Density  of  a  body  is  expressed  by  the 
niuneric  of  the  mass  per  unit  of  volume.  We  shall 
denote  it  by  the  symbol  D. 

If  the  body  be  of  uniform  density,  the  numeric  is 
obtained  by  finding  the  mass  contained  in  any  given 
volume  of  the  body :  the  ratio  of  the  numeric  of  the 
mass  to  the  numeric  of  volume  is  the  density. 

If  the  body  be  of  varying  density,  the  density  at  any 
point  is  the  limit  towards  which  the  ratio  of  the  numeric 
of  the  mass  contained  in  an  element  of  volume  including 
the  point,  to  the  numeric  of  the  volume,  approaches  as 
the  element  is  taken  smaller  and  smaller.  Thus  H  hV 
be  an  element  of  volume  including  a  point  at  which  the 


VELOCITY, 
tenstly  18  B,  and  iM  be  the  maBS  of  the  element,  we  Densi^ 


In  eitlier  case  we  have  for  the  numeric  of  the  vohime 
taken  CI?,  and  for  that  of  the  mass  contained  in  it  M. 


\P\  =  ML-*\ 


^^ience 

^V  The  •^fri/£(;(?rrrvif^  of  a  body  is  the  ratio  of  tho  density  HpeciBoJ 
of  the  body  to  the  density  of  the  standard  substance,  ""W'T 
and  is  therefore  a  numerical  ratio  independent  of  the 
system  of  units  adopted,  that  is,  its  dimensional  formula 
is  1.  If  ff  denote  the  specific  gravity  of  a  body  whose 
density  is  B,  and  D,  be  the  density  of  the  standard 
substance, 

kiJ  =  ff  .  A. 
In  the  French  system  of  units  B,  is  taten  as  unity 
d  we  have  B=Q.    This  is  one  great  convenience  of 
the  BVench  units  of  length  and  mass ;  but  it  is  to  be 
remembered   that  Density   and    Specific   Gravity   are 

rentially  different  ideas,  and  only  coincide  in  numerical 
ue  when  B,  =  1. 
y 


Dynamical  Units. 


Vclocilff.     The  velocity  of  a  body  is  measured  by  the  Veloci^fJ 
of  the  length  described  per  unit  of  time.     Its 
.ion  involves  direction  as  well  as  magnitude; 
but  in  dealing  with  the  dimensions  of  velocity  we  are 
only  concerned  with  the  latter  element, 

VOL  I.  0 
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If  the  velocity  is  uniform,  its  numeric  is  the  ratio  of 
the  numeric  L  of  any  distance  traversed  to  the  numeric 
T  of  the  time  in  which  it  is  described. 
Velocity.  If  the  velocity  is  variable,  its  numeric  v  at  any 
instant  is  the  value  towards  which  the  ratio  of  the 
numeric  hL  of  the  distance  traversed  in  an  interval 
of  time  including  the  instant,  to  the  numeric  hT  of  the 
interval,  approaches  as  the  interval  is  taken  smaller  and 
smaller.    Hence 

dL       • 

■ 
where  L  denotes  in  Newton's  fluxional  notation  the  time- 
rate  of  variation  of  L,    We  shall  use  this  symbol  for 
velocity. 

We  see  that  the  numeric  of  a  velocity  is  the  ratio  of 
the  numeric  of  a  length  to  the  numeric  of  a  time- 
interval,  and  therefore  we  have 

[L]  =  [LT-^l 

As  multiplier  for  a  change  from  mile-minute  units  to 
centimetre-second  units  we  have 

n  =  5280  X  30-4797/60  =  2682-2136. 

In  statements  of  amounts  of  velocities  there  ought 
clearly  to  be  a  distinct  reference  to  the  unit  of  time : 
thus  the  expressions  one  mile  per  minute,  88  feet 
per  second,  2682*2136  centimetres  per  second,  are  per- 
fectly definite,  and  express  the  same  velocity,  while 
such  a  statement  as  a  "  velocity  of  88  feet "  is  devoid 
of  meaning. 


ACCELERATION. 

Acceleration.    The  accelc-ration  of  a  body  is  expressed   Awelem- 

by  the  nanieric  of  the  change  of  velocity  per  unit  of  time. 
Like  velocity,  acceleration  involves  in  its  signification 
the  idea  of  direction  as  well  as  of  magnitude  ;  and  it  is 
rough  a  want  of  clear  apprehension  of  this  fact  that 
BGculty  is  found  by  students  in  the  theory  of  curvi- 
\near  motion. 

Let  si  be  the  velocity  given  in  direction  and  magni- 
tude which  compounded  with  the  velocity  £  which  a 
tide  possesses  at  the  beginning  of  an  interval  of 
time  Sr  would  give  the  velocity  in  direction  and  mag- 
nitude at  the  end  of  that  interval,  then  hLjhT  is  the 
trage  acceleration  during  that  interval,  and  the  limit 
lowanls  wliicb  this  ratio  approaches  as  £7*  is  made 
mailer  and  smaller  is  the  tme  value  of  the  acceleration 
t  the  beginning  of  the  interval    That  is,  we  have 


Acceleration  = 


/'. 


Inhere  L  denotes  in  the  tluxional  notation  the  time-rato 
f  variation  of  L,  that  is,  of  velocity. 
We  shall  use  this  symbol  for  acceleration,  and  the 
iwo  dots  above  the  L  will  serve  to  recall  the  double 
Kference  to  time  which  is  pluinly  involved  in  the  notion 
Ttf  acceleration.     This  should  be  clearly  espressed  in 
statements  of  amounts  of  acceleration.     Thus  such  a 
statement  as  an  acceleration  of  981   centimetres  per 
BCODid  per   second,  or  32  feet  per  second  per  second, 
t  perfeotly  definite,  while  such  phrases  as  an  "  accele- 
ptioa  of  981  centimetres  "  or  "  an  acceleration  of  32  feet 
r  Becond,"  which  are  often  used,  are  meamngleee. 
0  2 
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The  dimeasional  formula  is 

[Z]  -  [ir-]. 

For  a  L-haDge  from  mile-minute  units  to  centimets 
second  units, 

n  =  5280  X  30-47S7/60'  =  447-0356. 

Momentum.  Taking  for  simplicity  the  ease  of  a,  ri^ 
body  moving  without  rotation,  that  is,  ao  that  each 
particle  of  the  body  has  the  same  velocity  at  the  8ame 
instant,  the  momentum  of  the  body  is  expressed  as  the 
product  of  the  numerics  of  the  mass  of  the  body  and  its 
velocity.  Hence  it  is  expressed  symbolically  by  ML. 
The  dimensional  formula  is  therefore 

[ML]  =  [MLT-'l 
r        Timt-Ettte  of  Change  of  Momentum.   If  the  raomentt 
r^ange  of  Qf  ^jjg  body  be  not  constant,  then,  since  we  suppose 
the  mass  constant,  we  must  have  for  the  time-rate  of 
variation  the  expression  ML,  that  is,  the  product  of 
numerics   of   the   mass    and    the    acceleration, 
dimensional  formula  is  therefore 

{ML}  =  [MLT-^l 

Force  (F).   A  force  acting  on  a  body  is  proportional  f 
the  time-rate  of  change  of  momentum.     Hence   ' 
dimensional  formula  just  found  is  that  of  forca 

According  to  the  system  suggested  by  Gauaa,  a  i 
is  measured  by  the  time-rate  of  change  of  momenbl 
that  is,  the  constant,  C,  of  equation  (3)  is  in  this  c 
in  the  other  cases  we  have  considered,  taken  equi 
unity.     Unit  force  is  therefore  that  force  which  i 


■  unit  of  time  on  unit  mass  produces  unit  change 
velocity,    or    simply    that    which    produces    unit 
sceleration  in  unit  mass. 

When  the  unit  of  mass  is  one  pouod,  the  unit  of 

mgth  one  foot,  and  the  unit  of  time  one  second,  then 

luit  force  is  that  force  which  acting  for  one  second  on 

k  pound  of  matter  generates  a  velocity  of  one  foot  per 

»nd.     This  unit  force  has  been  called  a.  pmi-ndal. 

!  unit  force  in  the  C.G.S.  system,  is  that  force 

Wliich,  acting  for  one  second  on  one  gramme  of  matter, 

generates  a  velocity  of  one  centimetre  per  second.     To 

this  unit  force  the  name  dijrw  has  been  given. 

^^m     This  method  (sometimes  called  the  kvictic  method) 

^^ftf  measuring  forces  has  now  superseded,  for  scientific 

^^BOrposes,  the  gravitati'in  system  formerly  in  nse.     In 

^^Hhat  system  the  unit  of  force  is  the  force  of  gravitj' 

^^ni  the   unit   of   mass,    and   has,    therefore,   different 

^^naliiea  at  different  places  on  the  earth's  surface,  and 

at  different  vertical  distances  from  the  mean  surface 

level.     This  substitution  of  an  invariable  unit  of  force, 

depending  only  on  the  standards  adopted  for  length, 

SB,  and  time,  instead  of  the  former  variable  unit,  is 

\  the  foundation  of  the  system  of  units  of  measure- 

pieiit  established  by  Gauss.     It  is  to  express  this  fact 

F  invariability  with  locality  and  other  circumstances 

uat,  as  already  explained,  the  term  "absolute"  is  used 

:  the  unit  of  force  and  other  derived   units  in  this 


CG.S. 
Unit  of 
Forw^T" 


Work  (  W).  In  dynamics  vxtrk  is  said  to  be  done  hy 
I  force  when  the  place  of  application  of  the  force 
jeivea  a  component  displacement  in  the  dirn-Hon  in 


UNITS  AND  DIMESSI0N8. 


ly  it  is  6tfll^ 


which  the  /orcc  acts,  and  the  work  done  1 
to  the  product  of  the  force  and  the  distance  through 
which  the  place  of  application  of  the  force  has  moved 
ia  that  directioa.  The  time-rate  at  which  work  is 
done  by  a  force  at  any  instant  is  therefore  equal  to  the 
product  of  the  force  and  the  component  of  velocity  in 
the  direction  of  the  force  at  tliat  instant.  The  work 
done  in  overcoming  a  resistance  tlirough  a  certain  distance 
is  equal  by  this  de6nition  to  the  product  of  the  rerist- 
ance  and  the  distance  through  which  it  is  overcome. 
Among  engineei's  in  this  country  the  unit  of  work  gene- 
rally used  is  one.  fool-pound,  that  is,  an  amount  of  work 
equal  to  that  done  in  lifting  a  pound  vertically  against 
gravity  through  a  distance  of  one  foot.  The  weight  of  a 
pound  of  matter  being  generally  di3erent  at  different 
plases,  this  unit  of  work  is  a  variable  one,  and  is  not  used 
in  theoretical  dynamics.  In  the  absolute  C.G.Sl  systmt 
of  units,  the  unit  of  work  is  the  work  done  in  over- 
coming a  force  of  one  dyne  through  a  distance  of  one 
centimetre,  and  is  called  one  centjmetre-dvne  or  one  (tj. 

In  practical  electricity  10^  trgs  is  frequently  used  as 
unit  of  work,  and  is  called  a  JorSr. 

If  F  denote  the  numeric  of  a  force  and  L  the  numeric 
of  the  space  through  which  it  luis  acted,  the  numei 
of  the  work  done  is  FL.    Hence  we  Lave 

[ij']  =  [P£3  =  [jyx»r-']. 

Adivity   {A).     The  single  word  Adieity  has  1 
used  by  Sir  William  Thomson  as  equivalent  in  mei 
tfl  "  time-rate  of  doing  work."  or  the  rate  per  unit  of-i 
at  which  energy  is  given  out  by  a  working  system; 


ENEKGY. 

avoid  circumlocutions  in  what  follows  we  aliall 
requently  use  the  term  in  that  sense.  Among  engineers 
1  this  country  the  unit  rate  of  working  is  one  horse- 

;  that  is  33,000  foot-pounds  per  minute. 
Unit  Activity  in  the  C.G.S.  system  is  one  eTg  per      Prit 
second.     In  practical  electricity  an  activity  of  10'  erffs  Actmiy. 
per  second  is  frequently  employed  as  unit.     This  unit 

I  lias  been  called  a  Wait. 
Since  Activity  is  measured  by  the  numeric  of  the  work 
done  per  unit  of  time,  its  dimensional  formula  is  given  by 
irtre: 
extE 
tKlSS 


Eitergy  {E).  'WTien  a  material  system  in  virtue  of  Eoau 
■tresses  between  its  own  parts  and  those  of  bodies 
sxternal  to  it  does  work  or  has  work  done  upon  it,  in 
■passing  from  one  state  to  another,  it  is  said  to  give  out 
or  to  gain  energy.  The  energy  given  out  or  gained  is 
measured  by  tlie  work  so  done. 

If  the  change  be  a  change  of  motion,  then,  according 

!  energy  is  given  out  or  gained  by  the  system,  it  is 

ud  to  lose  or  gain  kinetic  entrgy.    If  the  change  be  of 

liny  other  kind,  which  can  be  classed  under  change  of 

configuration,  then,  according  as  the  system  gives  oiit 

or  gains  energy,  it  is  in  general  said  to  lose  or  gain 

otential  cruTgy. 

When  we  consider  the  work  done  by  mutual  forces 

letween  different  parts  of  the  same  system,  a  loss  of 

Idnetic   energy  in   the  system  is  accompanied  by  an 

equal  gain  of  potential  energy,  and  vke  rersd,  so  that  the 

^     total  energy  of  the  system  remains  unchanged  in  amount. 

^^EHiis  is  the  principle  called  the  Congercation  of  Energy . 


mea: 

any 

confi 

.       or  g 

^Hbetw 
kine 
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Energy  is  measured  by  the  same  units  as  work,  and 
its  dimensional  formula  is  the  same  as  that  of  work, 
that  is 

[E]  =  [MrT'^l 

We  shall  here,  for  the  sake  of  illustration,  give  three 

examples  of  the  application  of  dimensional  formulas  to 

the  solution  of  problems  regarding  units.    The  problems 

are  taken  from  Professor  Everett's  Units  and  Physical 

Constants. 

Examples       Ex.  1.     If  the  unit  of  time  be  the  second,  the  unit 

Problems  density  162  lbs.  per  cubic  foot,  and  the  unit  of  force 

in  Units.   ^^^  weight  of  an  ounce  at  a  place  where  the  change  of 

velocity  g  produced  by  gravity  in  one  second  is  32  feet 

per  second,  what  is  the  unit  of  length  ? 

Here  the  change-ratio  by  which  we  must  multiply 
the  numeric  of  the  density  of  a  body  in  the  system 
of  units  proposed,  to  find  its  density  in  terms  of  the 
pound  as  unit  of  mass,  and  the  foot  as  unit  of  length,  is 
162.  Wo  have  therefore,  omitting  the  brackets  in  the 
dimensional  formulas, 

iVZ-»  -  162, 

where  M  is  the  number  of  pounds  equivalent  to  the 
unit  of  mass,  and  Z  the  number  of  feet  equivalent  to 
the  unit  of  length.  Also,  it  is  plain  that  the  unit  of 
force  in  tho  propi>sed  system  is  two  foot-pound-second 
units.    Hence  we  have  also,  since  jT  =  1, 

By  division  therefore  we  get  D  =  1/81  or  Z  =  1/3.  The 
unit  of  length  is  therefore  4  inches. 
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Ex.  2.     The  number  of  seconds  in  the  unit  of  time  Examples 
is  equal  to  the  number  of  feet  in  the  unit  of  length,  the   problems 
unit  of  force  is  750  lbs.  weight  {g  being  32),  and  a  ^  Units. 
cubic   foot  of  the  substance  of  unit  density  contains 
13,500  ounces.     Find  the  unit  of  time. 

Using  M  and  Z  as  in  the  last  problem,  and  putting 
T  for  the  number  of  seconds  equivalent  to  the  unit  of 
time,  we  have  plainly 

„^  .      13500 
ML-^  =  -16- 

and 

MLT-^  =  750  X  32. 

Therefore  by  dividing,  and  remembering  that  L  =  T, 
we  get 

32  X  750  X  16        16* 


jf2 


13500  "■    3* 


That  is  the  unit  of  time  is  5^  seconds. 

Ex.  3.  When  an  inch  is  the  unit  of  length  and  T 
seconds  the  unit  of  time,  the  numeric  of  a  certain 
acceleration  is  a;  when  5  feet  and  1  minute  are  the 
units  of  length  and  time  respectively,  the  numeric  of 
the  same  acceleration  is  10a.     Find  T. 

The  change-ratio  or  value  of  LT-^  for  reduction  to 
foot-second  units  is  plainly  in  the  first  case  T^^jll^  in 
the  second  5/3600,     We  get  therefore 

Yi^'""  >  3600  ^  ^^«' 
or 
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Derived  Electrical  Units.    Electrostatic  System^ 

Q^^*>*y  Quantity  of  Electricity  [q].  In  what  is  caUed  the 
tricity.  electrostatic  system  of  units,  which  we  here  consider, 
and  which  is  most  convenient  when  electrostatic  results 
independently  of  their  bearing  on  electromagnetic 
phenomena  only  are  required,  the  units  of  all  the 
other  quantities  are  foiinded  on  the  definition  of  unit 
quantity  of  electricity  given  above  (p.  3).  This  defini- 
tion is,  as  we  shall  see,  precisely  similar  to  the  definition 
of  magnetic  pole  which  forms  the  basis  of  another 
system  of  units  called  the  electromagnetic  system,  of 
much  wider  and  more  important  application  than 
the  electrostatic.  Hence  by  Coulomb's  law  (p.  2)  that 
electric  attractions  and  repulsions  are  directly  as  the 
product  of  (the  numerics  of)  the  attracting  or  repelling 
quantities,  and  inversely  as  the  second  power  of  (the 
numeric  of)  the  distance  between  them,  if  a'  quantity 
of  positive  electricity  expressed  by  ^  be  placed  at  a 
point  distant  L  units  from  an  equal  quantity  of  positive 
electricity,  the  numeric  F  of  the  force  between  them  is 
(f  I?.  We  have  therefore  the  equation  q^  =  FL\  and 
therefore  |^]  is  [F^L]  or  [.If^Z^T"']. 
Electric  EMric  Surface  Density  [a].  The  density  of  an 
Density,  electric  charge  is  (p.  7)  measured  by  the  quantity  of 
electricity  per  unit  of  area.     Therefore  [a]  is  b^"*]  or 

Electric        Electric  Force  and  Intrnsi^y  of  Elect ru^  Field  [i].    The 

Force,     elcctric  force  at  any  point  in  an  electric  field  is  (p.  6) 

the  force  with  which  a  unit  of  positive  electricity  would 


^Kbe  acted  or 
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_ .  .  .     .  on  if  placed  at  the  point.    Hence  if  the  numeric 

of  the  qnantity  of  electricity  at  a.  point  P  be  3,  and  that   °       ^' 

of  the  electric  force  at  that  point  be  i,  the  numeric 

F  of  the  force  on  the  electricity  is  qi,  and  we  have 

the   eqnation   i  =  Fq-^.      Therefore  [i]  is   [/{"']   or 

The  intensity  of  an  electric  field  at  any  point  is 
meaflored  by  the  electric  force  at  that  point,  and  there- 
fore has  the  same  dimensional  formula. 

Electric  Potential  (J').     The  difference  of  potential 

between   two   pointa  is  (p.  7)   measured  by  the  work 

which  would  be  done  if  a  unit  of  positive  electricity 

■ere  placed  at  the  point  of  higher  potential  and  made 

pass  by  electric  forces  to  the  point  of  lower  potential, 
fence  in  transferring  q  units  of  electricity  through  a 
difference  of  potentials  expressed  by  V,  an  amount  of 
work  is  done  of  which  the  numeric  W  is  qV.  We 
have  therefore  V  =  Wq-^.  and  hence  [V"\  is  {Wq~^'\  or 

Capacity  of  a  Conductor  (if).     The  capacity  of  an  Csp«dl 

insulated    conductor    is    the    quantity    of    electricily 

required  to  charge  the  conductor  to  unit  potential,  all 

other  conductors  in  the  field  being  supposed  at  zero 

itential.    Hence,  denoting  the  numeric  of  tlie  capacity 

a  given  conductor  by  C,  those  of  its  charge   and 

.ential  by  Q  and  V  respectively,  we  have  C  =  QV~K 

for  [C]  therefore  [QV-'^],  that  is  [L].     The  unit 

capacity  has  therefore  the  same  dimensions  as  the 

lit  of  length;   and   the   capacity   of  a   conductor  is 

iperly  expressed  in  C.O.S.  electrostatic  units  as  so 

loy  centimetres. 


I 
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Specific  Specific  Inductive  Capacity  \K\  The  specific  inductive 
cS^ity'  capacity  of  a  dielectric  is  (Chap.  I.,  Section  V.)  the  ratio 
of  the  capacity  of  a  condenser,  the  space  between  the 
plates  of  which  is  filled  with  the  dielectric,  to  the 
capacity  of  a  precisely  similar  condenser  with  vacuum  as 
dielectric ;  or,  according  to  Maxwell's  Theory  of  Electric 
Displacement  (p.  33),  it  is  defined  as  the  ratio  of  the 
electric  displacement  produced  in  the  dielectric  to  the 
electric  displacement  produced  in  vacuum  by  the  same 
electromotive  force.  It  is  therefore  in  the  electrostatic 
system  simply  a  numerical  coefficient  which  does  not 
change  with  the  units.  Hence  [JT]  =  1. 
cnt.  EUdric  Current  [7].  An  electric  current  in  a  con- 
ducting wire  is  measured  by  the  quantity  which  passes 
across  a  given  cross-section  per  unit  of  time.  If  j  be 
the  numeric  of  the  quantity  which  has  passed  in  a 
time  of  which  the  numeric  is  T,  then  denoting  the 
numeric  of  the  current  by  7,  we  have  7  =  qjT,  and  [7]  is 
[qT-^]  or  [Jf*Z*r--]. 
IvesUtAnoo.  Jitsi^ance  [r].  B}^  Ohm's  law  the  resistance  of  a 
conductor  is  expressed  by  the  ratio  of  the  numeric  r  of 
the  diflforence  of  potentials  between  its  extremities  to 
the  numeric  7  of  the  current  flowing  through  it  We 
have  thoroforo  r  =  r  7.  and  [r]  is  [iv*]  or  [L'^T], 
Oonauo-  Comfitctintff,^  The  change-ratio  of  conductivity  is 
**'''*•'•  plainly  [LT^^l  The  change-ratio  for  conductivity  in 
oUvtr\^sUtio   measure   is   thus  the   same   as   that   for 

•  Mr,  01i\ipr  I1^vi$u)e  has  pri^]x>AiHl  to  use  th<»  torm  ComimHamtt,  in 
the  sfnae  here  given  to  ^\^n^iuciicii|t,  of  the  reoiprvval  of  a  resistaiice. 
If  this  tenw.  *«  Mvm»  de:^imble,  be  adopted,  the  term  Oonduotirity  might 
W  »ppT\^pri*tely  reserved  for  what  ha$  been  called  ^JfWi  v  C^Ntfiutfirt/y 
vOhajv  Y.  below\ 


r^'^io'''ty-    B 
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Telocity.     Hence  a  conductivity  in  electrostatic  C.G.S. 
units  is  properly  expressed  in  centimBtrea  per  second. 

The  fallowing  illustration  of  this  result  has  been 
given  by  Sir  William  Thomson.  Suppose  a  spherical 
conductor  charged  to  a  potential  u  to  be  connected  to 
the  earth  by  a  long  thin  wire,  of  which  the  capacity 
may  be  neglected ;  and  let  r  be  the  resiatance  of  this 
electrostatic  measure.  The  current  in  the  wire 
the  instant  of  contact  ia  v/r.  Now  let  the  spherB 
diminish  in  radius  at  such  a  constant  rate  that  the 
potential  remains  v.  The  current  remains  vjr,  and  the 
quantity  of  electricity  which  flows  out  in  C  seconds  will 
be  vtjr.  If  the  radius  be  initially  x,  and  in  t  seconds  has 
diminished  to  x',  the  diminution  of  capacity  ia  a;  —  x'. 
Hence  the  loss  of  charge  is  v(x  —  af),  and  we  get 
vllT=v{x-x'),  or  \lr  =  {x-x')lt.  But  {x-x^t  is  the 
velocity  with  which  the  radius  of  the  sphere  diminishes. 
The  conductivity  1/r  of  the  wire  is  therefore  measured 
numerically  by  the  velocity  with  which  the  surface  of 
the  sphere  must  approach  the  centre,  in  order  that  its 
potential  may  remain  constant  when  the  surface  ia 
oooneoted  to  the  earth  through  the  wire. 


Coadno* 
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CHAPTER  IV. 
GENERAL  PHYSICAL  MEASUREMENTS, 

Section  I. 
MEASUREMENT  OF  ANGULAR  DEFLECTIONS. 

It  will  save  digressions  and  interruptions  in  what 
follows  to  give  here  some  account  of  measurements 
which,  although  not  themselves  of  an  electric  or 
magnetic  nature,  have  constantly  to  be  made  in  all 
electric  or  magnetic  observations.  The  most  important 
of  these  are :  (1)  The  Measurement  of  Angular  Deflec- 
tions ;  (2)  Measurements  of  Oscillations,  including 
Determinations  of  Period,  Amplitude,  and  Rate  of 
Diminution  of  Amplitude  of  Vibrations;  (3)  Deter- 
minations of  Couples  and  Moments  of  Inertia.  There 
are  other  processes,  such  as  weighing  and  the  measure- 
ment and  comparison  of  lengths ;  but  these  are  described 
more  fully  than  are  the  others  in  treatises  on  general 
physical  manipulation,  and  are  supposed  to  be  known 
to  a  greater  or  less  degree  to  the  experimental  student 
Special  methods  or  precautions  necessary  in  particular 
cases  will  be  indicated  as  thev  occur. 
Measure-  Angles  of  deflection  are  measured  by  the  displace- 
Angles,  nient  of  some  form  of  index  turning  with  the  body 
deflected,  and  showing  the  magnitude  of  the  deflection 
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a  a  properly  airanged  and  fixed  graduated  scale.     Ii 

s  simplest  arrangement  the  index  is  a  thin  material 

1  turning  round  an  axis,  and  showing  the  deflections 

on  a  graduated  circular  are,  the  centre  of  which  is  aa 

nearly  as  possible  in  the  axis.     The  scale  is  graduated 

to  degrees,  or,  if  it  is  of  large  radius,  to  some  aliquot 

part  of  a  degree  as  smallest  scale  division.     The  initial 

and  deflected  positions  of  the  index  relatively  to  the 

scale    are   read   off,   and    their    difference    gives    the 

deflection, 

■     For  convenience  of  adjustment  and  accuracy  in  read- 

^ig,  the  scale   should  be  a  complete   circle,  and   the 

'  index  extend  across  that  circle,  ao  that  readings  may  be 

taken  of  the  positions  of  both  ends.     The  instrument 

should  first  be  tested  to  see  that  the  centre  of  the 

fjcular  scale  is  accurately  in  the  axis  of  rotation,  and 

lat  the  axis  is  at  right  angles  to  the  plane  of  the  circle, 

I  in   plane  with  aud   perpendicular  to   the   index. 

!be  index  is. generally  set  at  right  angles  to  the  axis 

iritb  sufficient,  accuracy  by  the  instrument-maker,  and 

Sie  adjustment  in  this  respect  can  be  tested  by  ob- 

'   serving  whether   the  index  when  turning  round   the 

axis  remains  in  one  plane.     If  readings  are  not  to  be 

taken  with  both  ends  of  the  index,  it  is  not  necessary 

that  the  index  should  be  accurately  at  right  angles  to 

the  axis.     The  point  of  the  index  in  that  case  shoidd 

turn  in  the  plane  of  the  scale.     The  axis  can  generally  bt: 

^■jBt  accurately  at  right  angles  to  the  plane  of  the  circle, 

^^Br  changing  the  level   of  the   apparatus.     The  index 

^^ftnerally  terminates  in  two  sharp  points,  or  bears  two 

^^^bu  marks  at  its  ends  by  which  the  readings  are  taken. 
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We  shall  call  tboae  the  extremities  of  the  index.  The 
further  adjustment  consista  in  placing  the  extremities 
of  the  index  and  the  axis  in  one  plana,  and  causing  the 
axis  to  pass  accurately  through  the  centre  of  the  circle. 
Supposing  the  adjustment  to  have  been  approximately 
made,  the  index  is  made  to  play  round  the  graduated 
circle,  and  the  pairs  of  points  on  the  scale  which  mark 
the  positions  of  the  extremities  of  the  index  for  dififer^ 
ent  deflections  are  carefully  noted.  When  each  line 
joining  a  pair  of  points  passes  through  the  centre  of 
the  circle  the  adjustments  have  been  properlymade.  If 
the  lines  all  pa.13  through  one  point  which  is  not  tlie 
centre,  the  axis  is  in  plane  with  the  extremities,  but 
does  not  pass  through  the  centre ;  if  the  lines  are  all  at 
the  same  perpendicular  distance  from  the  centre,  the 
axis  passes  through  the  centre,  but  the  extremities  of 
the  index  are  not  in  plane  with  the  centre. 

Indexes  in  electrical  instruments  are  frequentjy  thin 
glass  tubes  fliled  with  some  dark  opaque  substance ;  but 
an  excellent  index,  tbin,  rigid,  and  light,  is  furnished  by 
a  fine  tube  of  aluminium.  This  index  can  be  handled 
and  adjusted  with  ease,  and  its  use  avoids  the  danger  of 
breakage  which  exbts  in  (he  caae  of  glaaa  6brea. 

In  considering  how  the  adjustments  are  to  be  tested, 
we  have  supposed  that  the  deflections  can  bo  accurately 
observed :  and  the  usefulness  of  the  apparatus  for  exact 
measurements  depends  on  the  means  provided  for  that 
purpose.  In  many  instruments  the  index  is  ao  long 
and  so  mounted  that  its  extremities  project  over  the 
divisions  of  the  scale,  and  the  deflections  are  simply 
read  by  the  observer  looking  as  nearly  aa  he  can  normally 
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t  the  plane  of  the  circle.  Unless,  however,  the  index 
is  very  close  to  the  scale,  this  process  introduces  a 
liability  to  error  from  parallax,  that  is,  difi'erent  readings 
are  obtained  according  to  the  direction  in  which  the 
scale  is  viewed.  To  prevent  this  source  of  error,  the  AvoidaMs 
scale  is  frequently  engraved  on  silvered  glass,  or  is  p^^„ 
sairomided  by  a  slip  of  silvered  glass,  in  which  the 

IXtremities  of  the  index  are  seen  by  reflection,  and  the 
ladings  are  taken  always  when  the  scale  is  so  viewed 
bat  the  extremities  and  their  image  in  the  silvered 
iirface  seem  in  coincidence. 
For  many  purposes  sufficient  accuracy  can  be  obtained 
emier.     In  the  case  of  an  aluminium  index  the  ends 
can  be  two  horizontal  flat  pieces  on  which  the  vernier 
is  engraved.     The  middle  line  of  division  of  the  vernier 
'  is  the  zero  (which  contains  an  even  number  of  divisions, 
il,  for  example,  10  corresponding  to  9  of  the  scale),  and 
e  divisions  are  marked  so  as  to  read  from  0  to  G  on  the 
Ighl,  and  from  5  to  10  (which  coincides  with  zero)  on 
a  left,  as  shown  in  the  diagram.     Tlie  vernier  carries 
i  one  end  a  projecting  point,  the  image  of  which  is 
1  in  the  silvered  glass  on  which  the  scale  is  engraved, 
VOL.  L  P 


^D=nc^^ 


210  GENERAL  PHYSICAL  MEASUREMENTS. 

Movable   or  in  a  piece  of  silvered  glass  surrounding  the  scale,  and 

Vernier,    ^j^^^  parallax  is  avoided. 

In  some  cases  parallax  is  avoided  by  having  the  scale 
circle  in  relief,  so  that  the  index  can  be  made  to  move 
nearly  in  the  plane  of  the  scale,  and  with  its  extremities 
close  to  it.  The  positions  of  the  extremities  may  be 
read  either  with  or  without  a  vernier.  If  a  finely- 
divided  vernier  and  scale  are  used,  the  readings  may 
be  taken  by  a  microscope  or  a  magnifying  glass,  since 
both  graduations  are  in  focus  at  once. 
Limits  of  In  some  instruments,  as  in  the  Dip  Circle,  the  index 
Obt^-^  is  a  met4il  arm  moving  round  a  finely-divided  circle, 

able.  and  carrying  at  its  extremities  verniers,  the  readings  of 
which  can  be  obtained  by  microscopes.  The  amount  of 
accuracy  obtainable  here,  all  other  adjustments  being 
supposed  correctly  made,  depends  upon  the  fineness 
of  the  graduation  and  the  precision  with  which  the 
zero  of  the  vernier  can  be  placed  in  the  desired 
j)osition.  Thus,  for  a  veniier  and  scale  which  can  be 
read  to  say  10"  of  angle,  the  error  of  estimation  of 
position  must  be  less  than  10"  or  the  fineness  of 
the  graduation  is  not  taken  advantage  of.  The  reading 
microscope  must  of  course  be  of  sufficient  power  to 
take  full  advantage  of  any  given  degree  of  fineness  of 
graduation. 

Mirror  Angular  deflections  are,  however,  generally  measured 
Method,  jjj  ordinary  electric  measurements  by  what  is  called  the 
mirror  method.  A  plane  mirror  or  a  concave  spherical 
mirror  is  mounted  so  that  the  axis  round  which  the  rota- 
tion takes  place  is  in  the  reflecting  surface  of  the  mirror 
if  that  is  plane,  or  is  a  tangent  to  the  reflecting  surface 
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at  its  centre  if  the  mirror  is  concave.  The  angle  of 
rotation  is  measured  by  observing  the  angular  distance 
between  the  positions  of  the  image  of  a  luminous  object 
placed  in  front  of  the  mirror.  The  index  here  is  a  ray 
of  reflected  light. 

In  the  ordinary  or  projection  method  this  object  is  Orduur^l 
a  short  narrow  slit,  with  its  length  parallel  to  the  axis,  a^^SJ?1 
made  in  an  opaque  diaphragm  in  front  of  a  source  of  nuau  P 
light,  or,  better,  a  somewhat  large  illuminated  opening  Cimoiwl 
I  the  diaphragm,  with  a  thin  opaque  wire  or  hair    ^^ 


\ 


|«tcbed   across   it  parallel   to   the   axis.      We   shall 
ppose  first  that  the  mirror  is  concave.     The  image  of 
this  slit  or  wire  is  receive<i  on  a  screen  placed  in  the 
focal  plane  conjugate  to  that  of  the  slit  or  wire.     On 
■   Has  screen  is  ruled  a  scale,  generally  to  half-mi  11  imotro 
^bivisions,  by  which  the  deflections  can  be  measured. 
HRpor   considerable    deflections    the    screen    may  be   a 
'  graduated  scale,  with  its  length  at  right  angles  to  the 
axis  of  rotation  on  a  concave  eyiindric  surface,  the  axis 
of  which  coincides  with  that  of  rotation.     For  example, 
1. 38  shows  a  plan  of  such  an  arrangement  in  a  plam? 
P  2 
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Ar»ngo-  perpendicular  to  the  axis.  0  is  the  opening  b 
"^jjjj  the  opaque  wire,  M  the  mirror  in  its  deflected  positf 
Concftva  ghown  by  the  line  iVA',  P^,  P^  the  positions  of  the  image 
on  the  scale  SS  corresponding  to  the  undisturbed  and 
deflected  positions  of  the  mirror.  The  illuminated  open- 
ing and  the  scale  are  placed  on  opposite  sides  of  a,  plane 
normal  to  the  axis  through  the  centre  of  the  mirror,  in 
order  that  the  scale  may  not  intercept  the  light.  The 
method  has  the  drawback  that  it  is  generally  necessary 
to  darken  the  scale,  so  that  the  illumination  produced 
by  the  reflected  ray  may  be  distinctly  visible.  This 
is  accomplished  sometimes  by  placing  the  whole 
apparatus  in  an  alcove  with  curtains,  and  sometimes  by 
turning  the  back  of  the  scale  to  the  general  light  of  the 
room,  and  sliaJing  the  front  above  and  at  the  ends  with 
a  projecting  hood  of  dull  black  materiaL 
of  Well  graduated  paper  scales  are  easily  obtained,  and 
when  properly  mounted,  and  afterinardg  compared  with 
a  standard  scale  are  quite  reliable.  They  should  be 
well  glued  to  a  backing  of  hard  thoroughly  seasoned 
wood,  and  the  rest  of  the  wood  and  the  scale  itself  well 
covered  with  spirit  varnish  to  prevent  the  absorption  of 
moisture.  When  it  is  convenient  to  use  a  straight 
scale,  one  graduated  on  glass  or  ivory  is  preferable,  and 
the  former  can  be  easily  made  by  the  experimenter 
himself  by  copying  the  graduation  from  a  standtud 
scale.  Scales  graduated  on  glass  roughened  so  as  Ui  be 
semi-opaque  are  very  convenient,  as  the  image  of  the 
hair  or  wire  and  the  divisions  can  be  seen,  and  Ui6 
deflection  read  from  behind  the  scale. 

If  accurate  readings  for  large  deflections  are  leqnj 
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the  scale  cannot  te  made  circular,  but  must  be  so  curved 
that,  for  the  distances  P^M,  OM  choaen,  a  distinct 
image  of  the  wire  may  be  formed  on  the  scale  for  all 
deSections.  The  graduation  of  the  scale,  if  previously 
mode  in  equal  divisions,  must  then  be  compared  with  a 
circular  scale,  in  order  that  the  deflections  may  be 
reduced  to  angle. 

If  n  be  the  number  of  equal  degree  divisions  which  Reduction 
measures   the   distance  P^I^  on  the  scale,  if  that  is  n^ggptjon 
circular,  or   the   corresponding   number  on  a   circular  toRadiiin 
scale  of  radius  MF^,  r  the  distance  Jfi*,.  also  in  scale 
divisions,   6  the   deflection   of    the   mirror  in   radian 

lasure,  then  since  P^MP^  =  2ff  =  nir,  we  have 


(1) 


In  an  arrangement  commonly  used  the  slit  or  wire 
and  the  scale  are  nearly  at  the  same  distance  from  the 
mirror.  The  distance  of  the  seale  is  then  twice  the 
focal  distance  of  the  mirror. 

Instead  of  a  concave  mirror  an  equivalent  arrange-   , 
ment  is  sometimes  adopted,  consisting  of  a  plane  mirror    ofP^a»M 
with  a  convergent  lens  placed  close  in  front  of  it.    With     Minwf 
the  reversal  of  the  ray  by  reflection,  0  and  P^  are  now 
conjugate   foci   of  a  system  of  lenses  each   identical 
^Lirith  that  used,  having  a  distance  between  their  optica] 
^BBntrea  equal  to  twice  the  distance  of  the  optical  centre 
Bjn  the  lens  from  the  mirror.     The  arrangement  may  be 
made  conveniently  in  some  cases  by  silvering  the  plane 
face  of  a  plano-convex  lens,  and  is  then  optically  equi- 
alent  to  two  similar  plano-convex  lenses  placed  with 
r  plane  faces  in  contact. 
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A  «trau;zli *  ^cale  placed  at  right  angles  to  die  axis,  immd 

▼hieh.  r^he  mirror  Tinm*.  i*  frriij^Tieatly  used.  Let  c  be  the 
an.jle  -^vhioh  the  redecteii  rav  in  the  nndiscizrbed  paadoQ 
of  *he  mirror  makes  wi^h  a  plane  at  rifzht  angies  to  the 
*:ale  and  fiai?j»in-z  through  the  ctncre  ot'  the  mirror. « the 
■-r-rrpj*T<-.r..iTn.T  .iis^anoe  on  the  scale,  a'  and  «'  the  cor- 
r-rrsponiii-g  'iTLanrLties  for  a  dedectc-ii  podltioiL,  r  the 
perpentiioTiIar  tiistance  of  the  scale  fern  the  mizrory  tf 
*:i".e  ii.i"ilar  ■iet:ei:tion  of  the  mirror,  then 

^  -        ^an  a  —  tan  a  n'  —  a 

•.an  ta  = —    .  = r 

1  —  tan  a  tan  a         r=  —  a«' 

,1            ,'?.'  —  •»  - 

lil  1  ^  =  5  '-^^  ~  '   ~: r  .     .      .     .       I, 


—  1.1 


I:  ■'.  ii  zrr 


r-'l'  '*"-r  i-»iV-r 


t'  =  -  tan 


(3) 
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nij^  LI.   :i,i:ipan=*:ii  wi:£i  ••  we  nave  appcoxi- 
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F:r  more  exao*  measiirements  wten  the  dedections 
ire  sTzall  P-icjenO'irr's  arran^'ement  cf  telescope  and 
ii'il-:  is  ^liei  t3f:*:L  a  pLane  mirrc-r.  The  telesccpe  has  a 
l*:iizLT-=  ej-f  :ei:e  witc  c^o  mTituallT  recranguiar  inter- 
=ectir^  •iriss-'s^lres  at  its  I'.cus.    Its  line  of  collimation * 


*  The  !iie  jiMi^z  tie   :tc.-.-Al  «!i3re  cf  ti-*  jL-^-iXi  ^: 


with,  the 


AKCtrUE  DEFLECTIONS  BY  TELESCOPE  METHOD. 

1  arranged  to  be  nearly  in  plane  with  and  at  right  Tela 

angles  to  the  axis.    Tu  toost  cases  In  wliicb  the  telescope 

IS  used  the  axis  is  vertical,  and  we  will  for  defi-niteness 

s  that  this  is  the  case.     One  of  the  crosa-wirea  18 

1  vertical,  the  other  in  a  horizontal,  plane.    The 

B  is  straight  and  the  numbers  on  it  are  engraved  in 

Kb  a  manner  that   thej  appear  erect,  and  are  read 

1  left  to  right  when  seen  through  the  telescope. 

e  scale  must  be  well  illuminated,  and  the  metViod 

I  the  advantage  that  in  genei'al  this  is  sufficiently 

aiplisbed  for  au  opaque  scale  if  it  is  placed  in  a 


]-iighted  room ;  and  the  local  darkening  required  in 

B  ordinary  projection  mirror  method  ia  thus  avoided. 

I  scales,  constructed  either  by  graduation  on  the 

I  of  transparent  glasa,  or  on  a  silvered  surface, 

e  used  with  convenience.     The  scales  are  illumi- 

i  by  light  from  behind ;  and  in  the  former  case'  the 

sioDS  appear  dark  on  a  bright  ground,  in  the  latter 

:  out  brilUantly  on    a   dark    ground.      The  room 

plainly  must  be  darkened  If  such  scales  are  used. 

The  arrangement  of  the  apparatus  is  shown  in  the 

|.^etch,  Fig.  39.     Tiathe  telescope,  55  the  scale.  J/ the 
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Adjnst-  mirror.  The  telescope  as  a  whole  is  movable  for  adjust- 
in  ment  both  in  a  horizontal  and  in  a  vertical  plane.  The 
^r^^^  various  parts  are  set  up  and  adjusted  as  follows.  The 
telescope  eye-piece  is  adjusted  so  that  distinct  vision  of 
the  cross-wires  is  obtained.  The  eye-piece  as  a  whole 
is  then  moved  until  an  object,  at  a  distance  equal  to 
twice  that  at  which  the  telescope  is  to  be  placed  firom 
the  mirror,  is  distinctly  seen  without  parallax  at  the 
cross-wires.  A  plummet  is  hung  below  the  object-glass 
by  a  fine  wire  in  a  vertical  plane  through  the  centre  of 
the  object-glass.  The  telescope  is  then  placed  in  front 
of  the  mirror,  supposed  at  rest  in  the  undisturbed  posi- 
tion, and  is  moved  about  until  the  plummet  wire  is  seen 
by  reflection  in  the  mirror.  The  scale,  which  is  usually 
supported  by  an  adjustable  holder  carried  by  the  tele- 
scope stand,  is  placed  in  position  below  the  object- 
glass,  so  that  the  plummet  wire  is  seen  in  the  telescope 
coincident  with  the  middle  division  of  the  scale.  The 
scale  is  levelled,  and  adjusted  by  direct  measurement, 
so  that  any  two  points  at  equal  distances  on  opposite 
sides  of  the  middle  division  are  at  equal  distances  from 
the  centre  of  the  mirror.  The  final  adjustment  of  the 
telescope  for  parallax  and  distinct  vision  is  now  made. 

In  order  that  any  accidental  disturbance  of  the 
telescope  may  be  rectified  with  certainty,  a  fixed  mirror 
is  set  up  close  to  the  movable  one,  and  the  part  of  the 
scale  seen  at  the  intersection  of  cross- wires  by  reflection 
from  this  mirror  is  read  08"  and  reconled. 

If  the  adjustments  have  been  properly  made,  the 
divisions  on  the  scale  are  now  seen  clearly  in  the  mirror  • 
and  this  distinctness  is  practically  the  same  for  all  parts 


p 

H       ANGL-LA' 
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ANGULAR  DEFLECTIONS  BY  TELESCOPE  METHOD. 

•  of  a  scale  of  ordinary  leogth  placed  at  the  usual  distance  E 
from  the  mirror.     A  deSection  of  the  mirror  causes  the 
divisions  of  the  scale  to  pass  across  the  field  of  view  of  U 
the  telescope ;  and  if  the  mirror  comes  to  rest  in  a  new  i 
position,  the   angle  of  deflection  can  be  obtained  by 
comparing  with   tiie  initial  reading  the  new  reading, 
which  coincides  with  the  vertical  cross-wire.     Let  n  be 
the  deflection  measured  along  the  scale  in  terms  of  a 
scale  division  as  unit,  r  the  distance  of  the  scale  from 
H  tbe  mirror  in  terms  of  the  same  unit,  0  the  angle  of 
^Beflection  of  the  mirror  in  radian  measure ;   then  as 

^^ If  the  axis  round  which  the  mirror  turns  is  not  in  the 
reflecting  surface,  but  at  a  distance  8  from  it,  we  have 
plainly 


Since  S  is  in  general  small,  this  may  ho  calculated  with 
sufficient  accuracy  by  finding  6  from  the  previous 
formula,  and  using  its  value  in  the  calcuktion  of  the 
corrected  value  from  the  riglit-hand  side  of  (6).  If, 
however,  0  be  very  amtill,  cos  0  on  the  right  may  be 
taken  as  unity,  and  we  have 

9-1,4-^ m 

In  order  that  a  point  in  the  middle  of  the  portion  of 
the  scale  seen  in  the  telescupe  may  have  the  greatest 
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Relation   possible  illumination,  it  is  necessary  that  the  mirror 
ofMim)rto  should  be  at  least  so  broad  that  for  the  positions  of 
Diameter  telescope  and  scale  adopted  the  pencil  of  rays  from  the 
Glaas.     point  should  fill  the  horizontal  diameter  of  the  object- 
glass.    Hence  if  r,  r'  be  the  distances  of  the  scale  and 
telescope  respectively  from  the  mirror,  S  the  diameter 
of  the  object-glass,  the  minimum  breadth  of  the  mirror 
is  rS/{r  +  r'). 
Length  of       The  portion  of  the  scale  visible  in  the  telescope  may 
v^^Xle     ^^  defined  as  that  from  no  point  of  which  the  part  of 
the  pencil  received  by  the  eye-glass  fills  less  than  a 
certain  fraction  of  the  diameter  of  the  object-glass.     K 
we  define  it  by  half   the  diameter  we  get  when  the 
breadth  of  the  mirror  is  b,  (if  the  real  optical  extent 
of  field  of  view  of  the  telescope  be  not  exceeded)  for  the 
length  visible  &(r  -f  r')/r'.     The  pencil  received  from 
either  extremity  of  this  space  covers  the  object-glass  as 
far  as  its  centre.     With  the  above  minimum  breadth 
of  mirror,  the  extent  of  the  field  of  view  is  rS/r,  which 
is  greater  the  smaller  is  r'  in  comparison  with  r.     If,  as 
usually  is  the  case,  r  =  r  nearly,  it  is  simply  equal  to 
the  diameter  of  the  object-glass. 
Limits  of       The  precision  of  the  readings  with  this  arrangement 
obtahi^-^   depends  upon  the  angle  of  deflection  which  correspoiuls 
able.      to  the  smallest  visual  angle  visible  in  the  telescope. 
Calling  this  angle  77,  the  corresponding  length  of  scale 
is  r}{r  4-  r'),  and  the  angle  which  this  subtends  at  the 
mirror  is  7j{r  +  r')/r.     The  smallest  angle  of  turning  of 
the  mirror  visible  is  therefore  rj(r  4-  r')/2r.    The  smaller 
r'  is  in  comparison  with  r  the  smaller  is  this  angle; 
hence  the  sensibility  is  increased  by  placing  the  scale  at 
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^V     ANGUI 

^Hqt  greater  distance  from  the  mirror  than  the  teleecope. 
The  minimum  breadth  of  mirror  becomes  as  /  is 
diminished  more  and  more  nearly  equal  to  the  diamettT 

If  the  object-glass ;  hence  if  a  mirror  of  sufficient  size 
I  available,  and  it  is  convenient  to  construct  and  well 
lluminate  a  long  scale,  the  distance  of  the  scale  may 
rith  advantage  be  made  considerably  greater  than  that 
i  the  telescope. 
A  telescope  may  be  used  with  a  concave  mirror  (or 
he  equivalent  arrangement  of  plane  mirror  and  con- 
vergent lens  placed  close  to  it)  and  curved  scale  as 
described  above.  All  that  is  necessary  is  to  substitute 
the  telescope  for  the  slit  or  illuminated  wire,  and  arrange 
it  for  distinct  vision  of  the  scale  without  parallax  at 
the  cross-wires.  The  best  arrangement,  however,  is 
WW  to  place  the  scale  at  a  distance  from  the  mirror 
iqual  to  the  principal  focal  distance  of  the  mirror, 
r  the  corresponding  distance  in  the  case  of  the  lens 
and  plane  mirror.  If  the  radius  of  curvature  of  tho 
mirror  be  R,  this  distance  is  ^R.  For  the  lens,  if  /  be 
its  principal  focal  distance  and  £  the  distance  of  its 
itical  centre  from  the  mirror,  the  distance  is  by  the 
^eory  of  lenses  /(/  -  2B)/2C/  -  8)  +  S  =  i(/  -I-  S) 
y8'/2(/  — S).  Hence  if  Sis  small  in  comparison  with/, 
iie  distance  is  approximately  \(J  ■\-  £).  If  the  lens  be 
LQo-convex  and  silvered  on  its  plane  face,  &  is  zero  and 
a  distance  is  J/. 
\  Since  the  rays  of  light  received  by  tiie  telescope  are 
Iftrallel,  the  telescope  has  only  to  be  adjusted  for 
Htinct  viisiou  of  a  distant  object,  and  may  be  placed  at 
any  distance  from  the  mirror,  with  no  other  alteration 
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than  a  change  in  the  extent  of  scale  seen  in  the  field  of 

view.     For  a  spherical  mirror  of  radius  B,  the  length  of 

scale  visible  with  a  mirror  of  breadth  6  in  a  telescope 

with  object-glass  at  distance  /  is  plainly  hRjir',    In  the 

case  of  the  lens,  if  b  be  its  diameter,  the  length  of  scale 

visible  is  practically  bfjr'. 

Relation  of      Plainly  in  order  that  the  whole  power  of  the  telescope 

Diameter  ^^Y  be  utilised,  the  parallel  beam  from  the  mirror  or 

_,.  *°  ,     from  the  lens  due  to  a  point  in  the  middle  of  the  portion 

Diameter  ^  i  i_       •       i_ 

of  Object  of  the  scale  visible  must  fill  the  object-glass,  that  is,  the 
mirror  or  lens  must  be  at  least  equal  in  diameter  to  the 

Smallest  object-glass.  The  smallest  angular  deflection  observable 
Deflection  ^^  ^^^^  obviously  half  the  smallest  visual  angle  observ- 
able in  the  telescope,  that  is,  half  its  space-penetrating 
power.  This  power  varies  directly  as  the  diameter  of 
the  object  glass,  and  it  has  been  found  that  an  object 
glass  of  15  centimetres  diameter  is  necessary  to  sepa- 
rate two  objects  which  subtend  an  angle  of  1"  at  its 
centre. 


Section  IL 
MEASVREMENTS  OF  OSCILLATIONS. 

Utility  of      The  most  important  species  of  oscillations  for  us  to 

vatiim^of  ^^^sider  are  oscillations  of  a  body  round  an  axis,  such 

Oscil-      oscillations  for  example  as  are  performed  by  a  body 

suspended  by  an  elastic  wire  under  the  influence  of 

torsion,  or  the  vibrations  of  a  magnet  in  a  magnetic 

field,  with  or  without  the  damping  action  of  induced 


^V     THEO] 


THEOfiT  OF  31MPLE  HARMONIC  OSCILLATIONS. 

rents,  or  of  frictional  resistance  proportional  to  the 
Telocity.  A  detenuiDatioa  of  the  period  aud  rate  of 
subsidence  of  the  oscillations,  witb  a  knowledge  of  the 
moment  of  inertia  of  the  vibrating  body  round  the  a.\is 
of  rotation,  gives  a  means  of  calculating  the  moving  aud 
resisting  forces  acting  on  the  body. 


^HLFof  simp  I 
^^^nutton  of  motion  ia 


.cillatioDX  of  dUaiaishiDg  range  tbi 


+  ^"1+^6  = 
^       ,11  ^  .t 


8  is  the  UDgulsr  deflection  at  lime  I.  For  the  criterion  of 
iple  haTiDooic  motion  of  constant  range  is  that  the  body  should 
(m  actod  on  by  a  system  of  forces  or  couples  proportional  to  tbe 
dieplacement  and  acting  towurds  the  Qquilibrinm  position.  Tiie 
moment  of  the  couple-sjstera  in  the  present  case  is  L9.  Besides 
this  system  of  couples  we  suppose  a  retarding  eyetem  of  forces 
to  act  on  the  body  with  a  moment  round  the  aiia  proportional 
nt  every  instant  to  the  angular  velocil.y,  and  equal  to  'liiid&jdt, 
where  ft  is  the  moment  of  inertia  of  the  moving  system  round 
the  axis,  and  k  a  constant.  Equating  tlie  rale  of  diminution 
of  moment  of  momentum  -  /uPSldfl  to  the  sum  of  moments 
2iM6liIt  +  L6  we  get  th>>  equation  of  motion  (8). 
The  general  solution  of  (8)  is,  writing  if  for  Z/fi, 


6  =  Ai,*it  +  Jj,"s< 

-      (^)    SOI^J 

iwkare  A^,  A^  are  constants,  and  n„  m,  ore  the  roots 

■piiiliiiliii  equation 

B                                 »'  +  2iw  +  /.'  =  0, 

•'■'-    1 

But  !■,  «,  =   -  i  +  Vf  -  «^  «,  =  -  i  -    -ll?  -  n\ 
njots  are  imaginary  if  a*  >  k\  and  in  this  case  the  solutio 

E               fl  =  ,-*'  (Coos  Vb'  -  *»(  +  C  sin  n/«'  -  t»0- 

These    Renlisei* 
u  takes    Solution 

Aniilinry 
n  e  in      Qu„.i. 

fifSimpla 
,     (11)   Harmooie 

HUr  be  reckoned  from  the  instant  of  greiitest  elongotio 
^B| positive  direction  (10)  becomes 

I                      iJ=.-»'esin{(™'-i>)«+|j          .    , 
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The  motion  is  therefore  simple  hannonic  with  period  2ir/(n*  -  J^i, 
and  amplitude  diminishing  at  logarithmic  rate  k. 

If  «2  <  pj  ffi^^  1^  are  real  and  the  motion  is  non-oscillatory ; 
that  is,  any  displacement  given  to  the  system  disappears  by  a 
motion  of  the  body  towards  the  position  of  equilibrium  without 
oscillation  about  that  position.  This  condition  is  fulfilled  in 
aperiodic  or  "dead  beat"  instruments. 

When  k  is  so  small  that  the  resistance  is  negligible  in  com- 
parison with  the  other  forces,  the  equation  of  motion  (8) 
becomes 

g+««<»  =  0 (12) 

and  the  solution  corresponding  to  (11) 

6  =  eBm(nt+  ^ (13) 

A  case  which  frequently  occurs  is  that  in  which  the  motion  is 
oscillatory  but  not  simple  harmonic,  owing  to  the  fact  that  the 
moment  of  the  system  of  couples  is  proportional,  not  to  6,  but  to 
sin  $.  Assuming  zero  or  negligible  resistance,  the  equation  of 
motion  is — 

^^  +  n^Bm6  =  0 (14) 

where  «,  as  before,  denotes  L/fi.  This  is  the  case  of  which  a 
circular  pendulum  vibrating  through  a  finite  arc  is  the  type. 
Denoting  the  amplitude  in  radian  measure  by  a,  we  have,  mul- 
tiplying by  dQldt  and  integrating  from  ^  =  a  to  ^  =  0, 


(  —  j  =  2«*  (cos  &  -  cos  a). 


Hence 


dt  =  — p-  (cos^  -  C08a)-i(?^   ....    (15) 
v2» 

Calcn-      ^"^  ^^  integral  of  this,  taken  between  the  limits  0  and  a,  is  the 
lation  of   quarter  period  =  T\i. 
Period. 


Let 


then  (15)  becomes 


Q         .    a    .     . 

sm-  =  sm  ~  8m9, 


<//  =  1(1  -  sin«^Bin«(/>)-Jd^  .    .    .    .    (16) 


OBSEETATION  OF  PERIOD  OF  OSCILLATION. 


BxpADiliiig  and  inteiiTnting  the  BeTi^s  term  by  term  betweoii 
''a  Wiiita  0  and  jff  (wtiicb  correapoud  lo  0  mi<i  a),  we  gel — 


'  + 


GT»"1+ 


).ill'3+St! 


.    (17) 

D«iootioo 

for 

la  pen- 

Infinitely 

nations 

R«ng^ 

The  first  term  of  this  series  2ir/»  is  the  ordionrjr  s: 
Uum  formulB  foi  an  inflniteiy  siimll  lunplltiide  of 
J  find  tnim  valueit  at  T  derivotl  from  observalion  of  < 
K  this  kintl  ilie  com'sponding  period  for  infinitely  siiiaU  oscilln- 
■IBi  it  )■  only  uecossary  tu  ilivide  the  vnlue  uf  T  thus  found  by 
9  Tn]ite  o£  Ihe  series  witliin  the  brncJKeta.  For  almost  nil  prac- 
>l  porpoaes  it  is  suRicietit  to  use  the  u|>proxiniiite  equatioii — 


(18) 


^"^(■+^) 


hjch.  for  on  amplitude  of  half  a  mdinn  (38°  42'  nearly),  is  true 
3  1/60  per  cent.,  and  to  a  higher  degree  of  uccuracy  for  smaller 
iDplitaaes. 

A  table  of  reducing  factors  calculated  from  (IT)  is  given  at 

•  end  of  this  volmne. 


The  period  of  an  oscillation  ia  the  time-interval 
between  two  succeasive  passages  of  the  moving  body 
through  the  same  position  in  the  same  direction.  For 
the  determination  of  this  a  means  of  observing  the 
position  of  the  body  and  a  time  measurer  are  necessary. 
For  many  physical  purposes  a  fairly  accurate  clock  or 
cbronomet«r  beating  audibly  seconds  or  half  seconds, 
or  a  good  watch  ia  sufficient.  In  well-equipped 
I.iboratories,  chronographs  arc  available,  by  which,  at 
ilio  successive  iuatants  of  occurrence  of  the  phenome- 
uiiQ  observed,  marks  can  be  made  on  a  ribbon  of  paper 
or  revolving  dram  kept  moving  uniformly  (checked,  of 
course,  by  a  break-contact  chronometer  or  pendulmn, 
which  breaks  an  electric  circuit  at  equal  intervals  of 
time,  and  makes  a  mark  on  the  ribbon  at  each  break) 
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by  clockwork  at  a  known  rate  recorded  by  t 
meat  itself.     We  shall  RUppose  that  au  audibly  ticking 
chronometer  is  used,  and  it  will  be  easy  to  modify  the 
methods  of   observation   to   suit   a   registering  time- 
meaaurer.  ^ 

if  For  observation  of  the  vibrating  body,  wbrai  3 
'  ouly  Decensary  to  find  the  instant  of  passage  thrOK] 
given  position,  it  is  convenient  to  use  a  telescope 
focussed  so  as  to  give  an  image  of  some  part  of  the 
body  at  the  intersection  of  cross-wires  when  the  body  is 
in  the  position  in  question.  The  best  position  is  that 
of  the  vibrating  body  when  at  rest  with  no  forces  acting 
upon  it.  A  vertical  lino  is  drawn  upon  the  body,  a 
focussed  at  the  cross-wires  in  the  usual  way  \ty  i 
adjusting  the  eye-lens  and  cross-wires  for  distinct  t 
of  the  latter,  and  then  moving  the  whole  eye-piece  n 
distinct  vision  of  the  mark  is  obtained. 

It  is,  however,  more  generally  convenient  to  mount  a 
light  mirror  on  the  body  and  use  the  arrangement  of 
telescope  and  long  circular  scale  described  above.  The 
apparatus  is  adjusted  so  that  the  division  of  the  scale  in 
the  same  vertical  plane  as  the  centre  of  the  object^ 
and  the  centre  of  the  mirror  is  at  the  interaectii 
cross-wires  when  the  body  is  at  rest.  Or,  and  prefer 
^  where  the  equilibrium  position  of  the  vihiaUng  b 
"  liable  to  change,  the  exact  reading  of  the  scale  t 
sponding  to  the  equilibrium  position,  or  xeroreadvn 
we  shall  call  it,  may  be  obtained  as  follows,  while  'I 
body  is  vibrating.  The  readings  of  the  scale  wheaj 
body  is  at  rest  at  three  consecutive  times  are  t 
Let  7ij.  /ij,  Tij  be  the  readings,  a  the  zero-reading,  fS 


!  acting 
3e  mtfi^^ 
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riod  (not  neceBBarily  known),  then  for  the  tleficclion 
,  the  zero  in  the  first  case  we  have  d  =  ?ij  —  a,  , 
in  the  second  &nd  third  cases  by  (11)  above, 
a  =  —  €~  '''^j^d,  Mj  -  a  =  «  "  *^(i.     Hence  we  get 


-  TljJlj, 


When  «i  does  not  diflfer  greatly  from  j 
becomes 


.    .    .    (19) 

,  this  equation 

.     .     .     (20) 


^^M  IS  the  rate  of  diminution  of  amplitude  is  not  great, 
^^Be  extreme   readings   of   a  greater   odd   number   of 
^^Bccessive    semi -vibrations    may    be    read    off.      The 
^Hkithmetic  means  of  the  readings  talten  at  each  side  are 
^■nvmd  sepEirately,  and  the  arithmetic  mean  of  the  two 
results  is  the  refjoirod  reading  for  the  middle  position. 
Thus  let  rfi,  rf,,  d^  d^,  d^  be  readings  of  the  scale  for  five 
successive  elongations  (points  (rf  extreme  deflection),  so 
that  d^,  (fg,  rfj  are  the  extreme  readings  for  deflection  to 
the    left,  </(,  d^   for   deflection    to   the    right.      Then 
^^^i  +  d^+  d^/S  is  the  mean  extreme  reading  on  the 
^Bjft.     Similarly  (d^  +  (2J/2  is  the  mean  extreme  read- 
^^■g  on  the  right.   The  zero  reading  is  then  approximately 
^^e  mean  of  these,  or  [d^  -i-  dg-\-  d^lG  +  (rf,  4  d^}ji.     It 
is  necessary  thus  to  take  one  more  reading  on  one  side 
than  on  the  other  in  order  that  in  the  case  of  diminish- 
ing amplitude  the  mean  for  one  side  may  correspond  to 
that  for  tlie  other.     Thus  if  three  readings,  i/j,  rf,,  f/„ 
were  taken  on  the  right,  the  mean  d^  +  d^  +  d^  would 
mean  of  readings  taken  one  by  one  later  than 
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those  on  the  other  side,  and  their  mean  would  therefore 
be  too  small  to  give  accurately  the  zero  reading. 
Okscrva-  The  instant  at  wliich  the  zero  reading  of  the  scale 
of  Period.  ^^^ftJ^^s  its  transit  is  now  observed  while  the  body  is 
vibmting.  This  is  done  as  follows: — The  observer 
takes  time,  say  at  the  end  of  a  minute,  and  then 
listening  to  the  ticking  of  the  clock,  counts  on  ilrom 
the  end  of  tlie  minute  until  the  middle  reading 
fMisses  the  intersection  of  cross-wires.  The  division 
of  the  scale  at  the  intersection  of  cross-wires  at  the 
boat  of  the  chronometer  before  and  at  the  beat  after 
the  instant  are,  if  possible,  also  observed.  From  these 
the  exact  instant  of  the  tninsit  of  the  zero  reading  can 
Iv  found  bv  assuming:  the  velocitv  of  transit  constant 
Ivtwoon  the  two  boats.  If  both  these  readings  cannot 
Iv  obtained,  that  one  nearest  in  time  to  the  transit  of 
the  zero  reading  i^  road  off,  and  from  the  approximately 
known  voWitv  of  tninsit  the  interval  between  the  beat 
and  the  |K\5Si\go  can  K^  found.  The  obser\'er  allows  the 
vibration  to  continue,  and  counts  the  transits  past  the 
orvvss-wiro:?  until  some  convenient  numlvr,  sav  10  or  20, 
have  taken  place.  Before.*  the  end  of  the  series, glancing 
at  the  clo;k.  he  takes  time,  and  then  counts  the  ticks 
until  tho  last  transit  of  the  series  h;is  taken  place,  and 
make:?  tho  s;uuo  observations  as  at  the  beginning  of  the 
seriosw  Ho  repeats  those  observations  for  successive 
serios.  aiii  thus  obtains  an  approximate  measurement 
of  the  tim-e-iutervul  from  the  drst  to  the  last  transit  of 
eaoh  series. 

From  this  time-intor^al  tor  one  or  more  series  the 
period  of  0(SciLb:ion  can  be  appn.>xiuiacelv  osculated. 
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%e  mean  of  the  periods  calculated  from  each  set  of 
observatioua  will  give  the  average  period  with  accidental 
errors  of  a  pivrticular  set  more  nearly  eliminated. 

Each  set  of  determinations  of  period  ought  to  he   ouee 
immediately  preceded  and  followed  by  observations  of    >!'"'oli3 
amplitude.     For  this  it  is  only  necessary  to  observe 
^  three  elongations   or  scale -readings  at  the  stationary 
^inlB.     Thus  let  three  successivo  scale  readings  be 
y  dp  rfj.  the  total  range  of  apparent  motion  of  the  scale 
ross  the  field  of  view  is  d^  —  3(1/^  -|-  d^),  or  the  ampli- 
id«  of  oscillation  reckoned  on  a  circle  of  radius  equal 
b  that  of  the  scale  is  id^  —  J(rfj  +  rf,).    If  a  denote  the 
mplitude  iu  radian  measure,  and  r  the  radius  of  the 
ale  in  degree  divisions,  then 


-  i'/,-jK  +  rfa) 


(21) 


The  mean  of  the  two  values  of  the  amplitude  ob- 

Mned  at  the  beginning  and  end  of  etich  series  of  obser- 

tions  may,  if  the  series  does  not  extend  over  too  long 

i  time,  be  taken  as  the  amplitude  during  tho  whole 

ties,  and  used,  if  the  oscillations  are  of  the  kind  which 

3  it,  for  the  reduction  of  the  period  obtained  from 

B  series  to  that  which  would  have  been  obtained  if  the 

gaplitude  had  been  infinitely  small  (see  p.  223,  above). 

9ie  mean  value  of  the  periods  obtained  after  all  cor- 

iions  from  the  various  series  of  observations  may  be 

ikea  as  the  period  required. 

tin  cases  in  which  the  rate  of  diminution  of  amplitude 
ismall,  a  large  number  of  oscillations  may  be  made  in 
^es  exlonding  over  a  considerable  time. .  A  first 
Q  2 
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Observa-   short  series  of  observations  will  suffice  to  give  an  ap- 

Long  "  proximate  value  of  the  period,  and  this  can  be  used  to 

^  v^h*  °^  ®^^®  ^^^  necessity  of  counting  the  number  of  oscillations 

tions.     in  the  long  series.     The  times  t,  %'  of  the  beginning  and 

end  of  the  long  series  (with,  as  before,  the  amplitude 

before  and  after)  are  observed  and  recorded.     Then  if 

T'  be  the  rough  value  of  the  period  before  obtained, 

which  it  is  known  may  have  an  error  not  greater  than 

T,  we  have  for  N  the  number  of  vibrations  in  the  series 

N=^^ (22) 

with  a  possible  error  of  +  Nt\T,  If  t  is  so  small  that 
Nt  is  less  than  half  a  period,  then  plainly  N  is  the 
actual  number  of  vibrations  made  during  the  interval, 
and  the  true  period  T  can  be  at  once  obtained. 

Definition       When  the  resistance  to  motion  is  proportional  to  the 

arithmic  velocity,  each  amplitude  has  a  constant  ratio  to  the 
Deere-  succeeding  amplitude,  and  this  ratio  is  called  the 
Logarithmic  Decrement  of  the  motion. 

Its  Deter-       It  is  obtained  at  once  from  observations  of  amplitude. 

mination.  "pj^^  gero  reading  having  been  determined,  an  odd 
number  of  successive  elongations  on  the  same  side  of 
zero  are  observed,  and  the  arithmetic  moan  of  the 
deflections  from  zero  taken.  The  result  is  the  ampli- 
tude for  the  middle  vibration  of  the  series.  The 
vibratory  motion  is  allowed  to  continue  undisturbed 
for  some  time  and  another  series  of  observations  then 
made.  Then  if  we  call  the  semi-period  for  which  the  first 
amplitude  was  determined  the  m'*,  and  the  second 
semi-period  to  which  the  second  amplitude  corresponds 
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lie  the  (m  +  n)'*,  the  time  between  the  two  observations  I 
is  )i  —  1   semi-periods.     Hence  if  \  be  the  logarithmic 
decrement,  6.  the  first  amplitude,  6m+,   the  second, 
then 


a.  =  x»-i  e,4. 


!««< 


(23) 


If  2/,^  denote,  as  in  (8)  above,  the  ratio  of  the  moment 
of  the  resistance  to  the  product  of  the  moment  of 
inertia  and  the  angular  velocity,  or,  which  is  the  same 
thing,  the  ratio  of  the  angular  retardation  to  the 
angular  velocity,  and  T  one  peiiod,  then  we  see  by  (11) 


that 


H^Whe 


=  ir. 


■     ■     .     (24) 

I  When  the  oscillations  are  long  continued,  a  abort  F 

i  of  observations  of  an  odd  number  of  successive 
elongations,  with  the  time  of  zero  passage  for  each  cemi-  S 
vibration,  is  made  from  time  to  time.  The  number  of 
illations  which  has  taken  place  between  every  two 
i  is  determined  as  described  in  p.  228, 
the  results  combined  as  follows.  The  interval 
between  the  time  of  zero  passage  in  the  first  semi- 
vibration  in  the  first  series  and  the  zero  passage  in  the 
first  of  the  second  series  divided  by  the  number  of 
semi-periods  gives  an  average  semi-period  of  vibration  ; 
in  the  same  way  the  second  serai -vibration  of  the  fimt 
series  and  the  second  of  the  second  aeries  gives  another 
[erage,  and  ao  on.     A  second  set  of  averages  can  be 


SB     of 
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^aTi^'Y'  ^^**^^^  fr^™  *^^  second  and  third  short  series  and 

from  Sue-  the  interval  between  them. 

^j^^^^       Each  successive  set  of  average  results  (corrected  if 

Obseixa-  necessary  for  amplitude)  gives  a  mean  result,  and  these 
again  a  final  mean  period.  In  the  same  way  the 
amplitudes  may  be  dealt  with  and  a  mean  logarithmic 
decrement  found. 

The  ivsults  of  observations,  and  of  different  sets  of 
obser\ations.  mav  be  combined  bv  rules  derived  from 
the  theory  of  Lrtisi  Squary^  so  as  to  gire  the  most 
probable  values  of  the  quantities  sought,  and  we  shall 
state  and  use  such  rules  when  necessarv  in  what  follows. 

m 

We  have  net  space  here  to  enter  into  the  subject. 


SSVTIOS   IIL 

Tr-re  ar?  mAny  e!ec:rio  and  njajrie:ic  instruments 
:a  wh::r.  an  arp>U\i  c^.^uple  or  sy5:oni  of  o."»uples  is 
T>,r.:ilibrA:c'i  Vy  a  rv-.w::r.^  c-.^up!":^  th'e  r.iori^ient  of  which 
:L-erv:  :rt-  :u:? as  ires  :r.;^:  ::  :1.^  former.  "Tcis  e»^u"iibratin2 
..vcirt-;^  nvAv  be  ortain-evi  :ti  vahous  aravs:  f-^r  exMnpIe, 
bv  :I>^  Tvrii.'n   ::  An  t*Lvs::o  >»:re  or  :Kredti :  bv  means 

m 

:z  \  bJr.ir  <•:>!>*:  ::>i;  v.:  »"r  bv  :h^^  vwr.-:c'::.-a  .fa  mAimet 
::i  a  zl.«.^-::::  f-xl-.:.  W%-  sbj^II  -.vcsii-er  sb-.r^Iy  the 
T'.':asur\rn:':LLt   ■::   o:cri-;*  i»co»:"o^\:    ::i   tbe    ir?:    two 
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I  When  a  wire  is  twisted  by  turning  one  end  rounil 

e  axis  of  the  wire  while  the  other  end  is  held  fixed, ' 

fcTeaisting  couple  is  set  up  by  elastic  reaction  in  every 

s-aection  where  twist  has  been  given.    The  moment 

3  couple  at  any  one  section  is  proportional  to  the 

(  there  existing  defined  as  follows : — Let  S0  be  the 

)  through  which  one  of  two  normal  cross- sections 

a  distance  Bl  apart  along  the  axis  of  the  wire  has 

1  turned  relatively  to  the  other,  then  BS/Sl  is  called 

lye  tunst  over  that  portion  of  the   wire.     Let 

e  middle  cross-aection  of  this  portion  of  the  wire  be 

tat  at  which  the  twist  is  to  be  measured,  and  let  SI  bo 

3  very  small,  B8IBI  is  then  the  twist  required. 
Along  a  straight  homogeneous  wire  of  uniform  cross- 
Ktion,  attached  at  its  extremities  to  two  bodies  by 
relative  motion  of  which  round  the  axis  of  the  wire 
I  twist  is  applied,  the  distribution  of  twist,  except 
r  the  fastenings  at  the  ends,  is  uniform.  The  couple 
itic  reaction  in  a  particular  wire  of  circular  cross- 
KtioQ  and  isotropic  material  is  equal  to  the  product 
f  the  twist,  the  Hytrfiify  (defined  below)  of  the  material, 
1  the  moment  of  inertia  round  the  axis  of  a  circular 
disc  of  diameter  equal  to  that  of  the  wire,  and  of  unit 
mass  per  unit  of  area.  The  product  of  the  last  two 
^Actors  is  called  the  Torsioiml  Jlu/idity  or  Modulus  of 
^Hbrsion  of  the  wire,  and  is  the  elastic  couple  set  up  in 
^^le  wire  per  unit  of  twist.  This  is  the  constant  which 
I     for  wires  used  aa  torsional  suspensions  it  Is  necessary 

to  determine. 
I         The  simple  rigidity  of  the  material  which  forms  one 
ictor  of  the  torsional  rigidity  is  defined  by  supposing 
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^^^y  equal  tangential  force  per  unit  of  area  to  be  applied 
over  four  fences  of  a  unit  cabe  so  that  the  forces  in  each 
bee  act  as  shown  hy  the  arrow-heads  in  Fig.  40.  By 
the  action  of  these  forces  the  cobe  is  distorted  so  that 
the  section  in  the  plane  of  the  paper  beoomesa  ihombus, 
that  is,  each  of  one  pair  of  opposite  angles  becomes  less 
than  a  right  angle  bj  a  certain  amount,  and  each  of 
the  other  angles  greater  than  a  right  angle  by  the  same 
amount  The  rigidity  is  the  ratio  of  the  tangential 
force  per  unit  area  thus  applied,  to  the  amount  in 


p 


I 
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P 

Fig.  40l 


radian  measure  bv  which  each  angle  of  the  section  of 

the  cube  has  been  changed. 

I>eter-         The  torsional  rigidity  of  a  wire  is  best  determined  by 

^"^^^   the   method   of  oscillation.      The   wire   is  suspended 

Tornonal   vertically  from  a  fixed  support  which  securely  holds  its 

jleSwd^of  apper  end  from  turning,  and  to  the  lower  is  attached 

OkiI-      a  body  of  such  form  that  its  moment  of  inertia  round 

the  axis  of  the  wire  can  be  readUy  determined  from  its 

mass  and  dimensions. 

The  best  form  of  vibratcv  is  for  severs!  reasons  a 


MEASUREMENT  OF  TORSIONAL  RIGIDITY. 

How  circular  cylinder  of  brass  or  copper  snspended  so   Form  < 
that  the  axis  is  in  line  with  that  of  the  wire.     In  such     '  " 
a  cylinder  the  thickness  of  the  metal,  in  most  practical 
;b,  need  not  be  so  great  in  comparison  with  either 
s  that  defects  in  homogeneity  will  seriously  affect 
i  correctness  of  the  moment  of  inertia,  as  deduced 
rom  the  mass  and  dimensions  of  the  vibrator.   Further, 
I  form  is  one  for  which  the  motion  is  but  slightly 
Cected  by  the  presence  of  the  air  in  the  chamber  in 
I  which  the  oscillations  ta1:e  place. 

The  cylinder  is  suspended  by  means  of  a  cross  bar  of 

the  same   material  and   of  rectangular  section   which 

I  passes  through  apertures  at  the  opposite  extremities  of 

I  diameter  of  the  cylinder  near  its  upper  edge.     The 

ingth  of  each  aperture  is  exactly  equal  to  the  breadth 

r  the  bar  so  as  to  avoid  side-shake,  but  their  depths 

lay  be  slightly  greater  than  the  thickness  of  the  bar. 

SjrmmetricaJly  placed   with  reference  to  the  centre  of 

tbe  bar  are  two  notches  in  its  upper  surface  which 

exactly  fit  the  upper  edges  of  the  orifices,  so  that  when 

the  whole  is  suspended  by  the  centre  of  the  bar  the 

cylinder  rests  in  these  notches  with  its  plane  horizontal, 

and  all  is  symmetrical  about  the  axis,  and  practically 

rigid  for  motions  round  it. 

1^  Coincident  with  the  axis  is  a  small  hole  in  the 
through  which  the  wire  can  be  passed,  or  in 
picb  a  small  vertical  wire  can  be  fixed  to  fit  the 
[np  with  which  the  lower  end  of  the  wire  may  be 
cninated. 
[If  the  object  of  the  experiment  is  to  determine  the 
nional  rigidity  of  a  particular  wire  used  in  an  instru- 
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Form  of  ment  of  any  kind,  and  this  cannot  be  done  with  the 
wire  in  position,  the  wire  should  have  a  clamp  or 
fastening  at  each  end  permanently  fixed  to  it  for 
securing  it  in  any  new  position ;  and  the  total  weight 
on  the  wire  when  vibrating  should  be  as  nearly  as  may 
be  the  same  as  that  borne  by  it  when  at  its  proper 
use. 

The  period  and  rate  of  subsidence  of  the  oscillations 
are  observed  and  the  results  dealt  with  in  the  manner 
already  described  (pp.  225 — 230  above). 

In  the  case  of  a  cylindric  vibraicr  the  mirror  may  be 
dispensed  with,  and  a  seal  3  of  equal  divisions  engraved 
on  or  cemented  round  the  upper  or  lower  edge  of  the 
cylinder.  This  scale  is  viewed  through  a  telescope 
directly,  and  as  the  wire  vibrates  the  divisions  pass 
across  the  field  of  view,  so  'that  the  time  of  passage 
of  any  one  division  and  the  divisions  of  greatest 
elongation  can  be  obser\'ed. 
DeJaction  If  t  denote  the  torsional  rifidditv  of  the  wire,  n  the 
Ri^aity  "giJi^v  of  the  material  and  a  the  radius  of  the  wire, 
from'     then,  as  sUtod  above,  p.  231. 


Results. 


T  =  -  •jr«ci* (25) 

If  T  denote  the  pori.xl  IT  the  logarithmic  decrement, 
fA  the  moment  of  inertia  of  the  whole  vibrating  svstem, 
fi  the  mdius,  and  /  the  length  of  the  wire,  n  is  "given 
by  the  evpatiou 

„       2/1/  /47r*       ,,N 
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or  if  Vhe  put  for  the  volume  of  the  wire  ^®^?*^.^?'* 

^  of  Rigidity 

from 


n 


=  ^(>+*')-  •  ■  •  m  ^- 


If  k  can  be  neglected  (28)  becomes 

a  form  sometimes  used.* 

Since  the  rigidity  modulus  thus  determined  involves 
the  fourth  power  of  the  radius,  and  it  is  diflGcult  to 
obtain  a  truly  cylindric  wire,  values  of  n  obtained  thus 
for  wires  must  in  general  be  taken  as  only  roughly 
approximate.  It  is,  however,  generally  possible  to  find 
with  accuracy  the  torsional  rigidity  t  of  the  wire.  This 
is  given  by  the  equation 

r=td(^  +  k*) (29) 

If  6  denote  the  whole  nngle  through  which  one  end  of  the  wire  Theory  of 
has  been  turned  relatively  to  the  other,  and  /  the  length  of  the  Method, 
wire,  then  the  twist  is  6/L  Now  consider  two  radii  in  the  section 
represented  in  the  diagram  which  are  inclined  at  an  infinitely 
small  angle  (A/r.  These  will  intercept  between  the  circles  of 
radii  r  and  r  +  </r,  a  small  square,  provided  dr  =  rdyft.  This  in 
the  unstrained  .wire  may  be  regarded  as  one  face  of  a  small  cube 
which  has  two  faces  in  infinitely  nearly  parallel  planes  through 
the  axis  and  the  two  radii,  and  two  other  faces  tangential  to  the 
two  cylinders  of  radius  r  and  r  +  dr,  and  the  remaining  face 
opposite  to  the  first  in  a  cross-section  at  a  distance  e<]ual  to  dr» 
By  the  strain  the  angles  between  the  first  and  last-mentioned 
faces  and  those  in  the  radial  plane  have  been  altered  by  the 
amount  r3/L  Hence  the  opposite  tangential  forces  required,  as 
in  Fig.  40,  over  the  faces  in  the  cross-sections  and  on  the  two 
faces  in  the  radial    planes    is    for    each    lace    n.rd^.dr.rBjL 

*  See  Encycl.  Brit,,  Art  *'  Elasticity,"  by  Sir  William  Thomson. 
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Theoiy  of  The  moment  of  this  roand  the  axis  is  m^dri^ .  BjL    Hence 

Method.  r* 

2wm6JI  .  /  r^dr  =  ^kmcMjI  is  the  total  moment  OTer  the  cross- 
section.  But  this,  divided  hy  the  twist  ^//,  is  the  toraioiud  rigidity. 
Hence  (25)  above. 

The  inte^^ral  just  found  is  the  total  moment  of  the  elastic  forces 
in  each  cross-section  producing  angular  acceleration  of  the  whole 
moving  sjrstem  towards  the  position  of  equilibrium.  Besides 
these  forces,  the  system  is  acted  on  by  forces  of  viscous  resist- 
ance (that  is  resisting  forces  depending  on  the  velocity),  partly  in 
the  wire  and  partly  between  the  moving  system  and  the  air ;  and 
these  we  shall  assume  as  everywhere  proportional  to  the  velocityy 
and  therefore  to  have  a  moment  round  the  axis  directly  propor- 
tional to  the  angular  velocity  diBldi. 


Fig.  41. 


We  shall  denote  this  moment  by  ikfM/dt.    The  equation 
of  motion  is  then 


•       • 


.    (SO) 


the  differential  equation  found  on  p.  221,  above,  which,  under  the 
conditions  there  stateil,  denotes  simple  harmonic  oscillations  with 
amplitude  diminishing  at  logarithmic  rate  k.  From  the  solution 
tlicre  given  we  have 

"w^ " 

which  yields  at  once  (26)  and  (27). 


MOliKNT  OF  INEETIA  OF  VIBRATOR. 


If  the  wire  be  not  of  tnil; 
rij^ditj,  mu8t  bo  used 
then  give  (29)  above. 


tud  01 


flVaii 


Since  the  torsional  rigidity  of  a  cylindric  wire  is  as 
the  fourth  power  of  its  radius,  or  the  square  of  its  area 
of  cross-sec tioD,  it  is  frequently  preferable  to  use  a 
number  of  wires  side  by  side  to  snpport  a  given  load, 

k rather  than  a  single  wire  of  equivalent  cross-section. 
Thus  such  a  wire  equivalent  in  cross-section  to  n  equal 
*rire8  would   not  support   a  greater   load,   but   would 
bave  approximately  n  times  the  torsional  rigidity. 
The  moment  of  inertia  of  the  wire  is  generally  so   I 
Bmall  in  comparison  with  that  of  the  vibrator  that  it  " 
IB  negligible  within  the  limits  of  the  errors  of  observa- 
tion,    /i  is  therefore  in  general  the  result  obtaiueJ  from 
the  known  distribution  of  mass  and  the  dimensions  of 

■  the  vibrator. 
The  moment  of  inertia  round  any  axis  is  by  definition 
the  Bum  of  the  products  of  the  mass  of  each  small 
dement  of  volume  of  the  body  into  the  square  of  its 
distance  from  the  asis,  and  is  therefore  obtainable  in 
general  by  integration.  The  results  for  the  most  useful 
8  are  contained  in  the  formula : — " 

Mass  X  sum  of  squares   of 

Moment  of  inerti.  ct]      "«"B»I"  «n,i-axc  perp. 

I  uniform  «,lid  round  I  =  -       *»  "»  "'  »<"«" 

3  axis  of  symmetry     J 


'«th^ 

I 


3.  4,  or  5 


»;ording  as  the  solid  is  a 
for  thin  elliptic  plate  (or  » 

*  Roalh,  tUffid  Dyn 


rectangular  parallelepiped, 
lid  elliptic  cylinder  if  the 
•mici,  vol.  i.  chap.  i. 
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axis  of  the  solid  is  the  axis  of  rotation),  or  an  ellipsoid. 
MoiriDiit  of  ^*'^'^  ^^*^  moment  of  inertia  of  a  right  circular  cylinder 
IntTtla  of  of  miiHS  m  and  radius  r,  this  formula  gives  wr^/2  :  hence 

i 'Vllii'lrh'  .        •       . 

V'ilimior.    f^'^  ^^^^^  of  ^  hollow  cylindric  vibrator  of  external  radius 

/,  int<jnial  radius  r,  and  mass  M,  is  =  J/(r'  +  r'^/2. 
For  tho  bar  by  which  it  is  suspended,  supposed  of  uni- 
form rectangular  section,  we  have,  if  m  be  its  mass,  a 
itH  huigth,  and  h  its  breadth,  m(a^  +  i^)/3.  From  these 
two  n»Hulta  tho  moment  of  inertia  for  the  cylindric 
vibrator  and  attached  bar  can  be  found.  The  vibrator 
JH  woighod  and  its  internal  and  external  radii  determined 
by  (*aroful  nu»asurement.  The  mass  and  length  and 
broailth  of  (ho  bar  are  rJso  found  as  carefully  as  possible, 
nnd  nllowanco  made  for  ihe  slots  in  which  the  cylinder 
lost?*. 

M.ihtuihy       It    i«   possiblo    to  avoid    the   determination   of  the 

iluYrmiVo  '"^*'*»*'»»<**  ^^f  inoitia  of  tho  sei>;iratc  parts  of  a  vibrator 

nf  two     by  \isin^  i\\\  arrangomont  of  masses,  the  configuration 

u'lomllnNoi  \»l'  wWwh  oan  Ih>  ohaniixnl  so  ;is  to  aher  the  moment  of 
\\w\\\\      inortia   without  altoriui;  tho  ma$s  and  therefore  also 
without  atVivtiuij  tho  pull  on  tho  wire. 

*ri\o  [vri^nls  7\,  1\  of  vibration  are  obserxed  for  two 
s\h  h  ihlVoivnt  iV\U!iiuration$  in  which  the  moments  of 
in»  rtia  auvl  K\;;arithn\io  dtvrvmonts  are  /tij.  fi^  l\,  k^  re- 
N|MV(i\ol\      Thou  N\o  havo  lrv>m  ^ilT) 


rhts.  \t  ;^.  ;^  Iv  .Muall  ;^.<  i$  5:\nu^nidlY  the  case. depends 
ou  f#^  «...  \\h\%*h  OAU  \*i:h  jvrojx^r  arrangement  be 
^UMo^muu^^  xxuU  m.Mv  inasjo  thau  the  xtJucs  of  f^,  ^ 
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A  convenient  arrangement  for  this  purpose  is  Maxwell's 
MaxweU's  Vibration  Needle.  A  straight  cylindric  tube  ^n^^"" 
of  brass  contains  four  other  tubes  of  brass,  each  exactly 
i  of  the  length  of  the  outer  tube  so  that  they  just  fill 
up  its  length.  Two  of  these  inner  tubes  are  empty,  the 
other  two  are  filled  with  lead.  The  vibrator  made  up 
of  these  tubes  is  hung  horizontally  from  the  wire  by 
means  of  a  straight  rigid  stem  attached  at  right  angles 
to  the  tube,  in  line  with  its  centre  of  inertia.  To  the 
upper  end  of  this  stem  the  wire  is  clamped. 

The  vibrations  are  observed  first  when  the  solid 
cylinders  are  in  the  middle  of  the  case,  and  the  hollow 
cylinders  are  at  the  ends,  and  again  when  the  solid  and 
hollow  cylinders  are  interchanged  in  position.  In  this 
case,  as  is  easily  shown  from  (32)  that,  if  m  be  the  mass 
of  each  of  the  shorter  hollow  cylinders,  m'  the  mass 
of  each  of  the  solid  cylinders,  and  2r  the  length  of  each, 

A^i  "  A^2  =  16  (m  —  ?M')r2. 

The  quantities  on  the  right  are  all  easily  found,  but 
the  calculated  result  can  hardly  be  relied  on  as  very 
accurately  the  value  of  /t^  —  /m^,  on  account  of  possible 
want  of  uniformity  in  the  cylinders. 

The  moment  of  inertia  /*  of  a  given  vibrator  may 
also  be  determined  by  first  observing  the  period  T,  then 
altering  the  moment  of  inertia  by  a  known  amount  v, 
and  observing  the  period  T\  If  i  be  the  same  in 
both  cases,  or  may  be  neglected,  we  have 


240  GENERAL  PHYSICAL  MEASUEEMEKTS. 

Maxwell's  This  process  is  frequently  employed  when  the  vibrator 
^eMe?  ^^  ^^  ^^^^  ^^^^™  ^^  dimensions  that  its  moment  of  inertia 
cannot  be  foand  by  calculation.  A  known  mass  of 
convenient  figure,  for  example  a  couple  of  spheres,  is 
made  capable  of  being  distributed  symmetrically  about 
the  axis  in  two  different  configurations  for  which  the 
difference  of  moment  of  inertia  can  be  calculated.  If 
change  of  total  mass  is  of  no  consequence,  a  suitable 
known  mass  can  be  added  to  the  vibrator  in  a  convenient 
position,  and  the  change  of  moment  of  inertia  is  then 
the  moment  of  inertia  thus  added. 

The  torsional  rigidity  of  a  thin  wire  can  also  be 
determined  by  suspending  a  magnet  of  known  magnetic 
moment  (see  below,  vol.  ii.)  by  a  measured  length  of 
the  wire  so  that  the  magnet  rests  with  its  length  in 
tlie  magnet  meridian,  and  then  twisting  the  upper  end 
of  the  wire  through  a  measured  angle  0,  which  may  be 
obsorvtHi  by  means  of  a  mirror  attached  to  the  magnet. 

If  IT  be  the  horizontal  intensity  of  the  field,  M  the 
magnetic  moment  of  the  magnet,  then  the  couple  tend- 
ing to  bring  the  magnet  is  (by  the  definitions  of  M  and 
H)  MH  sin  0,  The  couple  opposing  return  to  zero 
is  r0,  L     Hence 

T^MEl—^ (34) 

The  details  of  this  method  must  be  deferred. 

Imper-         The  torsionjU  rigidity  of  a  wire  is,  however,  apart  from 

Tol^onaf  *^*^  difficulty  of  its  exact  determination,  a  somewhat 

ElasUoity.  inconvenient  means  of  obtaining  an  ei|uilibrating  couple. 

The  zero  position  is  subject  to  change  even  for  moderate 

amounts  of  twist,  in  consequence  of  the  slow  working 


the 
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it  of  a  renoftinder  of  twist  after  removal  of  the  Joform- 
couple.     This  remainder  is  greater  the  longer  the 
haa  been  kept  twisted.     From  this  cause  glass 
Ibres  are  very  unsuitable.* 

The  effect  of  change  of  temperature  for  iron,  copper,   ElFect  ^~ 
and  brass  has  been  accurately  found  by  Kohlrausch.  -f-  xem^r.-'^ 
Roughly  speaking,  the  rigidity  is  diminished  by  J  per     ""- 
cent,  for  10°  rise  of  temperature.  Change  of  temperature 
also  changes  the  length  of  the  wire,  and  thus  alters  the 
twist  for  a  given  angular  deflection,     ^'his  alteration 
however,  only  about  iV  of  the  change  of  rigidity. 
The  torsional  rigidity  of  a  metallic  wire  is  slightly     EluHc 
liehed  and  ita  internal  viscosity,  and  therefore  the     '^'W""- 
Xe  of  subsidence  of  oscillation,  greatly  increased  by 
it  Sir  W.  Thomson  J  has  called  Elastic  Fatigue  pro- 
iced  by  continuous  or  frequent  torsional  oscillation. 
In  most  cases  it  is  preferable  when  possible  to  produce  Silk  Fibre 
the  equilibrating  couple  by  some  means  independent  of     "i^^" 
^torsion.     The  mode  of  suspension  generally  adopted 
by  unapun  clean  silk-fibre,  which  combines   great 
igth  with  very  slight  torsional  rigidity.     A  single  ■ 
ibre   (half  of  an   ordinary   cocoon   fibre)  will  bear  a 
weight  of  three  or  four  grammes,  and  with   a  large 
maigin  of  safety  from  half  a  gramme  to  one  gramme, 
'he   torsional   rigidity  of  fibres  of  Japanese  silk   of 
leters    from    '0009     to    ■0015    centimetre    varies 
'hen  eipresaed  in  terms  of  either  force  of  a  couple 

*  Mr.  C.  V.  Boys  {Phil.  Mng.  Jnne,  18S7)  reeommonili!  fitrcs  ofiinartz. 
It  ^gg.  Ann.  Srr.  3.  Bd.  cxi,i.  (1870).  p.  iSl.     Soe  aim  Kxcyel. 
"  Eluaticitj/'  by  Sir  W.  Thomaon,  J  79. 
"  Bluticity  Knd  Viicoeity  of  Metals,"  Prat.  R.S..  Mny  IS,  ISSS 
h  Eitefd.  Bra.  Art  '■  Ekiticity,"  %  30. 
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acting  on  an  arm  of  one  centimetre)  from  '00091  to 
•00250  dyne.*  A  silver  wire  of  the  same  torsional 
rigidity  would  have  a  radius  of  from  '00022  to  '00028 
centimetre,  and  would  not  bear  more  than  about 
•4  gramme  without  breaking. 
The  The  Bifilar  suspension  consists  of  two  wires  or  threads, 

Suapeii-  attached  at  their  upper  ends  to  two  fixed  points,  and 
"^°-  at  their  lower  ends  to  two  points  in  the  suspended  body. 
When  the  system  is  in  equilibrium  under  the  action  of 
no  applied  forces,  except  such  as  are  vertical,  the  threads 
are  in  a  vertical  plane  and  the  centre  of  gravity  of  the 
body  is  in  the  lowest  possible  position.  But  if  a  system  of 
couples  acts  on  the  body  so  as  to  turn  it  round  a  vertical 
axis,  the  threads  no  longer  lie  in  a  vertical  plane,  and 
a  couple  comes  into  play  opposing  the  applied  couple. 

The  suspension  has  the  advantage  of  giving  a  per- 
fectly definite  zero  of  directive  force,  practically 
unaffected  by  the  state  of  the  fibres  as  to  torsion,  and 
but  little  changed  by  variation  of  temperature  ;  and  the 
couple  given  by  it  for  a  given  deflection  is  capable  of 
sufficiently  accurate  evaluation  for  many  purposes  by 
measurement  of  the  dimensions  of  the  arrangement.  It 
is,  however,  used  in  many  electric  and  magnetic  in- 
struments simply  to  give  a  reacting  couple,  and  the 
constant  of  the  suspension  is,  if  necessary,  determined 
by  experiment. 
Oeneral  We  shall  consider  the  perfectly  general  case  of  two 
B?fiiM-*^^  threads  of  given  lengths  hung  from  given  fixed  points 
not  necessarily  in  a  horizontal  line,  and  attached  at  their 
lower  ends  to  a  body  suspended  from  them  at  two  points 

♦  T.  Gray,  "On  Silk  v.  Wire  Suspensions."  Phil.  Mag,,  Jan.  1887. 
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at  a  given  distance  apart  and  in  given  positions  relatively  ^"^"^ 
to  the  centre  of  inertia  of  the  body.  If  the  deflecting  of  BiAlar. 
system  of  forces  be  a  couple  in  a  horizontal  plane,  the 
reaction  of  the  bifilar  must  also  be  a  couple  in  a  hori- 
zontal plane,  the  projection  in  fact  of  the  couple  given 
by  the  horizontal  components  of  the  tensions  of  the 
threads,  which  plainly,  since  there  is  no  horizontal 
resultant  force  to  be  equilibrated,  must  be  equal  and 
opposite.  Let  AA\  BB\  Fig.  42,  be  the  respective 
projections  on  a  horizontal  plane  of  the  upper  and  lower 
points  of  attachment  of  the  fibres  in  the  deflected 
position  of  the  bifilar,  and  let  2a,  26  be  the  lengths  of 


Fio.  42. 

these  projections.  The  horizontal  forces  act  in  the 
directions  BA^  BA\  which  are  therefore  parallel.  If  L 
be  the  moment  of  the  couple  due  to  the  bifilar,  and  'p 
the  perpendicular  distance  between  BA^  SA\  each 
horizontal  component  of  tension  is  Z/p. 

If  3f  be  the  whole  mass  suspended,  the  total  down- 
ward force  is  Mg ;  and  this  must  be  equal  to  the  sum 
of  the  vertical  components  of  the  two  tensions.  Hence 
if  we  denote  one  of  these  components  by  \Mg{^  +  c), 
the  other  must  be  \Mg{\  —  c).  Again,  if  we  denote 
the  mean  of  the  vertical  heights  of  A  above  B  and  A* 
above  Bf  by  A,  and  call  one  of  these  A(l  —  e),  the  other 

R  2 
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General  must  be  A(l  +  e).  We  may  suppose  the  tension 
Binlar.  ^^ffO-  +  0  ^^  correspond  to  the  vertical  height  h(l  +  e), 
then  if  c  be  taken  positive,  e  will  be  a  positive  or  a 
negative  quantity  according  as  the  greater  tension 
corresponds  to  the  greater  or  to  the  less  vertical  height. 
Hence,  by  the  triangle  of  forces, 

(35) 
Adding,  putting  for  (BA  4-  £'A')p  its  value  4aJ  sin  6, 

whore  0  is  the  angle  of  deflection,  and  solving  for  X,  we 

get 

Mgah(l  ~  c«j 
^  "  ~hll  -  ec)       sm  ^   .     .     .     (36) 

This  equation  shows  that  for  a  given  deflection  0,  L 

is  smaller  the  smaller  a  and  h,  and  the  greater  A,  that 

is  the  sensibility  is  greater  the  closer  the  fibres  and  the 

greater  their  lengths. 

c'ftw  of        In  the  actual  use  of  the  arrangement  the  lengths  of 

inoiriirftl    ^^"^  fibres  are  the  same,  the  fixed  points  are  in  a  hori- 

Armngi-    zoutal    plane,  and   the   points  of  attachment   to  the 

suajK^ndod  body  are  symmetrical  with   respect  to  the 

centre  of  inertia.     Hence  the  pull  is  the  same  in  both 

fibres,  and  c  and  c  in  (36)  are  both  zero.    Accordingly 

(86)  reduces  to 

Z  =  ^  sin  ^ (37) 

The  value  of  h  in  this  case  is  easily  found.  We  have 
now  from  the  figure  IB  =  IB^  and  AB  —  A'B.  But 
if  /  bo  the  length  of  the  fibre, 

-4^-aH6*-2a6costf  =  /5-A«; 


moiit. 
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e  from  (37) 


Mgnh  Bin  8 


f  a  be  nearly  equal  to  6,  (a  —  ?')*  may  he  neglected ;  and 
if  i  be  very  great  in  comparison  with  either,  both  this 

I  term    and    4a6siu*s^    may  be  neglected.     Under  the 
bktter  condition 


(39) 


I 


i 


couTBe  for  small  deflections  6  may  be  put  for  sin  8 
all  the  formulas  found  for  L. 

The  accuracy  of  the  adjustment  for  the  fulfilment  of 

the  conditions  c  =  0,  c  =  ii,  may  be  tested  and  completed 

follows :  One  of  the  fibres  is  raised  a  little  relatively 

the  other  by  inclining  the  iDstruraent,     Supposing 

3  adjustment  to  have  been  perfectly  made,  the  effect 

this  would  be,  without  sensibly  altering  e  from  zero. 

make  c  appreciable  ;  for  one  fibre  being  made  more 

nearly  vertical  than  the  other,  and  having  a  horizontal 

component   of    tension   equal   to   that   of   the   other. 

inst   have   a  greater   vertical    tension..     Hence    the 

insibility  as  measured  by  the  ratio  of  ;a  deflection  6 

the  opposing  couple  L   will    have  been    increased. 

ipposing  the  adjustment  only  nearly  made,  c  will  he 

small,  and  any  increase  in  the  value  of  c  will  still 

ease  the  sensibility.  On  the  other  hand,  if  the  effect 

raising  the  fibre  is  to  make  the  weights  borne  by  the 
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Adjust- 
ment of 
Bifijar. 


Kffect  of 
TorsioD. 


two  fibres  more  neaxly  equal,  the  result  will  be  a  dimi- 
nution of  the  sensibility.  Since  the  sensibility  is 
proportional  to  the  square  of  the  period  of  vibration, 
any  change  in  it  will  be  at  once  shown  if  a  small 
deflection  is  produced  and  the  period  roughly  observed. 
If  lifting  one  fibre  a  small  distance  diminishes  the  sen- 
sibility, while  lifting  the  other  increases  it,  more  weight 
is  borne  by  the  latter  than  by  the  former,  and  the  want 
of  adjustment  is  to  be  remedied  by  shortening  the  fibre 
which  bears  the  smaller  weight,  and  lengthening  the 
other  until  raising  either  fibre  as  a  whole  increases  the 
sensibility. 

The  total  directive  couple  given  by  the  bifilar  is  due 
not  only  to  the  raising  of  the  suspended  weight  in 
consequence  of  the  deflection,  but  is  partly  due  to 
torsion.  The  correction  is  made  simply  by  adding  to 
the  value  of  L  already  found  the  torsional  couple  for 
the  two  wires.  Thus  we  have  for  the  case  of  (39)  if  t 
be  the  torsional  rigidity  of  each  wire. 


L  =    -J —  sm  tf  +  2t  ^ 


(40) 


Kflfoot  of  So  far  no  account  has  been  taken  of  any  want  of  per- 
|{i*iri!i[ty.  ^^^^  flexibility  of  the  threads,  and  when  these  are  fibres 
of  silk,  no  correction  is  really  necessary.  If,  however, 
they  have  sensible  flexural  rigidity  and  the  extremities 
1)0  so  fixed  that  they  remain  vertical  in  all  positions  of 
the  suspension,  each  wire  is  bent  into  an  elastic  curve, 
of  the  shape  roughly  shown  in  the  figure.  The  amount 
by  which  the  deflection  is  diminished  by  the  flexural 
rigidity  is   approximately  the   sum  of   the   two  small 
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distances  A* A  and  BS  in  the  figure ;  and  it  is  easy  to   Effect  of 

show  that  this  is,  very  nearly,  2d  \/ B\1\/T^  where  rf   iUgidity. 
is  the  whole  horizontal  displacement  of  the  lower  end 
of  the  fibre,  T  the  vertical  tension,  and  B  the  flexural 
rigidity  of  the  fibre  for  bending  in  its  plane.*     Hence 
the  couple  derived  from  the  observed  deflection  must 

be  increased  in  the  ratio  of  1  to  1  —  2\/BII\/T\ 
that  is,  the  result  is  the  same  as  if  the  length  of 
the  wire,   whatever   its  amount,  were  diminished  by 

^VBfT. 


Fio.  43. 


For  consider  one  thread  of  the  bifilar.  Let  the  onViu  be  at 
the  centre,  x  be  measured  vertically  downwards  and  y  hori- 
zontally, and  the  tension  at  the  centre  be  resolved  into  a  vertical 
component  T  and  a  horizontal  F ;  and  let  the  inclination  of  the 
thread  to  the  vertical  be  small.  Equating  the  elastic  couple  at 
the  section  of  coordinates  x,  jr,  which  is  j§  x  curvature  of  thread 


*  That  is,  the  product  of  the  Young's  modulus  of  the  material 
into  the  moment  of  inertia  of  a  cross- section  (of  unit  mass  per  unit  of 
area)  round  an  axis  through  the  centre  of  inertia  at  right  angles  to  the 
plane  in  which  the  bending  takes  places. 
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Effect  of    B  -  Bd^yldx^y  to  the  Bum  of  the  momentB  of  T  and  P  about 
Flezoral    that  croBs-section,  we  get  the  differential  equation 
Riffidityin 
Bifilar. 


B 


1!? 


^  Ty  -  Fx, 


(41) 


If  a  be  put  for  ^TIB  the  solution  of  this  equation  is 


y  =  £  jF  +  a«»  +  ^'f-«« 


m 


Now,  approximately  x  ^\l  at  the  lower  extremity,  and 
=  -  }/  at  the  upper,  and  at  either  dy\dx  =  0.  Hence  differ- 
entiating in  (42)  and  substituting  we  get 

P  1 


and  therefore 


(Off   _ 


fOZ/2  -j- 


€-««  \ 


(43) 


P/         1 
For  *  =  //2  this  is 

If  the  fibre  be  long  we  may  take  as  an  approximation, 

Hence  we  have  finally 

the  roHult  stated  above.* 

The  amount   of   this    correction    is  not  generally 
negligible.f    ItsS  amount   for  a  wire  of  ^J^  cm,  in 

•  Sw  al«o  Kohlrausoh,  Wied,  An^aXen,  Bd.  xvii.  (1882). 

f  It  may  Ih»  oAlouUtoti  for  a  wire  r  centimetres  in  radioa,  and  carry- 
ing a  \smX  of  /r  {;pranmif«.  by  the  formula  r*  nJ2wEI^  W',  where  ^  is  the 
Young  8  mmluluA  of  the  material  in  grammea  weight  per  sq.  em.  The 
valuo  of  A*  for  iH»pi»er  is  UOO  x  10*,  for  silver  786  x  10«,  for  iron  2000  x 
10*.  for  gold  818  X  10*,  for  platinum  1700  x  10*. 


is-i2  c 


C0MPARI301T  OP  UNIFILAR  AND  BIFlLAlt. 
{  stretched  by  a  tension  of  100  grammes  weig 


.for 


coppei 


■17  cm,  for  s 


,  "IS  CDi.  for  gold, 


Bililar. 


and  '26  cm.  for  platinum.     [If  only  one  end  of  the  wire 
I      be  constrained  to  remain  vertical  and  the  other  end  be 
^ntraight  the  correction  is  of  course  only  half  of  that 
^pBst  found.] 
^M    To  compare  the  eensibilitiee  of  bifilar  and  imifilar 

TOspensions  of  the  same  length  and  made  of  wire  of  ^/'i^^gi. 
the  smallest  possible  diameter  for  the  weight  Mj  to  be 
carried,  let  S  be  the  practical  tenacity  of  the  material— 
that  is,  the  greatest  weight  per  unit  area  which  the  wire 
will  bear  without  experiencing  inconveniently  great 
—permanent  elongation.  The  least  radius  which  can  be 
i  for  the  bifilar  is  given  by  the  equation  r^  =  Mg!2Sv. 
^or  the  unifilar  the  least  radius  possible  is  given  by 
Mgjf^  =  2r*,  and  the  torsional  rigidity  is 
'  =  27r7u-*.  Hence  by  (40)  for  equal  sensibility 
f  unifilar  and  bifilar  we  have 

2vnr*  =  Mga^  +  irnr*. 

Beace  we  get,  putting  for  Mg,  2Sit'i^, 


(M) 


kking  the  value  of  iS*  as  only  ^  of  the  utmost  tenacity 
jr  breaking  weight  W,  we  get  ajr  =  Sv* «/  W.  The  value 
f  i/nj  \V  is  about  10  for  silver,  gold,  and  copper,  and 
Dout  12  for  platinum,  Hence  the  bililar  is  equal  in 
BiBibility  to  the  unifilar  (under  the  conditions  stated 
R  to  diameter  of  wire),  when  the  ratio  of  the  distance 
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ture. 


of  the  wires  apai't  to  the  diameter  of  the  wire  is  about 
5  in  the  case  of  the  first  three  metals,  and  about  6  in 
the  case  of  platinum. 
K^fcct  of  The  torsional  term  in  the  bifilar  is  the  less  important, 
Tempcm-  *^^  ^  ^^®  eflfect  of  change  of  temperature  on  the 
other  term  is  due  to  expansion  of  the  wires,  the 
correction  is  very  slight.  If  it  were  worth  while,  the 
balance  might  be  compensated  for  effects  of  change  of 
temperature  by  attaching  the  wires  to  a  bar,  the  expan- 
sion or  contraction  of  which  would,  by  altering  the 
<listance  of  the  wires  apart,  just  annul  the  effect  of 
change  of  length. 

The  directive  couple  per  unit  of  deflection  given  by 
the  bifilar  may  be  determined  by  the  oscillation  of  a 
body  of  known  moment  of  inertia  as  described  above  if 
the  deflections  are  made  small.  Its  determination  from 
the  dimensions  of  the  apparatus  cannot  be  done  with 
ac(!iiracy  unless  the  parts  are  made  very  large,  owing 
to  the  difficulty  of  measuring  the  exact  distance  of 
tlu^  librcs  apart.  This  has,  however,  been  done  by 
Kohlrausch  in  a  very  large  bifilar  balance  made  by  him 
and  usimI  in  an  im])ortant  series  of  determinations  of 
the  (Mirth's  horizontal  magnetic  force.* 

(\)Upli>s  may  also  be  directly  determined  with  suffi- 
oiout  a(»curacy  for  many  purposes  by  means  of  the 
(N.uploM.  following  armngoment  or  some  modification  of  it : — The 
siKsjH^ndod  body  is  kept  in  equilibrium  in  the  proper 
position  by  moans  of  a  bifilar  suspension,  or  a  single 
thread  or  thin  wire  under  torsion.     When  a  deflecting 


Dolor* 
iiiiiwitioii 

of 
CniiHtunt 
of  HiliUr. 


DiiiTt 
Dctonni- 
nut  ion  t)t 


•  Iav',  cit,  Riul  Inflow  (vol.  iL)  in  the  chapter  **0n  the  Determina- 
tion of//.'* 
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couple  acts  on  the  body  it  is  turned  round  a  vertical  Direct 
axis,  and  is  brought  back  to  the  initial  position  of  nation  of 
equilibrium  by  means  of  two  pendulums,  the  points  of  Couples, 
suspension  of  which  are  on  sliding  pieces  which  can  be 
moved  along  horizontal  parallel  bars  fixed  above  at 
right  angles  to  the  plane  of  the  bifilar  when  in  the 
equilibrium  position,  or  to  some  fixed  plane  through  the 
unifilar.  Each  pendulum  cord  has  attached  to  it  a 
thread  which  pulls  symmetrically  on  the  two  sides  of 
the  suspension.  When  the  body  is  deflected,  the  sliding 
pieces  are  moved  in  opposite  directions,  so  that,  in 
consequence  of  the  opposite  inclinations  of  the  pendu- 
lums to  the  vertical,  forces  restoring  equilibrium  are 
applied  to  the  body.  Let  the  deflecting  couple  be  Z. 
Supposing  the  two  points  of  suspension  of  the  pendulums 
to  be  on  one  level,  and  the  points  of  attachment  of  the 
pulling  threads  to  the  pendulum  cords  to  be  on  a  level 
lower  by  a  distance  of  I  cm.,  and  at  a  distance  of 
d  cm.  apart,  the  distances  of  the  verticals  through  the 
points  of  suspension  from  the  corresponding  verticals 
through  the  attachments  of  the  threads  to  the  pendulum 
cords  ta  be  rf^,  d^  cm.  for  the  respective  pendulums,  and 
the  mass  of  each  bob  W  grammes,  we  have,  for  the 
moment  of  the  equilibrating  couple,  the  value 

Hence,  equating  moments,  we  get 

L  =  Wg  ^^~^d.   ....     (45) 


CHAPTEE   V. 
ELECTROMETERS. 

Definition  An  elecirometer  has  been  defined  as  an  instniment 
"'^C.'^  for  measuring  diflferences  of  electric  potential  by  means 
of  the  effects  of  electrostatic  force.  It  consists  essen- 
tially of  two  conductors,  between  which  is  established 
the  difference  of  potentials  which  it  is  desired  to 
measure.  The  electrostatic  force  set  up  produces 
motion  of  the  parts  of  one  of  these  conductors  relatively 
to  one  another,  or  motion  of  the  conductor  as  a  whole 
relatively  to  the  other  conductor ;  and  from  this  motion, 
or  from  the  mechanical  force  which  must  be  applied  to 
restore  and  maintain  equilibrium  in  the  configuration 
of  zero  electrification,  the  difference  of  potentials  is 
inferred.  We  shall  call  this  conductor  the  Iiidicator  of 
the  instrument. 
AbRolutn  When  the  instrument  contains  within  itself  a  means 
inoU^r?  ^^  comparing  the  electric  force  called  into  play  with 
other  forces  known  in  amount,  as  for  example  the  force 
of  gravity  on  a  given  mass,  or  the  elastic  reaction  of 
a  stretched  spring,  it  gives  directly  by  its  indications 
the  value  in  absolute  electrostatic  units  of  the  differ- 
ence of  potentials  measured,  and  is  called  an  Absolute 
Hhrtnmuter, 

When  the  instrument  gives  only  comparisons  of  the 
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Pelectrostatic  forces   with   other   forces  the  amount   of 
which  it  does  not  itself  coutaia  auy  means  of  deter- 
mining, its  indications  can  only  be  obtained  in  absolute     mater.  J 
units   by  a    comparison   w'ith    those   of   an    aheolute 

electrometer. 


forces  is  known  and  remains  constant,  one  such  accurate  " 
oiparisou   ia   sufficient   to   allow  a  coefficient  to  be 
termined  by  which  results  proportional  to  measured 
ifierences  of  potential  must  be  multiplied  for  reduc- 
IDD  to  absolute  measure.     This  coetScient  is  called  the 

r  the  instrument. 
i  Electrometers   have   been   divided   by   Sir   William  CTftMetd 
Kimson  into  three  classes:^ 

I.  Repulsion  Electrometers. 
II.  Attracted  Disc  Electrometers. 
III.  Symmetrical  Electrometers. 

To  the  first  class  belong  instruments  in  which  a 
mfference  of  potential  between  the  indicating  cou- 
^ctor  and  the  fixed  conductor  is  shown  by  relative 
lotion  of  parts  of  the  indicator  produced  by  their 
jBUtual  electric  repulsion.  In  such  an  instrument,  when 
jrly  constructed,  the  fixed  conductor  either  is  a 
closed  or  nearly  closed  conductor,  or  is  in  conducting 
contact  with  and  contained  within  a  closed  conductor, 
wbicb  also  contains  the  indicator. 

Most  of  the  instruments  known  as  electroscopes,  for 
example  those  of  Cavallo,  Volta,  Bennet,  and  Henley, 
act  tlius  by  electric  repulsion ;   but  as  these   cannot, 

/wever    made,    be    regarded    as   a  ecu  rate -measuring 
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instruments,  we  do  not  here  give  any  description  of 
them. 
Coulomb's  The  first  accurate  repulsion  electrometer  devised  was 
Bailee  Coulomb's  Torsion-Balance,  which  gave  good  results  in 
the  hands  of  Coulomb  himself  and  of  Faraday;  but 
this  instrument  has  been  almost  entirely  superseded 
by  much  more  delicate  and  convenient  electrometers 
chiefly  belonging  to  the  other  two  classes.  As,  however, 
it  is  capable  of  being  made  to  give  fairly  accurate  results 
in  absolute  measure,  we  give  here  a  short  account  of 
its  construction  and  use.  It  is  essentially  a  modification 
of  the  torsion-balance  previously  employed  by  Michell 
and  Cavendish  in  experiments  on  the  gravitation  of 
matter. 

The  instrument  is  represented  in  Fig.  44,  which  also 
shows  some  of  the  principal  pieces,  detached  and  on  a 
larger  scale.  The  indicator  is  a  thin  rod  of  shellac, 
carrying  at  one  end  a  small  pith-ball,  b,  as  smoothly 
gilded  as  possible,  and  at  the  other  end  a  paper  disc,  rf. 
This  rod  is  suspended  horizontally  with  the  paper  disc 
vertical  within  the  cylindrical  case  BACD,  as  the 
movable  arm  of  a  torsion-balance,  by  a  fine  silver  wire 
attached  to  a  button.  A"  which  is  supported  on  and 
turns  round  the  graduated  torsion  head  MM',  carried 
by  the  upright  tube  shown  standing  on  the  case  in  the 
figure.  A  cylindrical  piece,  attached  to  and  coaxial 
with  MM'y  fits  into  the  cylindrical  piece  fl",  which  is 
cemented  into  the  upper  end  of  the  glass  tube.  The 
silver  wire  is  attached  to  the  button  K  above  and  to 
the  indicator  below  by  two  small  porte-crayon  clamps, 
and  is  as  nearly  as  may  be  in  the  axis  of  the  case.    A 


COULOMB'S  TOESION-BALANCE. 


I^WBtmuatioD  of  the  lower  clamp  downwards  beluw  the  i 
horizoatal  rod,  by  giving  stability  to  the  indicator,  secures 
the  verticaHty  of  the  plane  of  the  paper  disc,  which 

thus  serves  as  an  air  vane  to  damp  the  motion  of  the 


Fifj.  a. 


indicator.  Round  the  case,  opposite  the  indicator,  is  a 
-:(ale  graduated  to  dtigreea,  by  wliJoh  the  position  of  the 
indicator  can  he  detennined.  In  the  cover  of  the  case. 
t  a  distance  fmm  the  centre  equal  to  the  distance  of 
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Coulomb's  the  ball  b  from  the  suspension  wire,  is  a  hole  through 
b2^^'  which  a  thin  rod  of  sealing-wax,  bearing  another  gilded 
ball,  a,  of  pith,  can  be  passed.  This  rod  is  attached  to 
a  holder,  P,  so  that  the  ball  a  when  in  position  is  on  a 
level  with  b  and  has  its  centre  exactly  on  the  radius 
through  the  zero  division  of  the  scale ;  and  the  holder 
is  provided  with  a  geometrical  fitting  to  the  cover, 
which  ensures  its  being  always  replaced  in  exactly  the 
same  position. 

In  Coulomb's  instrument  the  wire  was  about  70  cm. 

in  length  and  '035  mm.  in  diameter,  and  a  couple  equal 

to  that  due  to  the  weight  of  1*7  of  a  milligramme 

acting  at  the  extremity  of  an   arm  of  1  centimetre 

sufficed  to  maintain  the  wire  twisted  through  360^ 

Mode  of       When  the  instrument  is  to  be  used,  a  is  withdrawn, 

^Toreion-^  and  the  button  K  turned  until  the  ball  b  rests  with  its 

Balance,    centre  opposite  the  zero  of  the  lower  scale,  and  MM'  is 

turned  until  the  index  is  at  zero.     The  wire  now  exerts 

no  torsional  couple.     The  ball  a  is  then  replaced,  and 

h  rests  against  it  slightly  deflected  from  its  previous 

position.     The  instrument  is  now   adjusted  ready  for 

use.     As   an   illustration  of  how  the  instrument  was 

used  by  Coulomb,  we  shall  describe  an  experiment  by 

which  he   determined   the  repulsion  of   two   electric 

charges. 

Experi-        The  adjustment  of  the  ball  b  was  first  made,  then 

"**^"k^}?™  *'^^®  ^^^^  ^  ^^'^  electrified  by  being  brought  into  contact 

Coulomb  with   the   previously   charged   ball  JB,  and   placed  in 

Uw*of   P<>sition.    The  charge  was  shared  with  6,  which  was 

Distances,  therefore  repelled,  and  the  indicator  took  up  a  new 

position  of  equilibrium,  making  an  angle  of  SO"*  with 
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Be 
,  as  shown  by  the  lower  scale.  The  wire  tlicn 
had  a  torsion  of  3G°.  Coulomb  now  turuecl  the  wire 
by  means  of  the  button  A!"  until  he  had  diminished  the 
deflection  to  18'.  and  found  that  he  bad  turned  the 
button  round  through  126°,  thus  increasing  the  torsion  ' 
of  the  wire  to  144°,  or  four  times  its  previous  amount. 
He  then  diminished  the  deflection  by  the  same  means 
to  8°*5,  and  found  that  the  total  torsion  was  575°'3  or 
almost  sixteen  times  its  initial  amount. 

Coulomb    had   previously   verified   by   independent ' 

wriments  the  important  fact  that  the  couple  required 

D  hold  an  elastic  wire  twisted  through  an  angle  not  so 

1  to  overstrain  the  wire  varied  directly  as  the 

and  he  concluded  that,  as  the  distances  between 

B  centres  of  the  halls  were  approximately  in  the  ratio 

2  : 1,  the  forces  of  repulsion  in  the  respective  cases 

!  in  the  ratio  of  1  :  4 :  16,  that  is,  inversely  tta  the 

itjnare  of  the  distance. 

If  we  could  regard  the  electrification  of  the  balls  as 

t  only  electrification  concerned,  and  the  distribution 

i  each  case  sa  uniform,  the  exact  theory  of  the  esperi- 

t  would  be  as  follows: — Let  r  be  the  radius  of  the 

)  in  which  the  indicator  ball  moves,  a  the  deflec- 

if  the  indicator  from  zero,  0  the  total  angle  through 

icb  the  upper  end  of  the  wire  ia  turned  relutivL-ly  to 

l^e  lower,  l  the  length  of  the  wire,  and  F  the  force  of 

lalsion  between  the  balls  for  the  deflection  a.     The 

ment  of  F  round  tlie  axis  is  .Fj-cos^o,      Assum- 

that   F  varies   inversely   as   the   square   of  the 

tance.  and  denoting  the  charges  by  q.  q',  we  have, 

jO    is    the    distance    between   the    balls, 


Theory 
of  the 


I 
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Theory    /*=  ^^'  4>'*sin*ia,  and  the  couple  becomes  gq'/4flrmila 

of  the      ,        ,     ' 
Exptii.    tan -.a. 

m*iut.  If  y  denote  the  torsional  rigidity  (see  p.  231  above) 
of  the  wire,  that  is,  the  couple  required  to  wndntAin  a 
twist  of  one  radian  per  unit  of  length,  we  have  rO/l 
for  the  torsional  couple  applied  by  the  wire.  Equating 
this  to  the  former  couple  we  get — 

0  sin  ia  tan  ia  =  ^^ (1) 

Diver-         Hencc  on  the  suppositions  made  the  quantity  on  the 
^u^'\t^   left  should,  if  the  law  of  the  inverse  square  is  true,  be 
from  Imw  constant  for  constant  charges  and  different  values  of  a 
^Htlmui!^  and  0.     The  comparison  gives  the  following  table: — 


a 

6      6  sin  \a  tan  \a 

36 

36°           3-614 

18 

144            3-568 

8-5 

575-5         3-169 

Th(?  numbers  in  the  third  column  fall  off  considerably 

with  (Hmiimtion  of  distance.     There   ought  to   be   a 

falling  off  on  account  of  induction  between  the  two 

hnlls,  and  to  this  no  doubt  the  discrepancy  is  in  great 

UKMisurc  due. 

Com.  Tht>  instrument  may  also  be  used  for  the  comparison 

rhlitt'I"  o^f  '''^  <liff^*»*^^"t  ciiargcs  of  the  ball  a.   All  that  is  necessary 

rurri«T     is  to  maintain  a  constant  charge  in  the  ball  6,  and  find 

tlh»  torsional  couples  which  must  be  applied  to  produce 

a  uivon  constant  dettoction  in  the  different  cases.     The 

^harijoa  of  a  may  bo  made  proportional  (p.  100  above)  to 

tho  varying  density  of  the  distribution  at  different  points 
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toesio:t  balance  enclosed  m  conductor, 

a  conductor,  and  thua  the  law  of  variation  of  the 
lasity  may  be  experimentally  obtained,  A  large 
lumber  of  experiments  have  been  made  in  this  manner 
ty  Coulomb,  Riess,  and  others," 
la  the  form  in  which  it  was  used  by  Coulomb,  the 
[torsion  balance  is  an  essentially  inaccurate  measuring 
instrument.  The  electrification  of  the  glass  case  must 
have  frequently  affected  the  results  to  a  considerable 
extent,  and  could  not  have  been  allo^ved  for,  even  if  it 
had  remained  constant  during  one  set  of  experiments, 
without  a  very  difficult  experimental  determination  of 
the  electrical  state  of  the  glass.  If  the  interior  of  the 
case  had  been  covered  with  a  conducting  coating 
furnished  for  purposes  of  observation  with  openings 
partially  closed  with  wire  gauze,  all  effect  of  exterior 
electrification  would  have  been  avoided,  and  the  only 
feet  due  to  the  case  would  have  been  that  of  a  perfectly 
lefinite  electrification  depending  only  on  the  position 
and  chaises  of  the  interior  system. 

For  example,  the  effect  of  this  electrification  can  be 

easily  calculated  to  a  first  approximation  for  a  spherical 

case   with  an  internal  lining  of  conducting  material 

We  have  only  to  find  the  effect  on  h  of  the  image  of 

a  in  the  spherical  surface.     If  the  radius  of  the  surface 

be  Tj,  and  the  distance  of  the  centre  of  the  ball  a  from 

le  centre  r.  the  image  of  the  charge  j  (regarded  as  a 

dnt-charge  at  the  centre  of  a)  is  in  the  radius  through 

of  the  scale  at  a  distance  r^'lf  (p.  78)  from  the 

ntre,  and  its  charge  is  —  qrjr.    The  square  of  the 

*  Cftulonili's  Mtmoin,  sikI  MMcurt'a   TraiW  d'^tedrinU  Staliqiie, 
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distance  of  this  image  from  b,  when  the  deflection  of 
the  indicator  is  a,  is  r^^lr^  +  r*  —  2r^  cos  a.  Hence  the 
force  between  the  image  and  6  is  —  ?s'^i*'/(^i*  +  f^ 

—  2r^h^  cos  a),  and  the  moment  of  this  round  a  vertical 
axis   through    the   centre    is  —  qqr^  sin  al(T^  +  r* 

—  2t^ii^  cos  a)\.  This,  added  to  the  formerly  found 
moment,  gives  the  total  moment  balanced  by  the  torsional 
couple. 

The  torsional  rigidity  of  the  wire  must  be  determined 
if  the  results  are  to  be  obtained  in  units  unaffected 
by  the  unknown  elasticity  of  the  suspension.  Full 
details  of  the  method  of  finding  this  constant  are 
given  in  the  last  chapter. 

For  all  purposes  of  accurate  measurement,  electro- 
meters of  the  other  two  classes  are  more  convenient. 
Most  of  these  have  been  invented  by  Sir  William 
Thomson,  and  his  instruments  or  modifications  of  them 
are  now  in  almost  universal  use.  Accordingly  we  shall 
not  occupy  space  with  the  description  of  instruments 
such  as  Dellmann's  and  Peltiers  electrometers,  or  even 
the  repulsion  instruments  of  Thomson,  although  these, 
in  the  hands  of  the  inventors  and  others,  have  yielded 
valuable  results,  but  shall  at  once  proceed  with  the 
description  of  the  forms  now  adopted. 

In  an  attracted -disc  electrometer  the  attraction  be- 
tween two  parallel  discs  at  different  potentials,  and  at 
a  given  distance  apart,  is  compared  with  the  elastic 
reaction  of  a  stretched  spring  or  the  weight  of  a  given 
mass.  The  first  instrument  of  this  kind  was  constructed 
by  Sir  William  Snow-Harris,  and  used  by  him  in  some 
important  experiments.    It  is  shown  in  Fig.  45.    In  it 
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I  the  indicator  is  a  plane  disc  d  suspended  a 
a  balance  above  a  Bimilar  disc  a,  connected  with  the    Eh^o- 
interior  coating  of  a  Leyden  jar  J,  which  is  to  be  tested,    "p'' 
I  The  other  scale  P  of  the  balance  is  weighted  so  as  to    um 
|equilibrat£  d  when  there  is  no  electrification.     When  a 
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Attracted  placed  in  P.  The  arrangement  marked  .£  is  a  unit  jar 
Electro-  arrangement  which  was  used  in  the  experiments  of  8now- 
metsr  of  Harris  to  give  a  rough  approximation  in  arbitrary  units 
Hutu,     to  the  charge  given  to  the  jar. 

This  form  of  electrometer,  though  exceedingly  defec- 
tive in  many  respects,  contains  in  a  rudimentary  form 
the  principle  of  an  attracted-disc  electrometer. 
Thomson'ii      Fig.  46  shows  an  improved  arrangement  in  which 
^"mo"^  the   attracted  disc  is  surrounded  by  a  guard-ring,  so 
Electro- 


that  the  distribution  of  electricity  over  it  may  be 
regarded  as  approximately  uniform.  The  indicating 
disc  C  is  hung  by  metallic  wii-es  from  one  end  of  a 
metal  beam  pivoted  on  a  horizontal  wire  stretched 
between  the  pillars  FP,  and  twisted  so  that  the  torsion 
and  the  counterpoise  Q  tend  to  raise  the  disc  C.  It  is 
necessary  to  apply  a  downward  force  to  C  to  bring  it 
into  the  plane  of  the  guard-rii^,  and  this  force  is  de- 
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has  ^^H 


* 


ned  by  placiog  weights  oq  the  disc  until  it  has 
depressed  so  as  to  bring  the  lever  into  what  is 
called  the  "  sighted  "  position.     The  lover  ia  forked  at 
the  end  to  which  the  disc  is  attached,  and  the  extremities  juji^^^ 
<rf  the  prongs  are  joined  by  a  horizontal  black  hair,  "^ 

which,  when  the  lever  turns,  ascends  or  descends  in 
front  of  a  white  enamelled  metal  plate  carried  by  the 
stand  of  the  lens  I,  On  the  enamel,  one  above  the 
other,  at  a  distance  apart  rather  less  than  the 
tlticknesa  of  the  hair,  are  two  well-defined  black  dots, 
,(ind  the  hair  is  in  the  sighted  position  when  it  is  sym- 
:|netrically  placed  with  respect  to  these  dots.     The  hair 

id  dots  are  viewed  by  the  plano-convex  lens  I  which  is 
itaced  at  a  little  less  than  its  focal  distance  from  the 
<:4ots  and  hair.  The  hair  plays,  without  touching,  as 
dose  as  possible  to  the  enamelled  plate,  which  is  slightly 
convex  in  front,  so  that  the  hair  is  nearer  to  it  when  in 
the  sighted  position  than  when  elsewhere.  To  obtain 
as  much  magniBcation  as  possible,  the  lens  is  placed  at 
a  distance  from  the  hair  only  a  little  less  than  the 
principal  focal  distance,  and  the  eye  at  a  distance  from 

le  lens  of  20  centimetres  or  more.     To  avoid  pai'allax 
lens  is  used  with  its  convex  side  turned  towards  the 

jr,  and  the  eye  is  moved  up  or  down  until  the  hair 
lems  straight  in  the  middle  and  to  widen  out  at  the 

ids  equally  above  and  below.     If  the  eye  is  too  high 

too  low,  the  lens  will  show  the  hair  curved  upwards 
or  downwards. 

A  very  slight  motion  of  the  hair  from  the  central 
position  between   the   spots  is  possible  with  this  ar- 

igement.      Sir   WiUiam    Thomson    and    Dr.   Joule 
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have  corrected  so  small  a  deviation  as  1/30000  of  ^ 
.,  inch. 

The  disc  nearly  fills  the  aperture  in  the  giisrd-T 

and  it  can  be  shown  that  its  effective  area,  reckoned! 

uniformly  charged  on  the  side  turned  towards  the  diae 
B,  w  approximately  the  mean  of  the  areas  of  the 
aperture  and  the  plate  A.'  The  disc  and  guaKi-rini 
are  electrically  connected  by  a  wire  which  joins  1 
guard-ring  with  the  metal  pillars  on  which  the  lev) 
mounted. 

The  attracting  plate  A  is  carried  on  an  insula 
pillar  attached  to  a  niicronieter  screw  by  whicli  '■ 
plate  can  be  moved  upwards  or  downwards. 
Metliod  of  The  method  of  using  the  electrometer  is  as  folld 
"Elfciro^  ■^  constant  difference  of  potentials  is  maintained  betm 
one  of  the  plates,  say  the  guard-ring  and  disc,  and  fc 
earth,  and  the  other  plate  A  is  connected  to  earth. 
The  latter  is  then  screwed  up  or  down  until  the  attracted 
disc  comes  into  the  sighted  position,  and  the  reading  of 
the  micrometer-screw  is  taken.  The  plate  A  \i  t^ea 
connected  to  the  body  to  be  tested,  and  again  moved  up 
or  down  until  the  attracted  disc  comes  into  the  sighted 
position. 

If  r  be  the  difference  of  potentials  between  the 
earth  and  the  guard-ring  and  disc  B,  and  V  the  differ- 
ence of  potentials  between  the  plates  when  ihc  movable 
plate  A  is  connected  to  the  body  to  be  tested,  d  and  <f 
the  corresponding  readings  on  llic  micromotor  (so  \ 
d'  —  d  is  the  distance  through  which  tlie  plate  bus  b 

*  See  HaxwcU's  £1.  and  Mag.  to],  i.  seoiai]  cdidoti,  p.  3 

•  closer  BpproximRliou. 
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loved  betweeQ  the  two  readings),  and  F  the  force  Method- j 
Ehich  moat  be  applied  to  the  disc  to  bring  it  to  the  "rut— 
Ighted  position,  we  have  by  (63),  p.  58  above. 


~v^{d'-<r)J' 


s  ■ 


1  the  body 


Ijnetr 
priu 
DDa 


This  ia  the  difference  of  potentials  betweei 
to  be  tested  and  the  earth,  and  ia  obtained  i 
C,O.S.  units  of  potential  if  rf'  —  rf  be  taken  in  centi- 
jaetres,  S  in  square  centimetres,  and  F  in  dynes, 
;  This   method    of    proceeding   was   adopted   by   Sir 
iRlliam  Thomson,  aa  it  makea  the  result  depend  only 
D  a  determination  of  the  difference  of  the  distances  of 
ihe  plates  apart  in  the  two  positions,  and  not  on  a  de- 
termiaalion  of  the  actual  distance  of  the  plates  apart, 
necessarily  inaccurate  on  account  of  the  ditSculty  of 
making  the  planes  parallel  and  perfectly  plane,  which 
would  have  to  be  de^jended  on  if  V  were  made  zero 

I  and  the  position  of  A  found  for  which  the  disc  was 
depressed  to  the  sighted  position. 
Sir  William  Thomson  has  called  tliis  mode  of  using  "  Hatero- 
Uie  electrometer  kcterosicUic,  from  the  f&ct  that  an '  ■•"(n"." 
electrif,  ation  independent  of  that  to  be  tested  is  ''^'''' . 
ftiaintSned  on  the  plate  S.  When  the  electrification  using  an 
to  be  tested  is  alone  made  use  of,  aa  would  be  the  case  5!*!^  J 
in  the  other  mode  of  proceeding  just  stated,  the  instru-  I 

ment  is  said  to  be  used  idiostaiicaUy.  ^k 

The  final  form  of  the  absolute  electrometer  is  shown  Completo 
in  Fig.  47.  The  attracted  disc  and  plates  are  contained  Thomson'' 
within  a  cylindrical  case  of  white  glass,  which  ia  fixed  AlwintP 
^  a  brass  mounting  round  ita  lower  end  to  a  horizontal     mettr. 
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■  Complete  sole-plate  of  iron,  supported  on  three  feet  v 
Thomson's  screws,   and   is   closed   above   by   a  stout  brass  plate 
AhsotiiCe  screwed  to  a  brass  ring  cemented  round  the  upper  end. 

Electro-  "  "^^ 


The  height  from  sole  plate  to  cover  is  50  centimetres, 
and  the  diameter  is  30  centimetres.     'Die  aides  oft 
case,  with  the  Dsceptitin  of  apertures  to  permit  ( 


lea 


■wbi 
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rations  of  the  interior  points  to  be  made,  are  coated  < 
lide  and  outside  with  tin-foil  nearly  as  high  as  the  x 

which  are  in  the  upper  part  of  the  jar. 
The  case  thus  forms  a  Leyden  jar,  the  coatings  of 
which  can  be  brought  to  any  necessary  difference  of 
potentials.  The  guard-ring  B  is  connected  with  the 
interior  coating  by  its  supports,  which  are  metal  pieces 
cemented  to  the  inner  side  of  the  jar  and  covered  with 
tin-foil.  Within  the  jar,  on  the  sole-plate,  is  placed  a 
leaden  tray  containing  pumice  moistened  with  sul- 
ibiiric  acid,  which  maintains  a  dry  atmosphere  within 
le  jar. 

The  attracting  plate  ^  is  a  stout  plate  of  brass,  with 

pieces  cut  out  of  it  to  allow  it  to  pass  the  supports  of 

the  guard-ring,  and  is  supported  by  an  insulating  stem 

of  white  glass  cemented  to  a  vertical  pillar  of  brass, 

'hich  is  moved  up  and  down  in  V  guides  by  the  mi- 

imeter  screw  C",  working  in  a  fixod  nut  in  the  sole- 

Jate.     The  amount  of  vertical  motion  is  observed  by 

of  the   vertical   scale  vi,   and  a  circular  plate 

graduated  on  its  edge,  which  projects  from  the  screw 

id  turns  in  front  of  a  fine  vertical  wire.     The  former 

ihows  the  number  of  complete  turns  made  by  the  screw, 

le  latter  allows  any  fraction  of  a  turn  to  be  estimated 

degree  of  accuracy  depending  on  the  fineness  of 

graduation,   and   the    precision    with   which    tlie 

isition  of  the  wire  on  the  circle  can  be  read.     The 

itual   distance   traversed  is  got  from  this  result  by 

iltiplying  by  the  step  of  the  screw,  wliich,  in  the  first 

irument  made,  was  jV  "f  an  inch. 

The  attracted   disc   is   made  for  lightness  of   thin 


[ii»^B 


ELECTROMETERS. 


id  radial  rifl|^| 


aluminium  strengthened  by  a  thick  rim  and 
on  its  upper  side,  and  is  made  a&  nearly  as  poaatble 
perfectly  plane  on  its  under  side.  Instead  of  being 
hung  from  ona  arm  of  a  balance  like  the  disc  shown  in 
Fig.  46,  it  is  supports  by  three  delicate  springs,  similar 
in  shape  to  coach -springs,  of  which  one  only  is  shown 
in  Fig.  47,  projecting  from  underneath  the  cover  D. 
These  springs  are  placed  symmetrically  round  the  disc 
and  meet  at  their  points  of  crossing  above  and  below 
The  disc  is  attached  to  the  lower  point  of  crossing,  and 
the  upper  point  of  crossing  is  attached  to  the  lower 
end  of  an  insulating  stem  carried  at  its  upper  end  by  a 
brass  tube  which  slides  in  V  guides,  and  can  be  moved 
up  and  down  by  the  head  C  of  a  micrometer  screw 
similar  to  that  already  described  as  moving  the  at- 
tracting plate  A.  Underneath  this  screw-head  and 
fast  to  it  is  a  micrometer  circle,  which  serves  to  deter- 
mine fractions  of  a  turn,  while  complete  turns  are 
shown  by  the  divisions  on  a  vertical  scale.  The  acl 
difitanco  through  which  tlie  disc  is  moved  in  any  ^i 
case  need  not  be  known ;  all  the  upper  microoK 
ecrew  gives  is  merely  a  comparison  of  distances. 

Two  small  uprights  stand  on  the  centre  of  the 
and  between  these  is  stretched  a  fine  black  hair, 
which  an  image  is  formed  in  the  conjugate  focus  by  tBe 
achromatic  lens  I.  The  lens  is  so  adjusted  that  tliia 
focus  is  between  two  screw  poiuts  V.  which  are 
placed  as  to  touch  the  image  above  and  below  wl 
the  disc  is  in  the  sighted  position.  This  ima^. 
observed  through  an  eye-lens  /'  attached  outside  the 
to  the  brass  mounting,  and  then,  since  the  points 
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the  image  of  tbe  liair  are  in  focus  in  the  same  position 

of  this  leus,  there  is  no  error  due  to  parallax.  

The  attracted  disc  aod  springs  are  inclosed   within 
the  metallic  bos  D  fof  which  one-balf  ia  shown  dis- 
placed) to  prevent  disturbance  by  external  e!ectri£ca-  ^H 
tion.     The  hair  is  seen  through  a  hole  cut  in  the  box  ^| 
opposite  the  lens.  ^ 

The  difference  of  potentials  between  the  inner  and  Oauga  fw 
outer  coatings  of   the  jar  is   tested  by  an   auxiliary 
Attracted  disc  electrometer  used   idioatatically.     This 

I^ectrometer,  which  is  called   the  gavge,  ia  contained 
wil 


testJDg 


EUctiiO:— 


disc 


[ 


^within  the  cylindrical  box  J  on  the  cover  of  the  jar. 
The  arrangement  is  shown  in  detail  in  Fig,  48.  The 
disc  18  a  square  piece  of  aluminium  forming  a  con- 
luation  of  a  lever  h  of  the  same  metal.  This  lever 
forked  and  the  prongs  joined  by  a  black  opaque  hair 
rhich  moves  in  front  of  an  enamelled  plate  on  which 
two  black  dots  as  already  described.  The  position 
of  the  hair  is  seen  through  the  plano-convex  lens  /, 
which  ia  carried  by  a  sliding  platform  attached  to  the 
lard-ring  0.    Instead  of  the  counterpoise  shown  in 
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Gauge  for  Fig.  46,  torsion  given  to  the  platinum  wire  /,  to 
Hetero-  ^^^^^^  ^^^  lever  is  attached  in  the  manner  shown  in 
static  Fig.  48,  and  round  which  the  lever  turns  as  a  fulcrum, 
cation,  forces  the  disc  upwards.  This  upward  force  is  balanced 
when  the  hair  is  in  the  sighted  position  by  electric 
attraction  between  the  disc  and  a  parallel  plate  below 
it,  which  is  in  contact  with  the  interior  coating  of  the 
jar  while  the  guard-ring  and  disc  are  in  contact  with 
the  exterior  coating.  The  attracting  plate  below  is 
mounted  on  a  fine  screw,  by  which  its  distance  from 
the  disc  and  therefore  the  sensibility  of  the  gauge  can 
be  varied  at  pleasure  within  certain  limits.  The  sensi- 
bility of  the  gauge  varies  with  any  alteration  in  the 
elasticity  of  the  torsional  spring  /.  This  however  is  of 
little  consequence  as  the  variations  are  not  sudden,  and 
it  is  never  necessary  to  know  the  actual  potential  of 
the  jar. 

Between  each  end  of  the  wire  /  and  the  supporting 
block  is  interposed  a  JJ  shaped  spring  (not  shown  in 
Fig.  48)  made  of  light  brass.  The  end  of  the  wire  is 
attached  to  the  extremity  of  one  limb  of  the  XJ,  a  pin 
passing  through  the  supporting  block  to  the  extremity 
of  the  other  limb.  The  two  pins,  the  extremities  of 
the  springs,  and  the  ^vire  are  in  line.  The  springs  can  be 
turned  round  the  pins  as  axes,  so  as  to  give  any  initial 
torsional  couple  to  the  wire  which  may  be  required,  and 
by  their  spring  cause  the  wire  to  be  stretched  with  a 
nearly  constant  force. 

The  mode  of  attachment  of  the  wire  to  the  lever  A, 
deserves  notice.  The  wire  is  threaded  through  two 
holes  in  the  broader  part  of  the  lever,  near  the  square 
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Sac,  30  that  the  part  between  the  holes  is  above  the  ' 
lever.     Q||^^y  between  the  holes   it   passes   over  a 
small  ridge  piece  of  aluminium,  which  prevents  the 
lever  from  turning  round  without  twisting  the  wire. 

The  plate  .^1  when  the  instrument  is  used  is  con- 
nected with  the  body  to  be  tested  by  the  electrode  E. 
which  passes  through  a  plug  of  clean  paraffin  fixed  iu 
^Bn  aperture  in  the  sole  plate.     The  wire  r  completes 
^^■lie  connection  between  E  and  A. 
^H  The  difference  of  potentials  between  the  coatings  is 
^^■ept  nearly  constant  by  means  of  a  Bmall  induction   ' 
^^B&Bchine  R^  called  by  Sir  William  Thomson  the  Re- 
^^^^.niahfr.     The  construction  and  action  of  this  part 
will    be    easily    understood    from   Figs.   49   and    50; 
Fig.  49  shows  the  mechanism  full-size  in  perspective 
^^elevation;  Fig.  50,  the  same  in  plan. 
^K    Two  similar  metal   carriers  C,  D,   each   part   of  a 
^^Mlindncal  surface,  are  fixed  on  a  cross-bar  of  paraffined  * 
^^bonite  so  as  to  be  slightly  noncoaxial  but  inclined  at  the 
same  angle  to  the  cross-bar.    Through  the  cross-bar  and 
rigidly  fixed  to  it,  passes  a  cylinder  of  ebonite  having 
t  its  ends  metal  pieces  which  form  the  extremities  of 
a  asle.     The  carriers  turn  round  this  axle  within  the 
ular  cylinder  marked  out  by  the  cylindrical  metallic 
ieces  A,  B,  which  are  insulated  from  one  another  and  act 
pindnctora.  A  receiving  spring  s  or  s',  projects  obliquely 
hwords  through  a  hole  in  each  inductor,  with  which  it 
i  also  connected  at  the  back,  and  is  bent  so  that  the 
'8  touch  the  springs  on  their  convex  sides,  and 
n  but  little  impeded  by  the  friction.    Two  contact 
rings  S.S',  connected  by  a  motalUc  arc  project  slightly 
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L  Its  Con-    inwards  btyond  the  inductors  so  that  the  carriera,  n 

opposite  tfae  inductors,  come  int^  contacU|^  these  two 
springs  at  the  same  time,  and  are  therefore  put  into  con- 
ducting contact.     One  of  the  inductors,  A,  is  connected 


to  the  inner  coating  of  tlie  jar,  the  other.  B,  is  atta 
by  the  supporting  plate  of  brnss  to  the  ( 
instrument  and  therefore  to  the  outer  coating.  A 
milled  lead  attached  to  E  projects  above  the  cover  and 
i-^cxas  a  handle  by  which  the  carriers  are  twirled  r 
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The  electrical  action  is  easily  understood.    An  initial    Its  Elee-  ^^M 
chaise  has  been  given  to  the  jar,  so  that  a  difference  of    ^ctim.   ^H 
potentials  exists  between  the  coatings,  the  interior  for                 ^^M 
esample  being  positive.     When  the  carriere  come  into                ^^M 
contact  with  the  springs  S,  S',  tfaej  are  brought  to  the                ^^M 
same  potential,  and,  since  they  are  under  the  influence                ^^| 
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Fig.  59. 
inductors,  one   earner   becomes   chargeii 
the   other   negatively.     Then,   turning   i 
an  of  the  arrow,  they  come  into  contact  wi 
ng  springs,  and   being  ea^h   (electrically 
cover  of  the  corresponding  inductor,  they  g 
eater  part  of  their  charges,  thus  increasii 
ice  of  potentials  between  the  inductors, 
I.                                                               T 
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If  the  cairicTS  are  turned  in  the  opposite  direct 
tbe  action  is  of  course  reversed,  ami  tbe  difference  of 
potentials  is  diminished.  \S'hen  the  rcplenisher  is  not 
in  action  the  carriers  are  not  in  contact  with  any  of 
the  springs. 

The  method  of  using  the  Ahsoluto  ElectrometOj 
practically  the  same  as  that  described  for  the  i 
rudimentary  instrument  of  Fig.  46.  The  force  required 
to  depress  the  disc  against  tlie  action  of  the  springs 
without  overstraining  is  determined  by  removing  the 
top  cover  of  tbe  jar  and  the  cover  of  the  balance,  and 
loading  the  disc  as  symmetrically  as  possible  with 
weights,  while  all  electrical  force  is  avoided  by  putting 
the  electrode  of  the  plate  A  in  contact  with  the  guard* 
plat«  B.  The  micrometer-screw  C  is  then  tnmed  until 
the  disc  comes  again  inlfl  tbe  sighted  position,  and  thw 
distance  through  which  the  plate  was  depressed  is 
obtained  from  the  initial  and  linal  micrometer  readings 
in  terms  of  divisions  of  the  scale.  (It  was  found  in  the 
original  instrument  made  for  Sir  William  Thomson 
that  ^V  of  a  gramme  depressed  the  disc  through  two 
divisions  of  tbe  vertical  scale  and  a  fraction  of  one 
division  on  the  graduated  disc.)  Several  determinations 
of  this  distance  are  made  at  different  temperatures  to 
obtain  data  for  the  elimination  of  the  effects  of  t 
perature  on  the  springs.  The  weights  are  now  i 
moved,  the  covers  replaced,  and  the  instrument -jl 
ready  for  use  in  absolute  measurements. 

When  it  is  to  he   thus   used   the  guard-ring  i 
attrac^g  plate  are  put  into   conducting  contact  ] 
tnnecting  tbe  electrode  of  the  latter  with  the  chi 
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I  let  down  tlirough  the  aperture  provided  for  it  in  Method  ot 
■the  cover,  and  the  disc  is  put  accurately  into  the  sighted    Ai^int^ 
josition.     It  is  then  raised  by  the  micrometer  screw    Electro- 
a  distance  for  which  the  force  F  has  been 
{determined.    To  bring  it  back  to  the  sighted  position 
will  require  the  application  of  that  force.     The  jar  is 
■next  charged  to  the  degree  determined  by  the  sensitive- 
BseBS  of  the  gauge,  and  the  potential  kept  constant  by 
■  ■using  the   replenisher  as   described.     The   attracting 
late  is  now  connected  by  means  of  its  electrode  with 
■the   exterior  coating  of  the  jar,  and  the  micrometer 
►moved  up  or  down  until  the  disc  is  brougiit  into  the 
sighted  position,  when  the  micrometer  reading  is  taken. 
Tliia  is  called  the  earth-readijiff.     The  electrode  of  the 
attracting  plate  is  now  brought  into  contact  with  the 
conductor  whose  potential  is  to  be  tested,  and  the  plate 
again  moved  by  the  micrometer  until  the  disc  is  once 
more  in  the  sighted  position  and  the  reading  once  more 
taken.     The  diEFerence  between  the  two  readings  gives 
d'—d  of  (2),  p.  265  above,  which  since  F  has  been  deter- 
mined, and  S  is  supposed   known,  gives   in  absolute 
nnits  the  difference  of  potentials   V~V  between  the 
conductor  tested  and  the  outer  coating  of  the  electro- 
meter jar. 

Sir  William  Thomson  has  also  constructed  an  at- 
tracted disc  electrometer  capable  of  being  easily  carried 
about  from  place  to  place,  and  therefore  adapted  for 
observations  of  atmospheric  electricity  at  different 
places  in  rapid  succession  by  the  same  observer,  for 
use  by  explorcra,  or  for  any  purpose  for  which  small- 
a  of  size  and  portability  art;  necessary, 

T  2 
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^H^HPH^  The  arrangement  is  precisely  similar  to  that  of  i 
^^^itu     g*"K^>  Fig.  48,  turned  upside  down.    The  gii&rd-riii| 
below  the  attracting  disc,  and  the  trap-door  aod  1 
of  aluminium,  with  the  connected  sighting  appi 
suKp«ndei]  as  described  ubove,  are  on  the  under  side 
of   the  guanl-plate,  and  are  therefore  protected  from 
electrical  action  from  above.     The  lever  and  fork  i 


CONSTRUCTION  OF  POBTABLE  ELECTROMETER. 


I  sighted  position  by  the  same  electric  force  whatever  tin.- 
I  position  of  the  instraraent. 

The  plates  with  the  lever,  &c.,  are  contaioed,  as  in 
I  the  absolute  electrometer,  within  a  glass  jar  coated 
I  inside  {except  where  apertures  are  left  to  allow  tbu 
I  interior  to  be  seen)  with  tinfoil.  A  protecting  brass 
I  case,  in  which  are  openings  corresponding  to  those  in 
I  the  interior  coating,  forms  the  exterior  costing.  The  jar 
I  is  charged  as  in  the  absolute  electrometer,  and  its 
I  interior  coating  is  in  electrical  contact  with  the  guard- 
l  ring,  which  is  therefore  at  the  same  potential.  The 
I  instrument  is  thus  used  heterostatically.  The  dimen- 
I  aions  of  the  case  are,  diameter  9  centimetres ;  height, 
lOo  centimetres. 

The  attracting  plate  is  mounted  on  an  insulating  rod 
of  glass,  attachoil  to  a.  hnisB  tube  which  can  be  moved 
jdong  V  guides  by  a  micrometer  screw,  of  atcp  -rn  of  an 
inch,  working  in  a  nut  fixed  in  the  upper  end  of  this 
lube.  The  details  of  this  arrangement  are  shown  in 
the  figure.  A  strong  frame  project*  downwards  from 
the  cover  of  the  jar  and  bears  the  V  guides  in  which 
the  brasa  tube  moves.  A  spring  pressing  against  the 
tube  opposite  each  V,  or  a  single  spring  between  the 
Vs.  causes  the  tube  to  bear  on  the  guides.  The  lower 
end  of  the  micrometer  screw  is  shod  with  a  convex 
piece  of  hard  polished  steel,  which  bears  upon  an  agate- 
faced  platform  rigidly  attached  to  the  framework,  and 
I  projecting  into  the  tube  through  a  slot  of  sufficient 
llength  to  give  the  necessary  range  of  motion. 

To  prevent  lost  time  and  side-shake,  a  guide-nut 
■fitting  well  but  easily  in  the  brass  tube  is  placed  above 
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Micro-  the  eflPective  nut,  and  is  prevented  from  turning  round 
^eomeT  ^7  ^  piece  which  projects  from  it  through  a  dot  in  the 
^?al  tube.  A  spiral  spring  between  the  nuts  presses  them 
apart  and  thus  keeps  the  upper  side  of  the  screw 
thread  in  contact  with  the  nut.  A  fork,  projecting 
from  the  screw  shown  on  the  left  side  of  the  cover  in 
the  diagram  over  the  micrometer  circle,  prevents  the 
sa*ew  from  being  pulled  up  through  more  than  a 
distance  of  about  ^  of  an  inch. 

The  micrometer  screw  is  turned  by  a  head  above  the 
case,  and  angles  turned  through  are  read  on  a  vertical 
scale  and  a  graduated  circle  turning  relatively  to  a 
fixed  mark  on  the  cover.  The  vertical  scale  is  engraved 
on  two  fixed  cheeks  parallel  to  the  axis  of  the  screw, 
which  are  in  plane  with  an  index  piece  which  sUdes  up 
and  down  freely  between  them.  Increasing  numbers 
on  the  scale  correspond  to  increasing  distance  between 
the  plates,  and  the  zero  of  the  scale  nominally  corre- 
sponds to  zero  distance,  though  no  particular  care  is 
taken  to  make  it  actually  so  correspond.  The  graduated 
circle  is  divided  into  100  equal  parts  so  that  each  cor- 
responds to  an  angle  of  3°'6  turned  through  by  the 
screw;  and  the  distance  between  two  consecutive 
divisions  on  the  vertical  scale  is  equal  to  the  step  of 
the  screw,  so  that  the  index  advances  one  division  in 
each  complete  turn  of  the  screw. 

The  hole  in  the  roof  of  the  instrument  through 
which  the  screw  passes  is  made  large  enough  to  allow 
the  screw  to  pass  without  touching,  and  the  graduated 
circle  which  covers  this  hole  above  is  raised  a  little 
above  the  cover  so  as  not  to  touch  it. 


MODE  OF  USING  PORTABLE  ELECTROMETEK. 


(The  attracting  plate  A  is  connected  by  a  light  wire  r 
with  a  brass  plate  supported  by  a  glass  column  from 
the  roof.  This  brass  piece  is  continued  upwards  by  the 
main  electrode  of  the  instniment,  a  stout  wire  passing 
without  contact  through  an  opening  in  the  cover,  and 
carrying  the  cap  D,  which  can  bo  moved  up  or  down 
along  it  through  a  short  distance.  This,  when  in  its 
lowest  position,  connects  the  electrode  with  the  outside 
of  the  case  of  the  instrument  and  closes  the  opening 
through  which  the  electrode  passes,  and  when  raised 

(eerves  as  an  umbrella  to  protect  the  electrode  from 
wind  and  rain. 
A  lead  tray  attached  to  the  roof  supports  a  block  of 
pumice  moistened  with  sulphuric  acid  which  preserves 
a  dry  atmosphere  within  the  case.  A  caution,  "  Pumice 
dangerous  if  not  changed  once  a  month,"  is  engraved 
on  the  cover  beside  a  small  holder  for  a  card,  on  which 
the  dai&s  of  the  renewal  of  the  pumice  are  to  be 
noted. 

The  mode  of  using  the  instrument  is  heterostatic  and 
similar  to  that  described  above  for  the  absolute  electro- 
meter. The  jar  is  charged  by  means  of  au  electrode 
let  down  through  a  hole  in  the  cover,  and  a  negative 
charge  is  given,  so  that  increased  readings  of  the 
I  micrometer  correspond  to  increased  positive  charges  on 
■the  attracting  plate.  When  an  experiment  is  to  be 
i  the  umbrella  is  put  down,  the  disc  brought  to  the 
JjBghted  position  by  the  micrometer,  and  the  reailing 
((which  we  call  the  first  earth-reading)  taken.  The 
mbrella  is  then  raised  and  the  body  to  be  tested 
loooected  to  the  electrode.     The  disc  is  again  brought 
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Mode  of   into  the  sighted  position  and  a  reading,  Uf  say,  obtained, 
'porteble   The  body  is  then  disconnected  and  a  second  earth- 
Electro-    reading  taken.    The  times  at  which  the  readings  are 

meter. 

taken  are  noted.  In  consequence  of  leakage  of  the 
charge  of  the  jar  the  second  earth-reading  may  differ 
from  the  first,  and  the  earth-reading  for  the  time  at 
which  B'  was  taken  is  to  be  estimated  from  the  two 
earth  readings.  Let  this  reading  be  denoted  by  2>,  and 
the  difference  of  potentials  between  the  body  and  the 
case  by  V,    We  have — 

F=m(J?'-.i>) (3) 

where  m  is  the  average  value,  in  absolute  units  of 
potential,  of  a  scale  division  for  the  range  between  D 
and  B\  This  value  depends  on  the  elasticity  of  the 
spring  suspension  of  the  trap-door  and  lever,  the  area 
of  the  trap-door,  and  the  scale  of  graduation  adopted ; 
and  does  not  depend  on  the  potential  of  the  jar  or  on 
the  electrification  tested,  except  in  so  far  as  the  small- 
ness  of  the  attracting  plate  causes  the  electric  field 
between  it  and  the  trap-door  to  deviate  sensibly  from 
uniformity  at  the  greater  distances.  The  constant  m 
can  be  determined  of  course  by  an  experiment  with  a 
known  difference  of  potentials,  and  this  ought  to  be 
done  for  different  parts  of  the  scale.  The  range  of  the 
instrument  is  15  turns  of  the  screw,  or  about  5,000 
volts  potential ;  that  is  approximately  the  difference  of 
potentials  between  the  poles  of  a  battery  of  5,000 
Daniell's  cells  arranged  in  series. 

The  portable  electrometer  has  certain  faults,  which 
are,  however,  mostly  due  to  its  smallness  of  size.    The 
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capacity  of  the  jar  is  not  large  enough  to  prevent  the 
potential  of  the  jar  from  being  sensibly  affected  by  the 
electrilicatiDQ  of  the  attmcting  plate ;  the  suspension  is 
affected  by  change  of  temperature;  the  wire  guards 
surrounding  the  aluminium  lever  do  not  sufficiently 
protect  it  from  electric  influence;  and,  as  already 
stated,  the  plates  are  not  large  enough  to  ensure  that 
the  value  of  a  division  of  the  scale  may  be  the  same 
in  every  part  of  the  scale. 

These  sources  of  error,  except  that  due  to  tempera- 
ture, have  been  corrected  in  a  large  instrument  on  the 
same  principle,  and  on  the  whole  similar  in  construction, 
which  Sir  William  Thomson  has  mailo  and  called  the 
Standard  Electrometer.  For  a  detailed  description  of 
this  instrument  the  reader  is  referred  to  Sir  W. 
Thomson's  Reprint  of  Papers  on  Electrostatics  and 
Magnetism. 

Sir  William  Thomson  lias  modified  an  arrangement 
of  the  portable  electrometer  and  enlarged  its  size  so 
that  a  reliable  instrument  with  a  range  from  about 
4,000  volts  to  80.000  volts  is  obtained ;  that  is.  begin- 
ning at  a  little  under  the  superior  limit  of  the  potential 
measured  by  the  portable  electrometer,  it  has  a  range 
I  of  about  sixteen  times  that  of  the  latter.  This  he  has 
'  called  a  Long-Range  Electrometer.  The  constant  of 
the  instrument,  m  of  (3)  above,  is  found  in  the  same 
way  as  that  of  the  portable  electrometer. 

The  attracting  plate  is  above  the  guard-plate  and 
1  diec  as  in  the  portable  electrometer ;  but  the  former 
■  plate  is  fixed  and  the  latter  movable  by  a  micrometer 
screw  from  below.     The  step  of  the  screw  ia  the  same 
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as  in  the  other  instruments,  -5^  of  an  inch, 
raDge  is  200  turns,  The  upper  plate  is  connected  with 
the  electrified  body  to  be  tested  and  tbe  guard-ring  t-o 
earth,  or  a  second  body  with  whose  potential  that  of 
the  tested  body  is  to  be  compared.  The  mode  of  using 
the  instrument  is  thus  idiostatic. 

To  prevent  sparks  the  attracting  plate,  though  piano 
on  its  lower  surface,  is  turned  over  on  its  upper  surface 
into  a  thick  rim.  The  guard-plate  is  made  no  thicker 
than  ia  necessary  for  stiffness,  and  to  prevent  danger  of 
sparks  between  it  and  the  upper  plate  projects  fully  an 
inch  all  round  beyond  the  latter.  No  Leyden  jar  is 
required  as  tbe  use  is  idiostatic.  but  a  glass  shade,  to  pre- 
vent dust  and  shreds  which  might  tend  to  discharge  the 
upper  plate,  is  permanently  fixed  over  it  with  an  insulated 
electrode  passing  through  it  to  the  attracting  plate. 

The  wall-nigh  perfect  form  of  Symmetrical  Electro- 
meter which  we  have  in  Thomson's  Quadrant  Electro- 
meter had  its  beginning  in  the  Divided  Ring  Instrui 
illustrated  in  Fig.  52.  A  vertical  wire  carrying  on 
aide  a  light  horizontal  needle  is  suspended  from  a  6: 
point.  The  wire  passes  through  the  centre  of  two  fli 
semi-circular  pieces  of  metal,  which  lie  in  a  horizontal 
plane  so  as  to  form  a  metallic  circle  complete  with  the 
exception  of  a  small  space  at  each  extremity  of 
diameter.  These  spaces  insulate  one  semicirclo 
the  other.  Supposing  the  needle  chained  with  pont 
electricity  and  made  to  rest  in  equilibrium  above  cue 
these  spaces  when  the  two  semicircles  are  put  io  con- 
ducting contact,  the  arrangement  is  syuitnetrical  about 
the  needle.    If  one  semi-circle  I 
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positive  the  other  with  negative  electricity,  the  needle 
will  be  repelled  from  the  positive  and  attracted  toward 
the  negative  semicircle.  If  then  the  wire  be  brought 
back  and  maintained  in  the  symmetrical  position  by  an 
applied  couple,  this  couple  gives  a  measure  of  that 
due  to  electric  forces  tending  to  deflect  the  needle,  and 
if  the  potential  of  the  needle  remains  constant,  differ- 
ences of  potential  established  between  the  semicircles 
can  be  compared. 


Divided 

Ring 
Electro- 
meter. 


Fig.  62. 


It  was  an  obvious  but  important  step  to  convert  the  Quadrant 
two  semicircles  into  four  quadrants  by  a  pair  of  openings  meto^ 
along  a  diameter  at  right-angles  to  the  other  pair,  to 
put  each  pair  of  opposite  quadrants  into  conducting 
contact,  and  to  make  the  needle  symmetrical  about  the 
suspension  wire.  Thus  supposing  one  pair  of  quadrants 
to  be  charged  positively  and  the  other  pair  negatively, 
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.  one  end  of  the  needle  is  attracted  by  one  of  a.  paif' j 
quadrants,  and  repelled  by  the  adjacent  quatiraot  of  tf 
other  pair.     The  other  end  of  the  needle  ia  attr 


by  the  remaining  quadrant  ol"  iho  first  pair,  and  repell 
by  the  remaining  quadrant  of  the  other  pair,  whioli  tg 
adjacent.  These  action 8  conspire  to  give  a  coupts 
turning  the  needle  about  the  suspension  wii 
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In  the  final  form  of  the  quadrant  electrometer,  which    ^^^ 
is  represented  in  Fig.  53,  the  four  quadrants  of  the  flat-  Quadrant 
ring  are  replaced  by  four  quadrants  of  a  flat  cylindrical    ^^®^^" 
box  made  of  brass.     These  are  shown  separately  in 
Fig.  54.     Each  quadrant  is  supported  on  a  glass  stem 
projecting  downwards  from  a  brass  plate  which  forms 
the  cover  of  a  Leyden  jar,  within  which  the  quadrants 
and  needle  are  enclosed.     For  three  of  the  quadrants    Arrange- 

,    .       ment  of 

the  stem  passes  through  a  slot  in  the  cover  and  is  Quadrants, 
attached  to  a  brass  piece  which  closes  the  slot  from 


Fig.  64. 


above.  Thus  each  of  the  quadrants  can  be  moved  out 
or  in  through  a  small  space.  The  stem  of  the  fourth 
quadrant  is  attached  to  a  piece  above  the  cover  which 
rests  on  three  feet.  Two  of  these  feet  are  kept  by  a 
spring  in  a  V  groove,  parallel  to  which  the  piece 
carrying  the  quadrant  with  it  can  be  moved  by  a 
micrometer  screw  turning  in  a  nut  fixed  to  the  movable 
piece.  The  spring  which  keeps  the  feet  of  the  movable 
piece  in  their  groove  presses  outwards  as  well  as  down- 
wards, and  so  keeps  the  same  sides  of  the  nut  and 


Anangf-   screw  threads  in  contact,  to  the  prevention  of  "  lost 

QStb^ts.  ti™«"     The  details  of  the  inatrumant  will  be  easUy 

made  out  by  means  of  F^.  55  and  56.    The  former 


shows  a  vertical  section  of  the  instrument,  the  latter 
the  suspension-piece  and  mirror. 

A  plate  rather  leas  in  area  than  the  upper  nu&oe  of 
a  quadrant,  but  of  nearly  the  same  aliuw 
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by  a  glass  stem  from  the  cover  above  a  quadrant 
ftdj&cent  to  that  attached  to  the  micrometer,  and  is 
furnished  with  an  insulated  electrode  passing  through 
the  cover.  Sufficient  length  is  given  to  the  insulating 
stem  by  attaching  it  to  the  roof  of  a  cylinder,  closed 
at  the  top,  erected  over  an  opening  in  the  cover. 

Within  the  box  formed  by  the  quadrants  and  about 
midway  between  the  top  and  bottom,  a  needle  of  sheet 
aluminium  of  the  form  shown  by  the  line  drawn,  partly 
full,  partly  dotted,  across  the  plan  of  the  quadrants  on 
the  left  in  Fig.  54,  is  suspended  horizontally  from  two 
pins  c,  d  (Fig.  56).  carried  by  a  fixed  vertical  brass  plate 
supported  on  a  glass  stem  projecting  above  the  cover  of 
the  jar.  The  needle  is  attached  rigidly  at  its  centre  to 
the  lower  end  of  a  stiff  vertical  wire  of  aluminium, 
which  passes  down  through  an  opening  in  the  middle  of 
the  cover. 

To  the  extremities  of  a  small  cross-bar  at  the  top  i 
of  the  aluminium  wire  are  attached  the  lower  threads 
of  a  bitilar  made  of  two  single  silk-fibres.  The  upper 
ends  of  these  fibres  are  wound  in  opposite  directions 
round  the  pins  c,  d,  each  of  which  has,  in  its  outer 
end,  a  square  hole  to  receive  a  small  key,  by  which 
[it  can  be  turned  round  in  its  socket  so  as  to  wind  up 
■or  let  down  the  fibre.  By  tliis  means  the  fibres  can 
be  adjusted  so  as  to  be  as  nearly  as  may  be  of  the  same 
ifcngth ;  and  as  the  whole  "supported  mass  of  needle, 
is  then  syniraetrical  about  the  line  midway  between 
[ie  fibres,  each  bears  half  the  whole  weight.  The  pina 
d,  are  carried  by  the  upper  ends  e,  /,  of  two  spring 
which  form  the  continuations  of  a  lower  plate 
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Details  of  screwed  firmly  to  the  supporting  piece.    Through  e,  /, 

S£"    a^^  working  in  them,  pass  two  screws  a  and  ft,  the 

points  of   which  bear  on  the  brass  supporting  plate 

behind.     By  the  screw  a  the  end  e  of  the  plate  e,f,  can 

be  moved  forward  or  back  through  a  certain  range,  and 


Fig.  56. 


thus  the  pin  c  carried  forward  or  back  relatively  to  d 
similarly  d  can  be  moved  by  the  screw  b.    Thus  the 
position  of  the   needle  in  azimuth  can  be  adjusted. 
The  distance  of  the  fibres  apart  can  be  changed  by 
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and  I 


^Herewliig  out,  or  iii,  a  conical  plug  ahown  between  the  Det»ihJ 

springs  e,  f. 

The  aluminium  wire  carries  between  its  uppei  end 

and  the  needle  a  small  concave  mirror  of  silvered  glass, 
be  used  with  a  lamp  and  scalD  to  show  the  position 
the  needle.  The  mirror  is  guarded  against  external 
ictric  influence  by  two  projecting  brass  pieces,  which 

form  nearly  a  complete  cylinder  round  it.     The  part  of 

the  wire  just  above  the  needle  is  protected  by  the  tube 

I^own  at  the  bottom  of  Fig.  56.  This  tube  extends 
Uown  below  the  needlo  a  little  distance,  and  is  cut  away 
tt  each  side  to  allow  the  needle  free  play  to  turn 
bound. 
[  The  interior  coating  of  the  Leyden  jar  is  formed 
lb|y  a  quantity  of  sulphuric  acid  which  it  contains,  and 
which  also  serves  to  preserve  a  dry  atmosphere  within 
the  jar,  the  exterior  coating  by  strips  of  tinfoil  pasted 
on  its  outer  surface.  The  acid  has  been  boiled  with 
sulphate  of  ammonia  to  free  it  from  volatile  impurities 
which  might  attack  the  metal  parts  of  the  instrument. 
The  jar  itself  is  enclosed  within  a  strong  metal  case  of 
octagonal  form,  supported  on  three  feot,  with  levelling 
screws.  The  line  joining  two  of  these  feet  (which  are 
in  front)  is,  when  level,  parallel  to  the  axis  of  the 
needle  if  the  latter  is  properly  adjusted. 

The  needle  is  connected  with  the  inner  coating  of 
the  jar  by  a  thin  platinum  wire  kept  stretched  by  u 
platinum  weight  at  its  lower  end,  which  hangs  in  the 
acid.  The  wire  is  protected  from  electrical  influence  by 
a  guard-tube  forming  a  continuation  of  tlie  narrower 
guard-tube,  partly  ahown  in  Fig.  5B,  and  therefore 
vol..  I.  U 
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extending  from  below  the  quadrants  to  a  short  distance 
above  the  acid,  and  connected  also  by  a  platinum  wire 
with  the  acid. 

The  Sub-       The  supporting  plate  in  Fig.  56  carries  the  disc  of  an 
Gau^^     i^iostatic  gauge  of  the  kind  described  in  p.  269  above. 

Electro-  The  height  of  the  disc  is  adjustable  by  means  of  a  fine 
screw  and  jam-nut  below  it.  The  supporting  plate, 
with  the  suspension  and  disc  of  the  gauge,  &c.,  is 
enclosed  within  an  upper  brass  case,  called  the  Ian- 
tern,  which  closes  tightly  the  central  opening  of  the 
cover.  The  top  of  the  lantern  is  the  guard-plate 
of  the  gauge,  and  carries  the  aluminium  trap-door 
and  lever  with  sighting  plate  and  lens  as  already 
described. 

A  glass  window  in  the  lantern  allows  light  to  pass  to 
the  mirror,  and  the  suspension  to  be  seen.  A  small 
opening  in  the  glass,  closed  when  not  in  use  by  a  screw- 
plug  of  vulcanite,  enables  the  operator  to  adjust  the 
suspension  without  removing  the  lantern. 

Electrodes,  The  principal  electrodes  of  the  quadrants  are  brass 
rods  cased  in  vulcanite,  and  are  arranged  so  as  to  be 
movable  vertically.  Each  is  terminated  above  in  a 
small  brass  binding  screw,  and  is  connected  below  by  a 
light  spiral  spring  of  platinum  with  a  platinized  contact 
piece,  which  rests  by  its  own  weight  on  a  part  of  the 
upper  surface  of  the  quadrant,  also  platinized  to  ensure 
good  contact.  They  are  placed  one  on  each  side  and  in 
front  of  the  mirror.  One  is  in  contact  with  the  quadrant 
connected  below  to  the  micrometer  quadrant,  the  other 
to  the  quadrant  connected  to  that  below  the  induction 
plate. 


&c. 
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An  insulated  charging-rod  descends  throtigh  the  EleolroJe*, 
^lantern,  and  carries  at  its  lower  end  a  projecting  spring 
I  of  brass.  Wlieu  the  lod  is  not  in  use  the  Hpring  is  not 
liD  contact  with  anything;  but  when  the  jar  is  to  be 
lehftrged  the  rod  is  turned  round  until  the  spring  is 
■brought  into  contact  with  the  supporting-plate,  wliich, 
Ifts  stat<.'d  above,  is  in  contact  with  the  acid  of  the  jar. 

The  potential  of  the  jar  is  maintained  constant  bj  a 
ftieplenisher  in  the  manner  already  described  for  the 
1  absolute  electrometer.  A  spring  catch  keeps  the  knob 
I  of  the  replenisher,  which  is  on  the  upper  side  of  the 
I  cover,  in  such  a  position  when  nut  in  uje  that  the 
I  carriers  are  not  in  contact  with  any  of  the  springs. 

On  the  upfjer  side  of  the  cover  are  screws,  three  iu 
I  number,  by  which  tlie  cover  is  secured  to  a  tightly 
[  fitting  flat  ring  collar  below  it,  to  which  the  jar  is 
I  cemented,  and  to  which  the  case  is  screwed ;  two  screws, 
I  one  on  each  aide,  which  fix  the  lantern  in  its  place ;  a 
I  cap  covering  an  orifice  communicating  with  the  interior 
f  the  jar ;  two  binding  screws  by  which  wires  can  be 
I  connected  to  the  case ;  and  a  knob  similar  to  that  of  the 
I  replenisher,  which,  when  turned  against  a  stop  marked 
I  "  contact,"  connects  by  an  interior  spring  the  quadrant 
I  below  the  induction  plate  with  the   case,  and  when 
1  turned  in  the  opposite  direction  to  an  adjoining  stop 
I  marked  "  no  contact,"  iDsulat4>s  that  quadrant  from  the 
icase.    Two  keys,  for  turning  tlie  pina  a,  h,  c,  &c.,  are  kept 
let  down  outside  the  case  through  holes  in  the  pro- 
jecting edge  of  the  cover.     The  cover  also  carries  a 
small  circular  level,  set  so  as  to  have  its  bubble  at  the 
I  centre  when  the  cover  is  levelled  by  an  ordinary  leveL 
u  2 
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When  this  has  been  done  the  accuracy  of  construc- 
tion of  the  quadrants  ensures  that  they  are  also  level. 
The  level  has  a  slightly  convex  bottom,  and  is  screwed 
down  with  three  screws,  so  that  when  the  instrument 
is  set  lip  for  use,  a  final  adjustment,  to  show  hori-> 
zontality  of  the  quadrants,  can  easily  be   made  by 
turning  the  screws. 
Adjust.        Full  instructions  for  setting  up  and  adjusting  the 
"*^the       quadrant  electrometer  are  sent  out  with  each  instru- 
Quadrant,  ment  by  the  maker,  and  are  therefore  available,  if  kept, 
meter :—  ^s  they  ought  to  be,  beside  it  in  the  case.     We  shall 
Adjust-    suppose  therefore  that  the  detached  parts  have  been 
thoNeedlo.  put  into   their  places,  the  acid  poured   into  the  jar, 
and  the  instrument   set  up   and   levelled;  but   as   a 
quadrant   electrometer    is    now    part   of    every   well- 
equipped  physical  laboratory,  and  is  used  over  a  wide 
range  of  electrical  work,  we  shall   describe  here  the 
principal  adjustments. 

The  two  front  quadrants  are  pulled  out  as  far  as 
possible,  to  allow  the  operator  to  observe  the  position 
of  the  needle,  which  should  rest  with  its  plane  horizontal 
and  midway  between  the  upper  and  under  surfaces  of 
the  quadrants.  If  it  requires  to  be  raised  or  lowered, 
the  operator  winds  or  unwinds  the  fibres  by  turning  the 
pins  c,  dy  to  which  they  are  attached.  The  suspension 
wire  of  the  needle  should  pass  through  the  centre  of 
the  circular  orifice  formed  in  the  upper  surface  of  the 
quadrants,  when  these  are  symmetrically  arranged.  If 
the  wire  is  not  in  this  position  the  pins  a,  6,  are  turnod 
so  as  to  carry  the  point  of  suspension  forward  or  back 
until  the  wire  is  adjusted,  and  then  one  pin  is  carried 
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forward  and  the  other  back,  without  altering  the  position 
of  the  wire,  until  the  black  line  along  the  needle  is 
parallel  to  the  transverse  slit  separating  the  quadrants. 
The  scale  is  placed  at  the  proper  distance  to  give  a 
distinct  image  of  the  wire  across  the  line  of  divisions 
in  front  of  the  lamp  flame,  then  levelled  and  adjusted 
so  that,  when  the  image  is  at  rest  in  the  centre,  the 
extremities  of  the  scale  are  at  equal  distances  from 
the  needle. 

When  the  best  relative  positions  of  the  instrument 
and  the  stand  for  the  lamp  and  scale  have  been  ascer- 
tained, iJiese  are  fixed  by  the  "hole,  slot,  and  plane" 
arrangement  adopted  by  Sir  William  Thomson,  to  allow 
'   any  instrument  supported   on   three  feet  or  levelling 
screws  to  be  removed  at  pleasure,  and  replaced  without 
I   readjustment  in  its  original  position.     A  conical  hollow, 
■  better,  a  hole  shaped   like  an   inverted   triangular 
pyramid,  is  cut  in  the  table  so  as  to  receive  the  point 
I  (which  should  be  well  rounded)  of  one  of  the  levelling 
'  screws,  without  allowing  it  to  touch  the  bottom.     A 
V-g'"oove,  with  its  axis  in  line  with  the  hollow,  is  cut 
for  the  rounded  point  of  another  levelling  screw,  and 
the  third  rests  on  the  plane  surface  of  the  table.    If  it  is 
I  desired  to  insulate  the  electrometer  case  it  is  supported 
j  on  three  blocks  of  vulcanite  cemented  to  the  table; 
I,  and  in  one  of  these  the  hollow  b  cut,  in  another  the 
I  V-groove, 

When  the  jar  is  being  charged,  the  main  electrodes, 
Itbe  induction  plate  electrode,  and  one  of  the  binding 
B«crewfl  on  tlio  cover,  are  kept  connectetl  by  a  piece  of 
J  fin*;  brass  or  cupper  wire.     The  charging  electrode  is 
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Method  of  turned  round  so  ad  to  bring  the  spring  at  its  lower  end 
^  tlS°^  i^^^  contact  with  the  supporting  brass  piece,  and  a 
Electro-  positive  charge  is  given  to  the  jar  by  means  of  the  small 
electrophorus  which  accompanies  the  instrument.  The 
cover  of  the  jar  is  tapped  during  the  process  to  release 
the  balance  lever  from  the  stop,  to  which  it  may  bo 
adhering.  When  the  lever  rises  the  charging  rod  is 
turned  so  as  to  disconnect  the  spring,  and  the  charge  is 
then  adjusted  to  the  normal  amount  (determined  by  the 
distance  of  the  attracting  disc  from  the  trap  door)  by 
the  replenisher. 

The  spot  of  light  may  in  the  process  of  charging  have 
moved  from  its  position  for  no  electrification,  and  must 
be  brought  back  by  moving  out  or  in  the  quadrant 
carried  by  the  micrometer  screw. 

T/»akage  of      In  ordinary  circumstances  the  leakage  of  the  jar  will 
and      cause  the  hair  to  fall  down  in  twenty-four  lioui-s  about 

Remedies,  half  the  breadth  of  the  lower  black  spot.  This  loss  of 
charge  from  the  jar  is  made  good  by  the  replenisher ; 
but  if  the  leakage  is  considerably  greater,  the  main  stem 
should  be  washed  by  means  of  a  piece  of  hard  silk 
ribbon  (to  avoid  shreds)  with  soap  and  water,  then  with 
clean  water,  and  finally  carefully  dried.  Shreds  and 
dust  on  the  needle  and  quadrants  may  tend  to  discharge 
the  jar,  and  anything  of  this  kind  should  be  removed  by 
carefully  and  lightly  dusting  the  needle  and  quadrants 
with  a  clean  camers  hair  brush.  The  jar  is  selected 
for  its  high  insulating  power,  but  if  the  acid  has  in 
careless  handling  of  the  instrument  been  splashed  over 
the  interior  surface  there  may  be  considerable  leakage 
over  the  surface  of  the  jar  to  the  ca.se.    This  can  be 
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remedied  l>y  removing  the  acid  and  carefully  wasluug  L 
the  jar.  The  replenisher  may  also  cause  leakage  of 
the  jar  through  a  deterioration  of  insulating  power  of  K 
the  vulcnnite  .lole-plate  which  connects  the  inductors. 
Such  a  deterioration  wilh  lapse  of  time  is  not  un- 
common in  ehonite,  and  is  a  consequence  of  slow 
chemical  action  at  the  surface.  A  nearly  complete 
cure  can  be  effected  by  removing  the  piece  and  washing 
it  carefully  by  prolonged  immersion  in  boiling  water, 
and  then  re-covering  ita  surface  with  a  film  of  paraffin. 

The  insulation  of  the  quadrants  is  now  tested.  One  &' 
pair  of  quadrants  is  connected  to  the  case  and  a  charge  ], 
producing  a  difference  of  potentials  exceeding  the  ' 
greatest  to  be  used  in  the  experiments  is  given  to  the 
insulated  pair  by  means  of  a  battery,  one  electrode  of 
which  is  connected  to  tlie  electrometer  case,  while  the 
other  is  connected  for  an  instant  to  the  electrode  of  the 
insulated  quadrants;  and  the  deflection  of  the  spot  of 
light  is  read  off.  The  percentage  fall  of  potentials  pro- 
duced in  thirty  minutes  or  an  hour  is  obtained  merely 
by  taking  the  ratio  of  the  diminution  of  de6ection  which 
has  taken  place  in  the  interval  to  the  original  deflection. 
If  this  is  inappi'eciable  the  quadrants  insulate  satis- 
factorily. Id  any  case,  for  satisfactory  working  the  rate 
of  loBS  of  potential  shown  hy  the  instrument  should  not 
be  greater  than  that  of  the  body  tested. 

If  the  insulation  is  imperfect  the  glass  stems  support- 

the  quadranta  should  be  washed  by  passing  a  pie 

ard  silk  ribbon  well  moistened  and  soaped,  th' 

clenn  waler  to  remove  the  soap,  and  dried  by  t 

J  piece  of  ribbon  well  dried  and  warmed.     If  tl 
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does  not  succeed,  the  fault  probably  liea  in  the  i 
canite  insulators  of  the  electrodes,  wliich  should  1 
well   steeped   iu   boiling  water,  then   re-covered  i 
clean  paraffin  and  replaced.     Care  must  be  token  j 
this  is  done  not  to  bend  the  electrodes. 

The  Unal  adjustment  of  the  tension  of  the  thrc 
f  to  equality  is  now  made.  One  pair  of  quadrants  is  o 
necled  to  the  case,  and  the  other  pair  insulated, 
poles  of  a  single  Daniell's  cell  are  then  connected  to  ti 
electrodes,  and  the  extreme  range  of  deflection  prodOi 
by  reversing  the  battery,  either  by  liand  or  by  a  ( 
venient  reversing  key,  is  observed.  One  side  of  ( 
instrument  is  then  raised  by  screwing  up  that  side  b 
one  or  two  turns  of  one  of  the  front  pair  of  levelling 
screws,  and  the  range  of  deflection  again  nol«d.  If  the 
range  is  greater  the  fibre  on  that  side  is  too  short,  if 
the  range  is  smaller  the  fibi'e  is  too  long  (see  p.  245 
above) ;  and  the  length  must  be  corrected  by  turning 
one  or  other  of  tlie  pins  to  which  the  fibres  are  sus- 
pended. The  pins  can  be  reached  by  the  aperture  in 
the  window  of  the  lantern  ordinarily  closed  by  the 
vulcanite  ping ;  and  to  prevent  discharge  of  the  jar  i. 
key  with  vulcanite  handle  should  be  used  to  turn  thetd 
The  black  line  on  the  needle  will  require  readjustoittl 
by  the  screws  after  each  alteration  of  the  suspeusioo*! 

The  ordinary  method  of  using  the  quadrant  elect 
meter  is  beterostntic,  since  the  jar  is  kept  at  a  consta 
potential,  generally  much   higher   than  any  potenti 
which  the  instrument  is  used  to  measure.     The  shapiy 
of  the  needle  is  such  that  for  most  practical  purposta 
equation  (65)  (p.  61  above)  miy  be  regarded  as  givi     ~ 
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I  accurately  the  couple  deflecting  the  needle,  when  the 
■'quadrants  are  syminetncal  about  the  needle  and  dose. 
1  Hence  for  small  deflections  we  have,  as  in  (66),  for  the 
Idetlection  D,  in  terms  of  the  potentials  Y,  F",,  T,^  of 
ithe  needle  and  the  two  pairs  of  quadrants  respectively, 

■  the  equation 
Y  +  V\ 

i)-c(>',-rj(r-~ui— •)   .  .  (4) 

I'where  c  is  a  constant  depending  on  the  instrument  and 

■  the  mode  of  reckoning  of  D.  If  V  be,  as  it  usually  is, 
Kgreat  in  comparison  with  Fj  or  V^,  tlit-n 

r,  -  r,  =  C"i> (5) 

■  where  C   is  the   now   pi-actically   constant   value   of 

If  the  angle  of  deflection  6  of  the  ray  of  light  is  not 
|a  very  small  angle,  the  couple  tjiven  by  the  bitiiar,  it  is 
Ito  be  remembered,  is  proportional  to  sin  \d.  Hence  if 
\U  be  the  distance  in  divisions  on  the  scale  (supposed 
■straight  and  at  right  angles  to  the  zero  direction  of  the 
fci'ay)  through  which  the  spot  of  light  is  deflected,  and  fl 
Ithe  horizontal  distance  of  the  scale  from  the  mirror  in 
Ithe  same  divisions,  we  have  tan  Q  =  IljB.  from  which  6 
lean  be  found  and  hence  \6,     We  have  then 

K  sin  1^  =  ( r,  -  v:,  (V  -  ^'-;J  -^ 

fwherc  ^is  a  constant. 

Equation  (4)  would  be  more  nearly  satisfied  if  the 
■central   portions    of   the    nuwlle   to   well  within   the 

jjuadrauts  were  as  much  as  possible  cut  away,  leaving 
Bonly  a  framework  opposite  the  oritice  at  the  centre  of 

ftht,'  quadrants  to  support  the  needle. 
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Grades  of 
Sensitive- 
ness. 


The  electrometer,  when  used  heterostaticaUy,  admits 
of  a  number  of  different  grades  of  sensibility.  These 
are  shown  in  the  two  following  tables,  where  L  denotes 
the  electrode  of  the  pair  of  quadrants,  one  of  which  is 
below  the  induction  plate,  R  the  electrode  of  the  other 
pair  of  quadrants,  /  the  electrode  of  the  induction-plate, 
0  an  electrode  of  the  case  of  the  instrument,  and  C 
the  electrode  of  the  conductor  to  be  tested.  LC  denotes 
that  L  is  connected  to  0,  RO  that  R  is  connected  to  0, 
RLC  that  RL  and  (7  are  connected  together,  and  so  on, 
(Z)  that  the  quadrants  connected  with  L  are  insulated 
by  raising  Z,  (iZ)  that  the  quadrants  connected  with  R 
are  similarly  insulated,  (-RZ)  that  both  Z  and  R  are 
raised.  The  disinsulator  mentioned  (p.  291  above)  is  used 
to  free  the  quadrants  connected  with  Z  from  the  induced 
charge  which  they  generally  receive  when  Z  is  raised. 

GRADES  OF  SENSITIVENESS. 

A. 

Inductor  connected  with  quad- 
rant beneath  it. 


B. 

Inductor  connected  as  indi- 
cated below. 


FULL  POWER 


y'C^ 


or 


(/')   [ 


RO  \ 

DIMINISHED  POWEU. 


[K] 


FULL   POWER 

Inductor  Insulated. 

GRADES  OF  DIMINISHED  POWER. 


or 


[£] 


(^)[''S] 


(/') 


J.  Ro] 

m  r  'p  ] 
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IDIOSTATIC  USE  OF  QUADKAHT  ELECTROMETER. 

I  Either  of  these  grades  of  sensibility  may  of  course  also 

a  varied  by  increasing  the  distance  of  the  fibres  apart. 

The   quadrant  electrometer   can   be   made   to   give 

«nlta  in  absolute  measure  by  determining  the  con- 

jQt  C"  of  equation  (50),  by  which  the  deflection  must 

lultiplied  to  give  the  difference  Kj  —   V^.    This 

"Can  be  done  by  observing  the  deflection  produced  by  a 

battery  of  electromotive  force  of  convenient  amount, 

determined  by  direct  measurement  with  an  absolute 

t electrometer  or  otherwise.  Diflferent  such  electromotive 
forces  may  be  employed  to  give  deflections  of  diflerent 
Amounts  and  thus  give  a  kind  of  calibration  of  the  scale 
lo  avoid  error  from  non-fulfilment  of  condition  of  pro- 
nortionality  of  deflection  to  difference  of  potentials. 
f  The  quadrant  electrometer  may  also  be  used  idio- 
slatically  for  the  measurement  of  differences  of  potential 
of  not  less  than  about  30  volts.  The  volt  is  the  prac- 
tical unit  of  electromotive  force,  and  is  about  TOT  times 
the  electromotive  force  of  a  Daniell's  cell.  For  its 
definition  see  Vol.  II.  When  it  is  so  used  the  jar  is 
left  uncharged,  the  charging-rod  is  brought  into  contact 
■with  the  inner  coating  of  the  jar,  and  joined  by  a 
wire  with  one  of  the  main  electrodes,  so  as  to  connect 
the  needle  to  one  pair  of  quadrants.  The  other  pair  of 
quadrants  is  either  insulated  or  connected  to  the  case  of 
the  instrument.  The  instrument  thus  becomes  a  con- 
denser, one  plate  of  which  is  movable,  and  by  its  change 
f  posii.ion  alters  the  electrostatic  capacity  of  the 
The  two  main  electrodes  are  connecte* 
1  conductors,  the  diff'erence  of  potentials  b 
tiich  it  ia  deaired  to  measure. 
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Idiostatic       A  lower  grade   of   sensibility  can  be   obtained   by 

QuiSrant  connecting  the  needle  through  the  chargiiig-rod  to  the 

Electro-    electrode  E,  and  using  the  induction-plate  instead  of 

the  pair  of  quadrants  connected  with  Z,  which  are 

insulated  by  raising  their  electrode. 

When  the  instrument  is  thus  used  idiostatically  V 

in   equation   (49)   above   becomes   equal  to    Kj,   and 

instead  of  (50)  we  have 


i>=^i^i-f'} 


2 


.    (6) 


Modifica- 
tions of 

Quadrant 
Electro- 
meter. 


that  is,  the  deflection  is  proportional  to  the  square  of 
the  difierence  of  potentials  and  therefore  independent 
of  the  sign  of  that  dilBFerence.  It  is  to  the  left  or  right 
according  to  the  electrode  connected  to  the  needle. 
This  independence  of  sign  in  the  deflection  renders  the 
instrument  thus  used  applicable  to  the  determination  of 
potentials  in  the  circuits  of  alternating  dynamo-  or 
magneto-electric  generators.     (See  below,  Vol.  II.) 

The  quadrant  electrometer  has  been  modified  by 
different  makers.  In  a  form  made  in  Paris  for  M. 
Mascart,  the  needle  is  kept  at  a  constant  potential  by 
being  connected  to  the  positive  pole  of  a  dry  pile,  the 
negative  pole  of  which  is  connected  to  the  case,  and  the 
replenisher  is  dispensed  with. 

In  another  form  devised  by  Prof.  Edelraann  of 
Munich,  and  suitable  for  some  purposes  as  a  lecture- 
room  instrument,  the  quadrants  are  longitudinal  seg- 
ments of  a  somewhat  long  vertical  cylinder,  and  the 
needle  consists  of  two  coaxial  cylindric  bars  connected 
by  a  cross-frame,  and  suspended  by  means  of  a  bifilar. 


ELECTEOSTATIf  TOI.TMETER. 

L  glass  vessel  below  coDtains  strong  sulphuric  aci J  in 
■hich  dips  a  vane  carhed  by  a  platinum  wire  attached 
D  the  needle. 
_  For  practical  work  Sir  William  Thomson  has  lately 
constnicted  a  form  of  electrometer  to  be  used  idio-  gJ'^J)^'!  * 
statically,  and  has  called  it  an  electrostatic  voltmeter. 
It  is  represented  in  Fig.  57,  and  may  be  described  as  an 
air  condenser,  one  plate  of  which,  corresponding  to  the 
needle  of  tho  quadrant  electrometer,  is  pivoted  on  a 
horizontal  knife-edge  working  on  the  bottoms  of 
(onnded  ^-grooves  cut  in  the  supporting  pieces.  This 
hlate  by  its  motion  alters  the  electrostatic  capacity  of 
jtie  condenser.  The  fixed  plate  consists  of  two  brass 
Uatea  in  metallic  connection,  each  of  the  form  of  a 
[ouble  sector  of  a  circle,  which  are  placed  accurately 
torallel  to  one  another,  with  the  movable  plate  between 
^em  as  shown  in  the  figure.  The  upper  end  of  the 
lovable  plate  is  prolonged  by  a  fine  pointer  which 
Doves  along  a  circular  scale,  the  centre  of  which  is  in 
The  fixed  plates  are  insulated  from  the  case 
f  the  instrument ;  the  needle  is  uninsulated. 

Contact  is  made  with  the  plates  bv  insulated  terminals 
lied  outside  the  case.     The  two  shown  on  the  lel't- 
md  side  in  the  figure  belong  to  the  fixed  plate,  and  a 
milar  pair  on  the  right-hand  side  are  in  connection 
nlh  the  movable  plate   through   the  supporting  V" 
Ktve  and  knife-edge.     The   terminals  of  each   pair 
B  connected  by  a  safety  arc  of  fine  copper  wire  con- 
pined  within  a  U-shaped  glass  tube  suspended  fnmi 
s  terminals,  and  the  terminajs  in  front  in  the  diagr;ini 
jrhicb  are  separated  from  the  plates  by  the  arcs  of  wire 


between  which  ia  to  be  measured,  and  i 
falted  the  working  teriuinaU. 


GRADUATION  OF  ELECTROSTATIC  YOLTMETER. 


Wben  a  ilifference  of  potentials  is  established  between 

I  the  fixed  and  movable  platea  the  latter  move  so  as  to 

i  the  electrostatic  capacity  of  the  condenser,  and 

I  the  couple  acting  on  the  movable  plate  in  any  given 

position  is,  as  in  the  quadrant  electrometer  when  used 

\  idiostatically,  proportional  to  the  square  of  the  differ- 

I  ence  of  potentials.     This  couple  is  balanced  by  that 

due  to  a  small  weight  hung  on  the  knife-edge  at  the 

Jower  end  of  the  movable  plate. 

The  scale  is  graduated  from  0°  to  60°  bo  that  the 
I  successive  divisions  represent  equal  differences  of  poten- 
tial.    Three  different  weights,  32o,  97-5,  390   milti- 
I  grammes  respectively,  are  sent  with  the  instrument  to 
I  provide  for  three  different  grades  of  sensibility.     Thus 
the  sensibility  with  the  smallest  weight  on  the  knife- 
I   edge  is  a  deflection  of  one  division  per  50  volts,  with 
the  two  smaller  weights,  that  is  four  times  the  smallest, 
I  one  division  per  100  volts,  with  all  three  weights  or 
'  sixteen  times  the  smallest   weight,   one   division  per 
L  200  volts. 

The  electrostatic  voltmeter  is  graduated  as  follows. 
I  A  known  difference  of  potentials  is  obtained  by 
I  means  of  a  battery  of  from  60  to  100  cells  with  a 
I  high  standard  resistance  in  its  circuit.  An  absolute 
I  galvanometer  or  current  balance  (see  Vol.  II.)  measures 
1  the  current  in  the  circuit,  and  the  product  of  the 
I  numerics  of  the  current  and  the  resistance  gives  that 
of  the  potential-difference  between  the  terminals  of  the 
latter.  These  terminals  are  connected  to  the  w^^iug 
,  terminals  of  the  voltmeter,  and  tlie  defiection^^oted 
E  with  the  smaller  weights  on  the  knife-edge. 


Elertro- 
VoltifiKtor. 


I 
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Griiiiua*  For  the  higher  potentials  a  number  of  condensers  of 
Volt-  g(^  insulation  are  joined  in  series  and  charged  by  an 
iu«^t*»r.  application  of  the  wires  from  the  terminals  of  the  re- 
sistance coil  to  each  condenser  in  succession  from  one  end 
of  the  series  to  the  other.  This  is  done  so  as  to  charge 
each  condenser  in  the  series  in  the  same  direction,  and 
as  the  same  difiference  of  potentials,  V  say,  is  produced 
between  the  plates  of  each  condenser,  the  total  difl'erence 
between  the  extreme  plates  is  nV,  if  there  be  n  con- 
densers. A  convenient  large  potential-diflference  can 
thus  be  obtained  with  sufficient  accuracy,  and  being 
applied  to  the  working  terminals  of  the  voltmeter  is 
made  to  give  divisions  for  a  series  of  diflferent  weights 
hung  on  the  knife-edge.  These  divisions  correspond  of 
course  to  deflections  for  known  potentials  with  (me  of 
the  weights  on  the  knife-edge. 

The  divisions  thus  obtained 'are  then  checked  by 
using  three  instruments  which  have  been  dealt  with  in 
this  way.  They  are  joined  in  series  and  a  difference  of 
potentials  established  between  the  extreme  terminals, 
which  is  observed  also  by  the  third  joined  across  the 
other  two.  Thus  by  a  process  of  successive  halving 
and  doubling  the  scale  is  filled  up. 

A  description  of  Lippmann's  capillary  electrometer 
will  be  given  in  Vol.  II.  in  connection  with  the 
Measurement  of  Electromotive  Forces. 


CHAPTER  VI. 


THE  COMPARISON  OF  RESISTANCES, 


We  give  here  some  account  of  methods  for  the  com- 
parison of  the  resistances  of  conductors  in  which  steady 
currents  are  kept  flowing.  In  most  cases  the  conductor 
to  be  compared  is  arranged  in  a  particular  way  in  con- 
nection with  other  conductors,  which  are  then  adjusted 
so  as  to  render  the  current  through  a  certain  conductor 
of  the  system  zero.  From  the  known  relation  of  the 
resistances  of  the  other  conductors  the  required  com- 
parison is  deduced.  In  this  and  in  other  arrangements 
the  existence  of  an  electric  current  has  to  be  observed, 
and  in  some  cases  the  amount  of  the  current  must  be 
measured.  It  is  therefore  necessary,  although  the  subject 
of  the  measurement  of  currents  belongs  properly  to  the 
electromagnetic  part  of  this  work,  to  describe  shortly 
the  means  adopted  in  the  comparison  of  resistances  to 
detect,  and,  when  required,  to  compare  currents  of 
electricity. 

The  instrument  used  is  called  a  galvanometer.  Its  Oersted's 
action  is  based  on  the  phenomenon  observed  by  Oersted  ^^^^cTk 
and  explained  by  the  electromagnetic  theory  of  Ampere,  of  Galva- 
that  if  a  wire,  along  which  a  current  is  flowing,  be  held  "°™®  ^' 
parallel    to  a  magnetic  needle  resti  m 
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a  under  the  action  of  magnetic  force,  it  will  1  

''  from  its  original  position  towards  a  position  at  right 
■  angles  to  the  wire.  To  fix  the  ideas,  let  the  needle  be 
a  thin  straight  longitudinally  magnetized  bar,  in  equi- 
librium under  the  action  of  magnetic  force  with  its 
length  horizontal,  and  free  to  turn  round  a  vertical  axis ; 
and  let  the  wire  carrying  the  current  be  stret^rhed  parallel 
and  near  to  the  needle  above  it  or  below  it,  Thtt  direction 
in  which  the  needle  turns  round  is  reversed  if  the  wire, 
supposed  first  placed  above  the  needle,  is  then  placed 
below  it :  again  it  is  reversed  when  the  portion  of  wire 
held  near  the  needle  is  turned  end  for  end  without  other 
change  of  position.  An  augmented  deflection  is  there- 
fore obtained  if  the  wire  is  bent  round  ao  that  one  portion 
is  above  and  the  other  below  the  needle,  and  a  stJU 
greater  when  the  wire  supposed  covered  with  non-con- 
ducting material,  is  wound  closely  into  a  coil  of  several 
turns  which  is  then  placed  with  its  plane  parallel  to  the 
length  of  the  needle ;  for  the  effects  due  to  the  upper 
and  to  the  lower  portions  of  the  wire  are  then  in  the 
same  direction.  A  coil  of  wii*  thus  placed  rehatively  to 
a  magnetic  needle  suspended  so  as  to  be  free  to  t 
round  a  fixed  (generally  vertical)  axis  is  a  galvu 
meter. 

Galvanometers    for   ordinary   testing    purposes  . 
generally  made  by  winding  wire  covered  with  i 
some  other  non-conducting  substance,  round  a  hoi 
core  or  bobbin,  symmetrical  about  a  straight  axis,  i 
majjnetic  needle,  generally  composed  of  two  or  thre 
more  small,  and  as  nearly  aa  may  be  equal  i 
relatively  fixed  parallel  to  one  another  with  their  J 


GALVANOMETERS. 

a  turned  in  the  same  direction,  and  their  centres  in 
,  plane  perpendicular  to  their  lengths,  is  suspended  , 
vvith  its  centre  ■  at  some  convenient  point  (generally 
V,tlie  middle  point)  of  the  axis  of  the  coil.  The  coil  is 
Boo  placed  and  levelled  that  tlie  needle,  supposed  at  rest 
Innder  the  action  only  of  the  magnetic  force  of  the  field 
the  apparatus  is  placed,  has  its  length  at  right 
ihe  same  axis. 


I  The  form  of  galvanometer  generally  employed  in  the 
nirement  of  resistances  is  the  reflecting  galvano- 


•  Tho  ni»pietic  axis  rvnci  magnetic  t 
«  will  be  defined  iu  Ihe  f.'hapti'i 
>  il  i»  mfilcieDt  to  say  thst  we 
bt  the  magnetic  axU  and  centre  m 
f  n^nind  position. 


itre  of  such  an  aasemlilagf  o: 
n  Mngnetism  ;  for  our  preai'n 
u  udjnet  the  galTanometpr  m 
be  u  nearly  as  we  pleBS*  it 


ZfA  COMPABLSOX  OF  RESISTA5CK. 

lh*frMf,u\  meUif  invented  by  Sir  William  TbomaoQ.  one  amnge- 
rWrl^^  inent  of  which  is  shown  in  Fiz.  58.  For  mosi  porpoaes 
n^#m^t«r.  the  ordinary  form  of  the  instrument  can  be  osed.  In 
this  a  mirror  of  silvered  glass  to  which  the  needle- 
magnets  are  cemented  at  the  back  is  hong  within  a 
cylindrical  cell  about  half  a  centimetre  in  diameter.  The 
irnds  of  the  cylind^  are  closed  by  glas  plates  from  four 
to  five  millimetres  apart,  held  in  brass  rings  which  can 
b^;  screwed  ont  or  in  so  as  to  increase  or  diminish  the 
length  of  the  ceU.  The  mirror  is  hang  by  a  piece  of  a 
single  silk  fibre  passed  through  a  small  hole  in  the 
cylindrical  surface  of  the  chamber  and  fixed  there  with 
a  little  shellac.  The  mirror  is  only  of  slightly  smaller 
diameter  than  the  cylinder  in  which  it  hangs,  so  that  in 
this  arrangement  the  fibre  is  very  short,  rendering  it 
necessary  in  cases  in  which  deflections  have  to  be  read 

off'  to  allow  for  the  effects  of  torsion.     The  cvlindrical 

it 

chamber  is  screwed  into  one  end  of  a  cvlinder  of  sliijhtlv 
greater  diameter  which  fits  the  hollow  arc  of  the  coil, 
and  is  called  the  galvanometer-plug.  When  the  plug  is  in 
position  the  mirror  hangs  freely  within  its  cell,  with 
therefore  the  point  of  suspension  on  the  highest  gene- 
Method  of  rating  line  of  the  cylinder.     Deflections  of  the  needle 
^Deflec"^  are  observed  either  by  the  Poggendorflf  telescope  method, 
tioM.     or,  and  much  more  generally,  by  the  ordinar}-  projection 

method  described  on  p.  211  above. 

Va&d-         The  weight  of  the  needle  and  mirror  is  under  one  grain, 

Galva      ^^^^  hence  the  period  of  free  vibration  of  the  suspended 

nometer.    system  about  any  fK)sition  of  equilibrium  is  short.    The 

needle  is  also  made  to  come  quickly  to  rest  by  the  small- 

ness  of  the  chamber  in  which  it  hangs.    Since  the  mirror 
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■nearly  fills  tLe  whole  cross-section  of  the  cell,  the  air 

I  damps  the  motion  of  the  mirror  to  a  very  great  extent 

a  when  the  cell  has  its  largest  volume.     The  mirror 

[may  be  made  quite   "dead-beat"   (p.  224  above)  by 

screwing  in  the  front  and  back  of  the  cell  until  the 

space  is  sufficiently  limited. 

In  instrumeDta  in  which  it  is  desirable  to  avoid  effects 
L  of  torsion  the  galvanometer  coil  is  made  in  two  lengths, 
w  which  are  fixed  end  to  end,  with  a  narrow  space  between 
I  them  to  receive  the  suspension  piece.  This  piece  forms 
I  a  chamber  in  which  the  needle  hangs  between  the 
I  two  halves  of  the  coil  and  gives  a  length  of  fibre  which 
I  at  shortest  is  equal  to  the  radius  of  the  outer  case  of  the 
I  coil,  and  which  can  obviously  be  made  as  long  as  is 
I  desired.  The  part  of  the  hollow  core  at  the  needle  is 
I  closed  in  front  and  at  back  by  glass  plates  carried  by 
These  can  be  screwed  in  or  out  by  a  key 
I  fi-om  without  so  as  to  diminish  or  increase  the  size  of 
I  chamber,  and  thus  render  the  needle  system  more  or 
I  less  nearly  "  dead-beat." 

The  galvanometer  is  generally  set  up  so  that   the 
I  deflections  are  read  by  the  ordinary  deflection  method 
ft(p.  211  above),    It  Is  only  necessary  to  arrange  that  the 
needles  when  no  current  is  flowing  in  the  wires  shall 
hang  parallel  to  the  plane  of  the  coils.     This  is  done  as 
follows.   A  straight  thin  knitting  wire  of  steel  is  mag- 
netized and  hung  by  a  single  silk  fibre  of  a  foot  or  so 
I  in  length.  This  can  easily  be  done  by  taking  a  sufficiently 
■long  single  fibre  of  silk  and  forming  a  double  loop  on 
■One  end  by  doubling  twice  and  knotting.  In  this  double 
ujp,   mode   widely  divergent,   the   steel   wire   is   laid 
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horizonUlly,  and  the  single  onJ  of  the  fibre  ia  attaobi 
ffOklvJ'  ^  A  siippurt  carried  by  a.  convenient  stand,  which  I 
then  placoil  so  that  the  wire  takes  up  a  position  in  t 
■liroctioa  of  the  horizontal  component  of  the  magneta 
field  where  the  needle  is  to  be  placed.     A  line  can  noli 
hij  drawn  parallel  to  the  wire  on  the  tabic  beneath  im 
All  that  is  necessary  then  is  to  place  the  galvanomel 
8o  that  the  front  and  back  planes  of  the  coil  are  vert 
and  pamllei  to  this  line,  and  adjust  the  lamp  and  & 
as  described  above- 
It  is  sufficient  for  our  present  purpose  to  state  ti 
if  the  needles  be  so  small  as  in  the  Thomson  reflect 
galvanometer,  and  torsion  can  be  neglected,  the  cui 
in  the  coil  may  be  taken  as  proportional  to  the  tangt 
of  the  deflection  angle,  and  therefore  if  that  angle  1 
not  greater  than  three  or  four  degrees  the  current  may," 
with  an  error  not  greater  than  4^  per  cent.,  be  taken  as 
proportional  to  the  deflection  simply.     We  shall  discusB 
the  measurement  of  currents  fully  in  later  chapters. 

The  galvanometer  sboidd  be  made  as  sensitire  ( 
possible  by  diminishing  the  directive  force  on  the  needla 
as  far  as  is  practicable  without  rendering  the  e 
unstable.     This  is  easily  done  by  placing  magnets  a 
the  coil  so  that  the  needle  hangs,  when  the  current  w 
the  coil  is  zero,  in  a  very  weak  magnetic  field,     Thi 
the  field  has  been  weakened  by  any  change  in  the  d 
position  of  the  magnets,  ma^lo  in  the  couree  of  the  adjui 
meot,  will  be  shown  by  a  lengthening  of  the  perioda 
free  vibration  of  the  needle  when  deflected  for  an  insta 
by  a  magnet  and  allowed  to  return  to  ijero.    The  t 
of  instability  has  been  reached  when  the  position  of  t) 
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]  spot  of  light  for  zero  current  changes  from  place  to  place 
on  the  scale,  and  the  intensity  of  the  field  must  then  be 
slightly  raised  to  make  the  zero  position  of  the  needle 
one  of  stable  equilibrium. 

Although  not  absolutely  essential,  except  when  accu- 
rate readings  of  deflections  are  required,  it  is  always 
well,  when  the  field  is  produced  by  magnets,  to  arrange 
thera  so  that  the  field  at  the  needle  is  nearly  uniform. 
It  may  therefore  be  produced   by  two  or  more  long 
^^  magnets  placed  parallel  to  one  another  at  a  little  dis- 
^^Ltance  apart  symmetrically  with  respect  to  the  centre  of 
^^vtbe  Dccdle  above  or  below  it,  and  with  their  like  poles 
^^nturned  in  the  same  directions ;  or  a  long  magnet  placed 
^^Biorizontally  with  its  centre  over  the  needle,  and  mounted 
^Hbon  A  vertical  rod  so  that  it  c^n  he  slided  up  or  down  to 
^^  give  the  required  sensibility,  may  be  used. 

Sensibility  is  sometimes  obtained  by  the  use  of  astatic 
galvanometers,  but  these  ai-e  rarely  necessary  and  are 
|i  more  troublesome  to  use  than  the  ordioary  non-astatic 
letrument.     Such  galvanometers  will  be  described  in 
Vol  II. 

For  the  comparison  of  the  resistances  of  conductors  i 

[other  resistances  the  relations  of  which  are  known  are 

■Employed.     These  are  generally  coib  of  insulated  wire 

iTOund  on  bobbius  which  are  arranged  so  that  the  coils 

tan  be  used  conveniently  in  any  desired  combination. 

fSuch  an  arrangement  of  coils  is  called  a  resistance  box. 

Figs.  59  and  60  show  resistance   boxes   of    different 

forms,  I 

In  a  resistance  box  each  coil  has  a  separate  core, 

gbt  to  be  a  brass  or  copper  cylinder  split  long)- 


Field  for 
bilitj. 


and  covdi^l 
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,  tmlinally  to  prevent  induction  currents,  i 
with  thjn  rubber  or  varnished  paper  for  iusulatioo. 
These  cores  are  shown  in  Fig.  61.  The  metallic  core 
facilitates  the  cooling  of  the  coil  if  an  appreciable 
rise  of  temperature  is  produced  by  the  passage  of  & 
current  through  it.  After  each  layer  of  the  coil  has 
been  wound  it  is  dipped  in  melted  paraffin,  so  as  to  6z 
the  spires  relatively  to  one  another,  preserve  ■ 
from   damp,  and   insure   better  insulation.      It 


great  importnnco  to  use  perfectly  pure  paraffin,  U^| 
especially  tn  make  sure  that  no  sulphuric  acid  is  present 
in  it.  ITnlesa  this  prerautiou  is  observed  troiihle  may 
be  caused  not  only  by  the  action  of  Uie  ncid  on  the 
metAJ  of  the  conductor,  but  by  the  polarization  effects 
due  to  electrolytic  action  in  the  acid  paraffin.  Paraffin 
which  is  at  ail  doubtful  ehould  be  well  shake 
melted  with  hot  water,  to  remove  the  acid. 
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Tlie  wire  chosen  for  the  higher  resistances  is  generally 
aa  alloy  of  one  part  platinum  to  two  parts  silver. 
This  has  a  high  specific  resistance  (p.  380  below), 
combineil  with  a  small  variation  of  reBJataocc  with 
temperature.  For  the  lower  resistances  wire  of  greater 
thickness  is  employed  on  account  of  its  greater  con- 
ductivity, which  enables  a  greater  length  of  wire  to  be 
iseil  and  thus  facilitates  accurate  adjustment. 


I  are  now  sometimes  made  of  "platinoid,"  a 
wciea  of  German  silver  which  does  not  tarnish  seriously 

I  exposure  to  the  air  and  has  a  low  variation  of 
distance  with  temperature  faee  Table  V.). 

'hen  a  coil  of  given  resistance  is  to  be  wound,  a 

th  of  well-insulated  wire  of  slightly  greater  resis- 

e  (determined   by  comparison  i 


!  by  ( 


!  of  the  processes  to  be  described)  is  c 


Buubled  on  itself  at  lis  middle  point,  and  wound  thus 
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he  effects  ^1^1 


ilouhle  on  its  core.  Tbb  is  done  to  avoid  Uie  e 
induction  (see  335  below)  when  the  current  is  in  a  state  of 
ariation,  as  when  starting  or  stopping.  After  the  coil 
}ias  been  wound  its  redstance  is  ^aiu  measured,  and  if 
giKxi  inaulatioD  has  been  obtained,  it  ought  now  to  show 
as  lightly  increased  resistance,  on  account  of  the  change 
produced  in   the  wire  by  bending.     The  coil  is  fix^ 


.nizjiii 


j}T^* 


in  position  by  two  long  brass  or  copper  screws  d,.9 
Fig.  61.  passing  through  ebonite  discs  in  the  endl 
its   core,   which  fasten  it  to  tho  cover  of   tba  ' 
These  should  be  sufficiently  massive  to  give  no  i 
preciable  resistance.     These  screws  are  attached  to  $ 
adjacent  brass  pieces  a,  a,  on  the  outside  of  th» 
and  have  the  ends  of  the  wire  of  the  coil  soldered:] 
them  so  that  the  coil  bridges  across   the  giip  shon 
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tlie   figure   between   every   adjacent  pair  of  brass 
pieces.     The  coil  is  now  brought  to  the  temperature  at 
which  it  is  to  bo  accurate  and  tinally  adjusted  so  that 
i  resistance  taken  between   the  brass  pieces  is  the 
squired  resistance. 

s  are  made  in  multiples  of  the  "  Ohm  "  or  practical 
t  of  resistance.     The  ohm  will  be  de6Ded  absolutely 
1  the  second  part  of  this  work  :  it  is  sufficient  at  present  ticalDnit 
osay  that  the  Zti/rtiOAT/i  as  adopted  by  the  International      ancc. 
ingress  of  Electricians  held  at  Paris  in  1884  is  equal  ^^ 

0  the  resistance  of  a  uniform  column  of  pure  mercury  ^H 

6  centimetres  long  and  one  square  millimetre  in  cross-  ^H 

1,  at  the  temperature  0°  C.    The  mode  of  realizing  ^H 

such  a  standard  is  described  below,  p.  3S4. 

A  aeries  of  coils  are  arr.inged  in  a  resistance  box  in   Ainnge- 

-Some  convenient  order  either  in  series  or  in  multiple    JV^-Vf-"^ 

Fig.  62  shows  a  series  arrangement  suitable  for      Box. 

many  purposes.     The  numbers  indicate  the  number  of 

i  in  the  corresponding  coils.     The  space  between 

jach  pair  of  blocks  is  narrow  above  and  widens  out 

wlow,  as  shown  in  Fig.  62,  to  increase  the  effective 

f  distance  along  the  vidcanito  from  block  to  block.    In  the 

I  adjacent  ends  of  the  brass  pieces,  between  which  is  the 

L  narrow  gap,  are  cut  two  narrow  opposite  grooves,  so  as 

|,io  form   a  slightly  conical  vertical  socket.      This   tits 

slightly   conical  plug,  /  in   Fig.   61,   which    when 

inserted  bridges  over  the  gap  by  making  direct  contact 

oetween  the  blocks,  and  when  not  thus  in  use  is  hold 

in  a  hole  drilled  in  the  middle  of  the  upper  surfuce  of 

the  block.     The  coil  is  short-circuited  when  the  plug 

i  inserted,  that  is  a  current  sent  from  one  block   to 


COMPARISON  OF  RESISTANCES. 


the  other  passes  almost  entirely   across   the   plug   on 

account  of  the  much  greater  resistance  of  the  coil.     The 

handle,/,  of  the  plug  is  generally  made  of  ebonite. 

Box  The  plan  of  arranging  a  series  resistance  box  which  is 

"Si        "^°^^  economical  of  coils  is  a  geometrical  progression  with 


provided  to  enable  the  box  to  be  conveniently  tested. 
The  inconvenience  of  the  arrangement  is  in  the  reduc- 
tion of  any  resistance  which  it  is  proposed  to  unplug 
in  the  box  to  its  expression  in  the  binary  scale  of 
notation.  For  example  if  the  resistance  370  is  to  be 
found  on  the  box,  this  is  expressed  as  2H2*+2H2*  +  2 
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817 


or   101110010,  and  the  corresponding  plugs  inseited,  Box 

namely  the  first  plug  beyoud  the  units,  and  the  fifth,  *™^8® 

sixth,  eighth  beyond  the  units.  The  process  of  reduction  Geomet- 

is  performed  as  follows  by  dividing  successively  by  2,  Progres- 

and  writing  the  remainders  as  successive  figures  of  the  ®^°^ 


number  from  right  to  left  in 

the  order  in  which  they 

are  obtained,  ending  with  the  last  quotient,  which  is  of 

course  1. 

2 

370 

185 

0 

U-2 

1 

46 

0 

23 

0 

n 

1 

0 

1 

1     2 

1 

1 

0 

Hence  370  =  101110010  in  the  binary  scale.  It  is 
not  however  always  necessary  to  go  through  this  pro- 
cess. Practice  with  a  box  on  this  principle  leads  soon 
to  readiness  in  deciding  what  coils  are  to  be  unplugged, 
or  what  is  the  resistance  of  any  set  of  coils  which  may 
be  unplugged.  It  is  well  to  remember  that  any  coil  of 
the  series  is  greater  by  unity  than  the  sum  of  all  the 
preceding  coils  of  the  series. 

Figs.  63  and  64  show  the  arrangement  of  coils  in  a 
resistance-box  lately  invented  by  Sir  William  Thomson,     gjr  ^T. 
in  which  the  geometrical  progression  arrangement  has  ^omson's 
been  adopted.     The  interior  of  the  box  is  a  copper      Box. 
cylinder  with  projecting  rings  soldered  round  it  so  as  to 
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Sir  w.     form  recesses  in  which  the  coils  are  wound.    The  coils 

■R,^^^^  are  miide  of  platinoid  wire  well  insulated  with  silk, 

BoJt.      and  are  wound  double  in  the  usual  way.     An  outside 

cylinder  of  copper  is  screwed  on  round  the  rings,  and 


a  rise  of  temperature  in  any  part  is  rapidly  equalized 
by  the  surrounding  copper  case. 

The  pieces  marked  a,  a,  are  copper  or  brass  plates, 
here  shown  straight,  but  in  the  actual  instrumeat  usually 


thus  circular  rings.  Between  these  plates  are  seen  discs 
b,  b,  b,  &c^  of  gun  metal,  which  carry  tubes  passing 
down  through  the  vulcanite  top  of  the  box  as  shown  in 
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piece     Sir  m^H 
,  ThomwSSlsl 


i  lower  figure.  The  vertical  etein  of  a  knee-piece 
sses  tbroiigh  each  tube,  and  the  horizontal  part  RfsiBUuee  ' 
3  beneath  it  a  spring  projecting  over  the  next  disc,  ^^■ 
L  coil  13  placed  between  each  aiiccessivc  pair  of  tubes, 
md  13  cut  out  by  depressing  the  corresponding  cam 
tever  d,  which  brings  the  spring  underneath  into  contact 
prith  the  disc  over  which  it  projects.  The  contact 
ntween  the  stem,  each  knee-piece,  and  its  tube  ia 
iiunted  over  by  a  flesible  spiral  of  copper ;  and  the 
Kece  is  prevented  from  rising  when  the  lever  cam  is 
lepressed  by  a  split-ring  round  its  lower  end. 

The  flexible  spirals  are  protected  from  damage  by 
bver  twisting  by  stops  which  prevent  each  knee-piece 
sceiving  more  than  half  a  turn.     In  the  Fig.  tlie 
sa,a  are  shown  connected  by  the  three  resistances 
,  r^,  in  series ;  but  any  combination  of  series  and 
multiple  arc  can  be  obtained  by  turning  round   the 
knee-pieces  so  as  to  make  contact  with  the  terminal- 
pieces  a,  a,   when   the   cam   levers  d  are   depressetl. 
iThus  by  turning  these  pieces  so  as  to  make  contact 
ritb  a  and  a'  alternately,  the  whole  series  of  coils  can 
e  arranged  in  multiple  arc. 

The  coila  form  a  geometrical  series  from  1  to  +096 
irith  a  common  ratio  2.     The  unit  is  duplicated  for  the 
^asoa  stated  above. 
The  "  Dial "  form  of  aeries  resistance  box  shown  in 
)  above,  is  preferable  to  the  ordinary  forms  for  , 
iDany   purposes.     It  contains  three   or  four  or   more      Box.  , 
pts  of  equal "  coils,   each   nine  in  number.     One   .set 
iDosists  of  nine  units,  the  next  of  nine  tens,  the  next 
F  nine  hundreds,  and  so  on.     Besides  these  the  bux 


COMPARISON  OF  EESISTANCES. 


sometimes  conttuns  a  set  of 
nine  coils  each  a  tenth  of  a 
unit.  Fig.  65  is  a  plan  of  a 
live-dial  box.  The  sets  of 
coil3  are  arranged  along  the 
box  in  order  of  magnitude. 
E.ich  set  is  arranged  in  series, 
and  the  blocks  to  which  the 
extremities  of  the  coils  are 
attached  are  arranged  in  cir- 
cular order  round  a  central 
block,  which  can  be  connected 
to  any  one  of  the  ten  blocks 
of  the  set  surrounding  it,  by 
inserting  a  plug  in  a  socket 
provided  for  the  purpose.  Each 
central  block,  e.iccept  the  first 
and  last,  is  connected  by  a 
thitk  copper  bar  inside  to  the 
iuitial  block  of  the  succeed- 
ing series  of  nine  coils,  as 
shown  in  Fig.  f>5  by  the 
doited  lines.  The  ten  blocks 
of  each  set  of  coils  are  num- 
bered 0,  1.  2,  .  . .  9.  as  shown. 
Tlius  a  current  passing  to  one 
of  the  central  blocks  passes 
across  through  the  bar  to 
the  liext  series  of  coils,  then 
ilirough  the  coils  until  ii 
reaches  a  block  ct^ioncvted   to 
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ntral  piece  by  a  plug,  when  it  passes  across  to  the 
;  and  then  to  the  next  Beries  of  coils.     If  no  coil 
'  a  series  is  to  be  put  in  circuit,  the  plug  joins  the 
mtral  block  to  the  coil  marked  zero, 

a  five-dial  box  the  centrul   blocks  are   marked 
Bspectively  tenths,   units,   tens,  hundreds,  thod- 
NDS,  and  the  resistances  are  read  o£f  decimally  at  ' 
Thus  supposing  the  centre  in  the  first  dial  tn  be 
[jConnected  to  the  block  maikeil  5,  in  the  second  dial  to 
ihe  block  marked  7,  in  the  third  to  that  ri.aikcd  0,  the 
esistance  put  in  circuit  is  G7'5  units. 
The  advantage  of  the  arrangement  consists  in  the  fact  i 
t  only  one  plug  is  required  in  each  dial  whatever  the 
resistance  may  he,  and  since  tlie  plugs  when  no  coils  are 
included  complete  the  circuit  through  the  zeros,  there 
I  is  always  the  same  number  of  plug  contacts  in  circuit, 
i  of  a  variable  number  as  in  the  ordinary  arrange- 
epent. 
Besides  the  dial  resistances  there  is  generally  in  each 
I  set  of  resistances  arranged  in  the  ordinary  way, 
md  comprising  two  tens,  two  hundreds,  two  thousands, 
nud  sometimes  two  ten-thousands,  fitted  with  terminals 
[to  allow  the  box  to  be  conveniently  used  as  a  Wheat- 
tone  Bridge,  as  described  below.     The  extremities  of 
this  series  of  resistances  can  be  connected  by  means  of 
thick  copper  straps  with  the  series  of  dial  resistances. 
Each  pair  of  equal  coils  are  sometimes  wound  on  one 
bobbin  to  ensure  equality  of  temperature. 

It  is  sometimes  desirable  to  have  a  ready  means  of 
varying  the  ratio  of  two  resistances,  or  of  increasing  a 
^~"     '  'stance   by   steps  of   any   required   amount. 

I  VOL.  1.  y 
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Resistance  For  this  purpose  a  resistance  slide  is  iei  convenient 
arrangement.  A  form  devised  by  Sir  William  Thomson 
is  shown  at  CD  in  Fig.  66.  Along  a  metallic  bar  r  in 
front  of  a  series  of  equal  resistance  coils  slides  a  con- 
tact piece  8  by  which  r  is  put  in  conducting  contact 
with  any  one  of  the  series  of  brass  or  copper  blocks  by 
which  the  coils  are  connected.  The  figure  shows  a  com- 
bination of  two  slides  used  by  Sir  William  Thomson 


zoaaaoooaaa 


and  Mr.  C.  F.  Varley  for  cable  testing.  Each  resistance 
in  AB  is  five  times  that  of  each  coil  in  CD,  and  there 
is  the  same  number  in  each,  so  that  the  whole  resist- 
ance of  CD  is  twice  that  of  each  coil  in  AB,  The 
slider,  5,  oi  AB  consists  of  two  contact  pieces  insulated 
from  one  another  on  the  slider,  and  at  such  a  distance 
apart  as  to  embrace  two  coils.    The  terminals  of  CD 


I 
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arc  connected  to  CC  as  shown  in  the  figiiro,  aud  there- 
fore in  whatever  ratio  the  resistance  CD  is  divided  by 
the  contact  piece  s,  in  that  ratio  is  the  joint  resistance 
of  the  two  coils  CO  divided.  CD  thus  forma  a  vernier 
for  AB.  In  the  arrangement  figured  the  resistanci- 
CD  is  di\'ided  into  the  two  parts  12  and  8,  and  there- 
fore the  sixth  and  seventh  coils  of  AB  which  are 
between   the   terminals  of    A'  are    divided    into    tw<> 


f  similarly  situated  parts  12  and  8.  Hence  the  whole 
[  resistance  between  A  and  B  is  divided  into  the  two 
larts  56  and  +4. 
Fig,  67  allows  a  dial  form  of  the  double  resistance 
(■  slide.  The  main  coils  are  on  the  left,  tlio  vernier  coils 
[i)n  the  right.  Each  slide  may  be  detached  and  used 
[independently  if  required. 

Y  2 
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Con- 
ductanee 

or 

•*Mho" 

Boxes. 


Boxes  in  which  the  coils  in  circuit  are  in  multiple 
arc  were  first  made  at  the  suggestion  of  Sir  William 
Thomson,  and  called  Conductivity  *  Boxes,  because  the 
conductance  in  circuit  is  obtained  by  adding  the  con- 
ductances of  the  coils.  Fig.  68  shows  the  arrangement. 
Each  coil  is  a  resistance  coil  wound  on  a  bobbin  as 
described  above  and  hsus  one  extremity  connected  to  a 
massive  bar  a,  the  other  to  a  brass  block  c,  outside 
the  box,  which  can  be  connected  by  a  plug  to  the 


Fig.  68. 


massive  bar  b.  The  resistance  in  circuit  is  obtained 
at  once  by  adding  the  conductances  of  the  coils  thus  in 
circuit,  and  taking  the  reciprocal  of  their  sum.  The 
conductances  of  the  coils  are  marked  on  the  corre- 
sponding blocks  outside  the  cover. 

This  arrangement  is  very  convenient  for  the  measure- 

•  The  word  **  Conductance "  (see  p.  204)  is  now  being  widely  used 
instead  of  "Conductivity,"  and  we  shall  in  this  chapter  and  hence- 
forth adopt  the  term. 


COERECTION  OF  COILS  FOR  TEMPERATL'RE. 

LineDt  of  low  resistances  such  as  oue  ohm  and  under,  as 
bt  gives  a  long  gradation  of  fractious  by  coiiibinatioii  of 
}  coils. 

:   Sir  WiUiam  Thomson  has  proposed   to  call   a  box 

irranged  thus  a  Mho-Box,  where  "Mho"  is  the  word 

(SOhm"  read  backwards  to  indicate  that  the  box  gives 

lonductaaccs,  that  is  reciprocals  of  resistances. 

The  resistance  of  almost  all  wires  increases  with  nse 

I  wf  temperatui'e,  and  the  box  is  generally  adjusted  to  be 

correct  at   a  convenient   mean   temperature  which   is 

marked  on  the  cover.  The  value  of  the  resistance  shown 

by  the  box  at  any  other  temperature  is  obtained  when 

the  change  of  temperature  can  be  ascertained  from  the 

I  inown   variation  of  resistance   with  temperature.     A 

(teble  of  the  variation  of  the  resistances  of  different 

s  with  temperature  is  given  at  the  end  of  tliis 

The  general   internal  temperature  can  be  observed 

8  of  a  thermometer  passed  through  one  of  the 

rifices  which  should  be  left  in  the  side  of  the  box  to 

l:^low  free  circulation  of  air.     Local  changes  of  tempera- 

Etore  may  sometimes  be  produced  in  the  coils  without 

iffecting  appreciably  the  general  internal  temperature. 

KThese  changes  cannot  be  accounted  for,  as  it  is  impossible 

0  observe  them  with  any  accuracy,  but  can  be  avoided 

f  using  only  the  very  feeblest  ciurents,  and  continuing 

e  for  the  shortest  possible  time. 
k  The  general  internal  temperature  can  also  be  measured  1 
f  means  of  an  auxiliary  coil  provided  for  the  purpose.  „ 

is  constructed  of  thick   copper  wire  wound   on 
jonite,  and  extends  along  the  whole  length  of  the  bo.t. 


'■^"i 
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Tempera-  Since  the  variation  of  resistance  of  copper  relatively 

mined  by  ^  ^^^^  ^^  ^^^  ^^^^^  ^^  which  the  coils  are  constmcted 
ftn  Auxili-  ig  known,  we  can  by  measurins:  the  resistance  of  this 

MT  Copper  '  •^  ^ 

Coil      auxiliary  unit  by  the  box  itself  obtain  a  closely  approxi- 
mate estimate  of  the  internal  temperature. 

The  temperature  variation  may  be  made  for  all  the 
coils  the  same  as  the  highest  variation  for  any  one,  by 
introducing  into  each  a  piece  of  copper  (conveniently 
at  the  bight  after  the  coil  is  wound)  just  sufficient  for 
the  purpose. 
Process  of  In  every  case  the  blocks  to  which  the  coils  are  attached 
Resistanoe  should  be  pierced  with  a  socket  for  special  plugs  with 
^^'  binding  terminals  attached,  by  means  of  which  any  coil 
in  the  box  may  be  brought  into  circuit  itself.  This  is 
necessary  for  the  testing  of  the  box,  which  is  done  as 
follows.  In  the  case  of  the  ordinary  arrangement  of  coils 
Fig.  50.  each  of  the  units  is  compared  with  a  standard 
unit,  then  the  two  units  together  are  tested  against  each 
of  the  2s,  then  the  2s  and  a  1  are  tested  against  the  5 
and  so  on.  until  the  100s  are  reached.  All  the  preceding 
coils  put  together  give  100.  which  can  be  tested  again.^^ 
each  of  the  100s,  and  this  process  is  continued  until  the 
K>x  is  completely  tested.  The  process  can  be  checked 
by  other  possible  combinations,  and  the  whole  of  the 
results,  if  necessary,  put  together  by  the  ordinary 
methods  of  combination. 

If  a  dial  box  is  to  be  tested  the  auxiliarv  unit, 
if  it  has  one.  suffices  for  the  comparison  of  each  of 
the  unita^  then  the  nine  units  and  the  auxiliary 
unit  give  10  for  the  comparison  of  each  of  the  nine 
Wqsl     These  when  compan^  give  with  the  ten  units 
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100    fur    the    coinparisOD   of   each   of    the   hundreds,  1 
aud  so  on.  j 

Id  the  case  of  a  box  arranged  in  geometrical  progres- 
sion with  common  ratio  2,  and  firat  term  1,  tlie  unit  is 
duplicated  for  the  sake  of  comparison.  Each  unit  having 
been  compared  with  a  standard,  they  give  together  a 
comparison  of  the  next  coil,  which  is  2,  then  that  with 
the  two  units  give  4,  with  which  the  coil  of  4  units  can 
I  be  comparetl,  and  so  on. 

The  actual  methods  of  comparing  coils  are  described 
I  below  (p.  353  vt  seq.).  It  is  to  be  remembered  that  in  the 
L  comparison  of  the  coils  of  low  resistance  the  connecting 
I  irirea  (which  should  be  in  all  cases  short  and  thick) 
}  must  be  taken  into  account 

In  the  use  of  a  set  of  resistance  coils  it  ts  important 

I  that  the  plugs  be  kept  clean,  and  the  ebonite  top  of  the 

1  box,  especially  between  the  blocks  of  brass,  kept  free 

I  from  dust  and  dirt.    The  ebonite  may  be  freed  from 

"  grease  by  washing  it  with  benzole  applied  sparingly  by 

means  of  a  brnsh,  and  a  film  of  paraffin  oil  should  then 

be  spread  over  its  surface.     The  plugs  and  their  sockcta 

may  also  be  freed  from  adhering  greasy  films  by  washing 

L  in  the  same  way  with  benzole  or  very  dilute  caustic 

IjMtash.     The  latter  should  not  however  be  allowed  to 

Iwet  the  ebonite  surface.     If  necessary  the  aockets  may 

■.be  scraped  with  a  ronnd-pointed  scraper.   On  no  account 

llthould  the  plugs  or  sockets  be  cleaned  with  emefy  or 

land  paper. 

It  is  fro(}nently  necessary  to  adjust  a  current  to  a 
Rconvenient  strength  by  varying  the  amount  of  resist- 
I  in  circuit.     When  the  amount  of  resistance  iu 
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circuit  need  not  be  knoirn,  this  can  be  done  : 
readily  by  means  of  a  rlteostat,  or  resistance  coiU 
series  with  a  rheoHtat,  an  arrangement  whicli  Em  'f 
advantage  of  giving  a  continuous  vaiiation  of  ■ 
resistnnce.  A  form  of  rlieost.it  constructed  by  j 
William  Thomson   is   shown  in  Fig.  69.     Two  i 


cylinders  nre  mounted  side  by  side  on  parallel  axes  a 
are  geared  bo  aa  to  be  driven  at  the  same  rate  ina 
same  direction  by  a  third  shaft  turned  by  a  ( 
Along  thia  shaft:  from  eud  to  etid  of  the  cylindu 
worked  a  screw,  which  when  turned  moves  a  nut  a 
a  graduated  scale  at  the  top  of  the  instniment. 
the  cylinders  is  covered  with  well  varnished  paper,  1 
other  has  a  clean  metal  surface.  A  bare  wire^ 
platiuoid  or  other  material  is  wouud  partly  on  i 
cylinder  pai'tly  on  the  otlier.  and  in  passing  from  J 
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triiniier  to  the  other  threads  through  a  hole  in  the  nut. 
hu8  if  the  cylinder  be  tamed  the  relative  amounts  of 
wire  on  the  two  cylinders  can  be  varied  at  pleasure,  and 
the  wire  is  laid  on  them  helically  in  a  regular  manner. 
'he  tootlied  wheel  by  which  one  of  the  cylinders  is 
i  is  connected  with  the  axle  by  means  of  a  spring 
reviously  wound  up  so  as  to  give  a  couple  tending  to 
ind  the  wire  on  the  cylinder.  The  wire  is  thus  kept 
Hit  and  the  spires  prevented  from  shifting  on  the 
ylindor. 
The  course  of  the  current  is  along  the  wire  on  the 
paper  covered  cylinder,  then  to  the  bare  cylinder. 
Thus  the  resistance  in  circuit  is  regulated  by  the 
fOnount  of  the  wire  on  the  former  cylinder.  A  com- 
orative  estimate  of  this  is  given  by  the  scale  along 
Wliich  the  nut  moves. 

The  arrangement  of  screw  and  nut  for  guiding  the 
ire  above  described  seems  to  have  been  first  used  in  a 
rheostat  conatmcted  by  Mr.  John  of  Bristol. 

A  simpler  form  of  rheostat,  first  used  by  Jacobi,  con- 
listB  of  a  single  cylinder  of  insulating  material  round 
irhicb  the  wire  is  wound  in  a  helical  groove.  A  screw 
f  the  same  pitch  as  the  groove  is  cut  in  the  axle  of  the 
tylinder,  and  works  in  a  nut  in  one  of  the  supports. 
i  cylinder,  when  turned,  moves  parallel  to  itself,  so 
tat  the  wire  is  kept  in  contact  with  a  fixed  rubbing 
^minoL  Another  rubbing  terminal  rests  on  the  asle, 
i  which  one  end  of  the  wire  is  attached. 
The  method  of  comparing  resistances  of  most  general 
a  that  known  as  Wheatstone's  Bridge.  The  arrange- 
ment  of  conductors  used  is  that  shown  in  Fig.  34>,  nitit 


■\Vlie»t. 
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Wheat- 
stone's 
Bridge. 


a  battery,  generally  a  single  Darnell's  or  Menotti's  cell, 
included  in  r^,  and  a  galvanometer  in  r^.  A  much 
higher  battery  power  is  however  sometimes  required, 
especially  in  cable  and  other  testing.  The  three  con- 
ductors whose  resistances  are  r^,  r^  r,  are  coils  of  a 
resistance  box  provided  with  terminals  so  arranged  that 
connections  can  be  made  at  the  proper  places  to  form 
the  bridge,  for  example  as  in  Fig.  62,  which  shows 
a  resistance  box  fitted  up  as  a  Wheatstone  Bridge. 


Fig.  70. 

It  will  be  easy  to  make  out  in  Fig.  70  the  terminals 
corresponding  to  A,  B,  G,  D  respectively  of  Fig.  34. 
Fig.  60  above  shows  a  so-called  "Post-Office  Re- 
sistance Box "  in  which  the  battery  and  galvanometer 
keys  are  mounted  on  the  cover,  and  permanently 
connected  to  the  proper  points  inside  the  box;  and 
Fig.  66  a  Wheatstone  Bridge  arrangement  of  resist- 
ance slides. 

The  resistance  to  be  compared  is  placed  in  the  position 
BDf  and  convenient  values  of    r^  and  r^  are  chosen, 


WHEATSTONE'S  BBIDGE. 

while  r^  is  varietl  until  no  current  flows  through  the 
galvanometer.  The  value  of  r,  is  then  found  by  (15)  of 
Chapter  II.,  which  since  7,  is  zero,  may  he  written 

'■-?'■. (10) 


If  j-j  and  r,  are  equal,  T^  is  equal  to  r^,  and  is  read  off 
nt  once  from  the  resistance  box. 

In  the  practical  use  of  Wheatstone's  Bridge  we  have 

generally  to  employ  a  certain  battery  and  a  certain 

L  galvanometer  for  the  measurement  of  a  wide  range  of 

[  resistances ;  and  it  is  pos.stble  if  great  accuracy  is  required 

0  to  choose  the  resistances  of  the  bridge  as  to  make  the 

jemeot  have  maximum  sensibility.    An  approxi- 

pdetermination  is  first  made  of  the  resistance  to  be 

,  Call  this  Tj.  It  has  been  shown  independently 

by  Mr,  Obver  Heaviside,"  and  by  Jlr.  Thomas  Gray.f 

that  if  the  battery  and  galvanometer  are  invariable  we 

.should  make 


BtiAffi  {<•[ 
SeuBibil- 


'Vr..^. 


If  the  resistances  of  the  battery  and  galvanometer  are 

Iftt  the  disposal  of  the  experimenter,  then  on  the  sup- 

position  that  the  resistance  of  the  galvanometer  may  be 

Jcen  equal  to  r^  the  most  sensitive  arrangement  is  that 

1  which  each  of  the  resistances  is  equal  to  r,. 


•  fUl.  Mag-  vol.  xW.  <1873), 
t  JbU.  vol.  zii  (1881),  p.  283. 
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Proof  of       To  prove  these  results  we  may  suppose  that  instead  of  (1) 
Conditions  we  have 

Maximam  ^Z   ^  7 '     ' 

Sen8ibU-  ^^       ^^ 

^^y*        where  <;  is  a  constant  nearly  equal  to  unity.    Substituting  the 
value  of  fj,  which  (11)  gives,  in  (26)  of  Chap.  II.,  we  get 


Galvano- 
meter Re- 
sistance 
Variable. 


(12) 


where  I)  has  the  form  Riven  to  it  by  this  substitution  and  is 
therefore  free  from  r,.  We  have  to  find  when  this  is  a  maximum, 
on  the  supposition  that  r^^  r^  rg,  E,  and  c  are  constants,  or  which 
is  the  same  but  more  convenient,  when  ^1  —  ^Vys*  (that  is 
D/fif^)  is  a  mininmm  under  the  same  conditions.  Writing  u  for 
D/rir^j  and  calculating  the  values  of 

du     du     d^u     d^u       d^u 


dr^   lir^    dr^ 


^t* 


dri' 


dr^df. 


we  find,  by  equating  the  first  two  differential  coefficients  separ- 
ately to  zero,  that  either  r^  =  0,  and  r^  =»  0,  or  r^  =   ^r^/-^,  and 


'•4^6 


U  +  U 


Substituting  these  values  of  r^  and  r^  in 


the  expressions  for  the  three  second  differential  coefficients,  we 
find  that  the  latter  pair  of  corresponding  values  gives  positive 
values  to  each  of  the  expressions 


d^u    d-u     dhi  d^H  __  (  drn  \ 
df^^   dr^^    dri^dr^        Kdr^dr,^) 


which  is  the  condition  for  a  minimum,  while  the  first  pair  of 
values  gives  neither  a  maximum  nor  a  minimum. 

Let  now  the  galvanometer  resistance  be  capable  of  variation. 
We  shall  assume  that  the  mass  of  wire  in  the  galvanometer  and 
the  channel  in  which  it  is  wound  remain  constant.  When  this  is 
the  case  the  electromagnetic  force  at  the  needle  is,  as  will  be 
proved  in  Vol.  II.,  proportional  to  the  square  root  of  the  resist- 
ance of  the  galvanometer.     Hence  for  a  given  value  of  y^  tho 

deflection  of  the  needle  may  he  put  equal  to  ay^  s/r^  where  a  is  a 
constant.    Hence 


d  = 


D 


.    (13) 


uee   uf  r,   utid   r,   given  maxiinum 
mgeoient  nlien  tne  battery  uiily  in 


e  to  find  when  fl,>ir,  v'r^ 
1  be  put  into  th«  form  (in  +  nr^jk-Jr^  where  »,■,*,    ' 
do  not  iavolve  r^.     Kqasting  the  first  differentUI  roc fficient  ol    - 
thie  qunntity  to  znxo,  we  get  for  a  minimum  r^  =  mjn,  or  iifter 
leduction  r,  =  fi(''(-f-r,)y(r,  +  r,).     This  vuiue  of  fj  tulten  along 
with  the   already  found  Tuluea   uf  r  ' 

gensibility  to  the  bridge 
liept  conetnnt 

Lnatly,  let  the  total  area  of  the  acting  Burfnves  in  the  battery 
he  given,  while  the  resiatante  may  be  varied.  In  this  case  we 
lmve(p.H8  above)  gTeatest  aenaibility  when  the  reaiatance  of  the 
battery  In  made  equal  to  tlie  externul  resistance.  If  baliince  is 
nearly  ohtained,  we  mny  take  na  the  externnl  reaistance  between 
A  and  B  the  value  (r,  +  rj(r,  +  uVir,  +  r,  +  r.  +  rX     If  .-, 

I  may  bs  taken  as  the  resiatnnee  of  the  battery  alone  (that  \e,  if 
the  electrodes  joining  the  battery  to  A  and  U  be  mtide  so  massive 
ttat  their  resisTnnce  mny  be  neglected)  we  have  to  arrange  the 
^tterj-  so  ihut 
I  ,    „   (r.  +  r^{',  +  rO 


fouoij,  naiiiety. 


(14) 


with  this  we  have  the  three  equations  already 


=  ^--.rilr,  +  rj/(r.  +  r,),  r^  =  r,{r,  +  r,)/(r,  +  r,). 


n  Ihese  it  follows  that 


o  he  carefully  observed  that  fof  a  ^iven  available  electro- 
motive force  in  the  clrcoit  not  ausccptible  of  alteration,  the 
inaibility  is  greater  the  smaller  r^ 

,  Unless  in  particular  cases  in  which  great  accuracy  is  ptiKtionl* 
Kessary,  any  convenient  values  of  r,,  r^  will  give  results  n^"'-^  ^t'-' . 
ficiently  accurate  for  all  practical  purposes;  but  in  when  Fnil 
rranging  the  bridge  with  these  the  following  rule  ^jn,"^'' 
should  be  observed :  of  the  resistances  r^,  r^  of  the 
galvanometer  and  battery  respectively,  connect  the 
I  as  to  join  the  junction  of  the  two  greatest  of 


ISSl 
Praotioal 
■Eule  for 
BenribilitT 
when  Full 
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the  four  other  resistances  to  the  junction  < 
least.     This  rulii  follows  easily  from  (15)  of  Chap.  1 
For  interchanging  r^  and  r^  we  alter  only  the  value 
of  D,  and  calliug  the  new  value  D'  we  get 


n  of  the  ^^1 
of  Chap.^^ 


i)'-7)  =  (r,-0(r,-rj{r,-rj 


(16) 


The  expression  on  the  right  will  be  negative  if  r^^r^ 
and  r„  r^  be  the  two  greatest  or  the  two  least  of  the 
other  reaistances.  Hence  on  this  supposition  the  value 
of  D  has  been  diminished,  and  therefore  the  current 
through  the  galvanometer  for  any  small  value  of 
T^r^—r^r^  increased  by  making  r^  join  the  junction  of 
r,,  )'g  to  that  of  r^,  r,.  In  cases  in  which  the  resist- 
ances in  the  bridge  are  large,  a  galvanometer  of  high 
resistance  should  also  be  used. 

In  the  practical  use  of  the  method  the  electrodes  of  the 
battery  should  be  carried  to  the  terminals  of  a  reversiDg 
key,  so  that  the  testing  current  may  be  sent  in  opposite 
directions  if  desired  through  the  resistances  of  the 
bridge.  Also  a  single  spring  contact -key,  which  makes 
contact  only  when  depressed,  should  be  placed  in  r^ 
■  These  keys  are  convenient  when  arranged  side  by  side, 
'-  so  that  the  operator  placing  a  finger  on  each  can  depress 
one  after  the  other.  A  convenient  form  of  wire  rocker 
with  mercury  cups,  combining  the  two  keys,  may  bo 
easily  made  by  the  operator.  When  the  bridge  has  been 
set  up  and  a  test  is  about  to  be  made,  the  single  key  in 
rj  is  firet  depressed  to  test  whether  any  deflection  of 
the  galvanometer  needle  is  produced  witliout  closing 
the  battery  circuit.  If  there  is  a  deflection,  this  must 
be  due  either  to  thermoelectric  action  ia  the  i 


EFFECT  OF  SELF-INDUCTION. 


Bometer  circuit,  or  to  leakage  from  the  battery  to  the    Mmloof 

[alvanometer  wires.    The  procedure  in  this  case  will  be    ^^  ^ 

Eatated  preHently.     If  there  is  no  defiection,  the  operator 

■then  opens  the  galvanometer  circuit,  depresses  the  key 

■vhich  completes  the  battery  circuit,  aad  immediately 

#fter,  while  the  former  key  is  kept  down,  depresses  also 

Kihe  galvanometer  key.     After  the  circuits  have  been 

^completed  just  long  enough  to  enable  tlie  operator  to 

Igee  whether  there  is  any  deflection  of  the  needle,  the 

ikeys  are  released  so  as  to  break  tlie  contact  in  the 

Ceverse  order  to  that  in  which  they  were  made.     This 

rder  of  opening  the  circuits  enables  him  to  make  a 

|!aecond    observation    of   deflection   without    its    being 

necessary   to  again    send    a   current.     It   ia   easy   to 

imagine  and  construct  a  form  of  ccm tact-making  key, 

which  being  depressed  a  certain  distance  completes  the 

battery  circuit,  and  on  being  depressed  a  little  furtlier 

completes  the  galvanometer  circuit,  and  therefore  uii 

being  rtsleased  interrupts  these  circuits  in  the  reverse 

(prder.     This  form  of  key  ia  of  use  in  the  testing  of 

■resistance   coils  in   which   there   is  considerable   self- 

pjodiiction.   For  general  work,  however,  it  is  inconvenient, 

8  the  reverse  order  of  making  the  contacts  may  have  to 

)  adopted.    Again,  in  many  practical  operations,  such 

8  cable  testing,  &c.,  the  contacts  have  to  be  made  after 

[different  intervals  of  time  in  different  cases. 

The  object  of  thus  completing  and  interrupting  the    Efl'ect  of 
'  batteiy  circuit  before  that  of  the  galvanometer  is  partly  loducHon 
to  avoid  error  from  the  effects  of  Klf-indudion.     When 
a  current  in  a  conducting  wire  is  being  increased  or 
■  diminished,  an  electromotive  force,  the  amount  of  which 
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'  tlepetula  on  the  arrangement  of  tlie  conductor,  is 
,_  into  play,  so  as  to  oppose  the  increaae  or  diminut 
the  current.  The  effect  of  this  electromotive  foroe  h 
produce,  therefore,  a  weakening  of  the  electroi 
force  of  a  battery  for  a  very  short  time  after  the  circnil 
is  completed,  and  a  strengthening  during  the  very  short 
interval  in  which  the  current  falls  from  its  actual  value 
to  zero  at  the  interruption  of  the  circuit.  Its  value  is 
small  when  the  wire  is  doubled  on  itself  so  that  the  two 
parts  lie  ftloug  side  by  side,  the  current  flowing  out  in 
one  and  hack  in  the  other;  but  is  very  considerable  if 
the  wire  is  wound  in  a  helix,  and  still  greater  if  the 
helix  contains  an  iron  core.  The  electromotive  force  of 
self-induction  is  directly  proportional  to  the  rate  of 
variation  of  the  current  in  the  circuit,  and  lhu8  is 
explained  the  bright  spark  seen  when  the  circuit  of 
powerful  electro- magnet  is  Irohen. 

If,  then,  one  or  more  of  the  coils  »i  a  Wheats! 
^  Bridge  arrangement  were  wound  so  as  to  have  sulf-il 
duction,  the  electromotive  force  thus  called  into  play 
would,  if  the  galvanometer  circuit  were  completed  before 
that  of  the  battery,  produce  a  sudden  deflection  of 
galvanonieter  needle  wheu  the  battery  circuit  is 
All  properly  constructed  resistaoce  coils  are,  as  has 
stated,  made  of  wires  which  have  been  first  doubled 
themselves  and  then  wound  double  on  their  bol 
and  have  therefore  no  self-induction.  The  wire 
however,  and  the  connections  of  the  bridge  have  gem 
rally  more  or  less  self-induction,  the  effect  of  which, 
nnless  the  contacts  were  made  as  described  above,  might 
be  mistaken  for  those  of  unhalauced  resistance.     TI 


MODE  OF  OPEBATING  IN  BRIDGE  METHOD. 

lode  of  winding  the  coiU  also  avoids  direct  electro- 
lagnetic  effects  on  the  coils  on  the  galvanometer  needle 
'hen  the  coils  are  placed  near  it. 

If  on  depressing  the  galvanometer  key  at  first  as 
escribed  above  a  current  is  found  to  be  produced  by 
[noelectric  or  leakage  disturbance,  and  the  spot  of 
ght  is  therefore  displaced,  the  operator  keeping  down 
1  galvanometer  key  depresses  the  battery  key,  and 
serves  if  there  is  any  permanent  deflection  of  the  spot 
f  light  from  its  displaced  position  during  the  time  that 
ae  battery  key  is  kept  down.  This  is  easily  distin- 
uished  from  the  sudden  deflection  due  to  self-induction, 
B  that  immediately  dies  away  to  zero  as  the  current 
isea  to  its  permanent  value. 
If  the  sudden  deflection  of  the  galvanometer,  as  it 
lay  be  in  the  case  of  a  dynamo  or  electro -magnet,  is 
too  violent  and  long  continued,  the  reversing  key  of  the 
battery  should  be  used,  the  battery  contact  made  first  in 
each  case,  and  the  mean  of  the  results  taken. 

When  comparing  a  resistance  the  operator  first 
observes  the  direction  in  which  the  mirror  or  needle 
is  deflected  when  a  value  of  r^  obviously  too  great  is 

Ked,  and  again  when  a  much  smaller  value  of  r^  is 
ed.  If  the  deflections  are  in  opposite  directions,  the 
lue  of  rj,  which  would  produce  no  deflection  of  the 
needle,  lies  between  these  two  vahiea,  and  the  operat<)r 
simply  narrows  the  limits  of  r^,  until  on  depressing  the 
galvanometer  key  no  motion,  or  only  a  very  small 
motion,  of  the  needle  is  produced.  It  may  happen, 
however,  that  the  value  of  the  resistance  which  is  being 
compared  may  be  between  two  resistances  which  have 
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Modo  of  the  smallest  difference  which  the  box  allows.  Thus 
omSiwS.  with  a  resistance  box  by  which  with  equal  values  of 
r^  and  r^  he  cannot  measure  to  less  than  ^  of  an  ohm, 
he  may  either  by  making  the  ratio  of  rj  to  r^,  10  to  1, 
or  100  to  1,  obtain  the  values  of  r^  to  one  or  two  places 
of  decimals.  Any  inaccuracy  in  the  relation  of  the  arms 
of  the  bridge  may  be  eliminated  by  reversing  the 
arrangement,  that  is,  interchanging  r^  and  r^,  and 
7*3  and  r^,  and  taking  the  mean  of  the  results. 

Whatever  be  the  ratio  of  r^  to  r^,  if  he  can  read  the 
deflections  when  first  one  and  then  the  other  value  of 


FiQ.  71. 


Tg  (between  which  r^  lies,  and  which  differ  by  only 
^\  of  an  ohm)  is  used,  he  can  find  r^  to  another  place 
of  decimals  by  interpolation  bv  proportional  parts.  For 
example,  let  the  value  120*6  of  r,  produce  a  deflection 
of  the  spot  of  light  of  6  di\'isions  to  the  left,  and  120*5 
a  deflection  of  14  divisions  to  the  right :  the  value  of 
rj  which  would  produce  balance  is  equal  to 

120*5  +  -1  X  14  '  (14  +  6)  =  120-57. 
The  most  accurate  form  of  Wheatstone's  Bridge  is 


SLIDE  WIRE  BRIDGE. 


Bthat  iDtroduced  by  Sirchhoff.    In  this  an  exact  balance  Rirchhon's 
I  obtained  by  moving  a  sliding  contact-piece  along  a 

R^p^uated  wire  which  joina  the  two  resistances  r,,  r^  of 

Fig.  70.     A  diagrammatic  sketch  of  the  arrangement 

t  shown  in  Fig.  71.     S  is  the  sliding-piece.  A,  B  the 

ire  along  which  it  slides.    A,  B  is  stretched  in  front  of 


i  a  metre  in  length  graduated  to  half-millimetres 

iand  doubly  numbered,  from  left  to  right  and  from  right 

I  left.     The  coils  a,  c,  d,  b  of  the  diagram  have  the 

fciespective  resistances  T^,r„.r^,T,.     Fig.  72  shows  a  form 

Ipf  tiie  instrument  manufactured  by  Messrs  Elliott  Bros, 


i  Fig,  73  shows  an  easily-made  and  cheap  form  of  wire  t.  Omy'i 
fridge  devised  by  Mr.  T.  Gray,     w,  to  is  the  wire,  made 
of  platinoid  or  German  silver,  which  is  stretched  above, 
but  not  in  contact  with,  a  base-board,  passes  round  the 
ing  and  supporting  vulcanite  block  B  from  the 
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T.  Gray's  mercury  cup  c^  to  the  other  c^.  A  vulcanite  crossbar  A 
"  ^'  clamps  the  wire  in  position  near  the  cups.  If  the  wire 
be  long  several  such  crossbars  may  be  used.  Each  end 
of  the  wire  is  soldered  to  a  large  mass  of  copper,  bent  as 
shown  in  Fig.  74  so  as  to  dip  into  a  mercury  cup 
without  any  risk  of  contact  of  the  mercury  with  the 
soldered  junction.  The  cups  should  be  of  copper,  and 
may  conveniently  be  made  of  the  form  shown  in  the 
figure,  and  fixed  in  holes  in  the  wooden  or  ebonite 
supporting-block.      The    ends  of   the    copper    pieces 


FfO.  74. 


dipping  into  them  should  be  carefully  squared  and  bear 
against  the  copper  bottoms. 

The  wire  is  divided  into  parts  of  equal  resistance  by 
a  process  of  calibration  (p.  342  et  seq.,  below)  and  marks 
indicating  these  parts  are  made  on  a  rule  attached  to 
the  base-board,  along  which  the  contact-piece  slides. 
A  movable  scale  is  used  to  sulxlivide  the  space  between 
t^o  divisions. 

On  a  plate  of  ebonite  or  well-paiaffined  hard  wood 
are  fixed  mercury  cups  e^  e^  c^  made  as  just  described. 


¥ 
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le   auxiliary   reidstances  r,,   r^   of  the  bridge  when  T.  Gray'* 

uired  are  placed  between  c-^  and  c^.  c^  and  c,,  while 

3  to  be  compared  connect  Cj  and  Cj,  Cg  and  c^. 

lince  the  wire  w,  w  can  be  made  lung,  the  auxiliary 

iistances  are  not   frequently  required.     When   they 

be  dispensed  with,  Cj  and  c^  are  removed  and  c^ 

id  in  the  socket  h,  and  the  wires  to  be  compared 

then  placed  between  Cj  and  c^,  c,^  and  c^. 

This   method    of   obtaining   balance   was  used    by 

[atthiessen  and  Hockin  in  the  verj'  careful  comparisons 

of  resistance  made  by  them  in  their  work  as  members 

of  the   British   Association    Committee   on   Electrical 

Standards;  and  it  was  found  by  these  experimenters  that 

an  alloy  of  85  parts  of  platinum  with  15  parts  of  iridium 

formed  an  excellent  material  for  the  giaduated  wire. 

This  alloy,  they  found,  did  not  readily  become  oxidized. 

Platinum-silver  alloy  is  however  frequently  employed. 

The  contact  piece  is  generally  a  well-rounded  edge 
of  steel  with  a  slight  notch  to  receive  the  wire.  The 
lb  pressed  by  tlie  operator  bends  a  spring  which 
presses  the  contact  piece  with  just  sufficient  pressure 
against  the  wire.  A  turning  bar  can  be  put  into 
position  to  keep  down  the  contact  when  desired.  The 
sliding  piece  carries  a  vernier  which  enables  fractions  of 
a  division  to  be  read  on  the  scale. 

The  method  of  testing  by  this  instrument  is  precisely 

tlic  same  as  by  the  ordioajy  Wheatstone  Bridge,  except 

tliat  when  balance  has  been  nearly  obtained  in  the  usual 

ray,  by  varying  the  relation  of  the  resistances  r^,  t^,  t^, 

a  particuJar  position  of  the  sliding  piece,  an  exact 

lance  is  obtained  by  shifting  the  sliding  piece  in  the 
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proper  direction  along  the  wire.  Supposing  that  the 
resistance  of  the  wire  per  unit  of  length  has  been 
determined  for  different  parts  of  the  wire,  and  that  the 
resistances  of  contacts  have  been  determined  (p.  357) 
and  allowed  for,  the  value  of  r^  is  at  once  found  by 
taking  into  account  the  resistances  of  the  segments 
of  the  wire  AB  on  the  two  sides  of  the  point,  contact  at 
which  gives  zero  deflection. 

The  wire  AB  may  be  "calibrated"  by  one  of  the 
following  methods.  The  first  is  that  which  was  em- 
ployed by  Matthlessen  and  Hockin.*  Let  r^  and  r^  (a,  h 
in  Fig.  71)  be  such  resistances  that  balance  is  obtained 
at  some  point  F  in  AB,  and  let  t^,t^  (c,  d  in  Fig.  71)  be 
two  coils,  diflfering  in  resistance  by  say  yV  P®r  cent.  Let 
r^  -f  a  be  the  total  resistance,  including  contacts  between 
C  and  P,  and  r^  +  /S  that  between  D  and  P.  Now  alter 
rj  by  inserting  a  short  piece  of  wire.  This  will  shift  the 
zero  point  along  the  wire  through  a  certain  distance  to 
the  left.  Balance  so  as  to  find  this  point,  which  call 
Pj ;  then  interchange  r^  and  rg,  and  balance  again,  and 
call  the  second  point  thus  found  F^  Let  z  denote  the 
resistance  between  P  and  Pj,  ^  the  resistance  between 
P  and  Pj,  X  the  resistance  oif  the  short  piece  of  wire 
added  to  r^,  and  /  the  length  of  wire  between  Pj  and  F^ 
We  have  plainly  the  two  equations. 


r^  -f  tt  -i-  g  —  g      r^  4-  ^  +  2  ' 
rj  +  a  4-  X  -  /      r^  -f  /8  -f  g' 


.     (17) 


*  Reports  <m  EUdrical  Standards^  p.  119. 
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from  which  we  obtain  for  the  reaistance  per  unit  of   Miithi*s- 
tength  between  f^  and  Pj,  ; 


I 


'■  l{r,+  r,) 


(r^  +  r^-i-a  +  ^  +  x)   .  (18) 


¥: 


The  value  of  a:  is  easily  obtained  with  sufficient 
accuracy  from  either  of  equations  (17),  as  j  is  approxi* 
mately  known  from  the  known  resistance  of  the  whole 
wire.  In  this  way  the  resistance  per  unit  of  length  at 
diiierent  parts  of  the  wire  can  be  easily  found,  and,  if 
necessary,  a  table  of  corrections  formed  for  the  different 
divisions  of  the  scale. 

Professor  Carey  Foster  has  given  the  following  method 

ffor  the  calibration  of  the  bridge  wire.  The  arrangement  y"" 
js  shown  diagiammatically  in  Fig.  75,  The  battery 
-shown  in  Fig.  71  is  removed,  and  two  equal  copper 
bars  are  attached  at  C,  P  (Fig.  71),  at  right  angles  to 
the  bars  of  tho  bridge  at  those  points.  Between  the 
extremities  of  these  is  stretched  a  second  sUde  wire. 
Or  the  slide  wire  of  a  second  bridge,  from  which  all 
ler  connections  have  been  removed,  may  be  connected 
'to  C  and  D  by  wires  from  the  end  bars  to  which  it  is 
attaciied.  In  place  of  the  coils  c,  d  of  Fig.  71,  and  the 
middle  bar  of  the  bridge  is  substituted  a  single  Dauiell's 
or  other  cell.  One  terminal  of  the  galvanometer  is 
connected  to  a  sliding  piece  on  the  wire  If,  the  other 
to  a  sliding  piece  on  the  other  wire,  H'".  In  place  of  r, 
and  ^^  are  substituted  two  small  resistances,  one  simply 
a  piece  of  thick  wire  c,  the  other  a  resistance  g, 
equal  to  that  of  a  convenient  portion  say  from  80  to  100 
letres  of  tbe  bridge  wire.     The  former  of  these  has 
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V,?   .9  IZK 


'A^,  ".*..*/:  V.A -Ar.r-.^f.r/^  -2^  Ia.'r;«"ai»  tsBWe.  They 
ii*-^  ^/;f,f^f*/A  v.  v.^  r;r.:r=r  '.7  Sf^'^irT  c«^  in  the 
ti,ki,f^f  ';/7/7,v/;  '.r*  p.  ^.  *b»:*re.  *=iii  aoo^  iccm  of 
«*»f/.f»^/'A/'j    iJ!    (i«rj;ki.ir  ^ttiicfTr*!  to  cfert  the  into^ 

iinp^ff^ih*^  f.^ii-  ^M'j,*',  pUi?^  first  on  the  left  and 
ffiit  uiuui't'Vtt  ou  iht',  rjfht,  the  slide  on  IT  is  moved 
/  Urn*',  uft  I/,  f.h/T  ('xW-ut'ity  h,  and  balance  is  obtained  by 
\Am  mi^  » liit  itli/J<rr  on  IK'  at  iK^me  point  near  Z>.  The 
lfjt*tlf*'  htti\  rouw'fUtr  tir*i  tlK;ri  interchanged,  and  balance 
in  mfitiii  4t\titiiut'i\  hy  Mhi fling  the  slider  on  W  towards 
Ui<i  I /'It  (.0  NoiMf  (Hiint  h. 


iti' 


if 


Im... 


I  •■. 


*l  lu»^.^^lv;^»  ami  roiiurrti»r  aro  again  intorcbanged,  and 
UilaiH'o  obtaiurd  bv  Mbil'ting  tbo  slide  on  JF  to  the  left, 
Mh\l  m»  \»u  \»ntd  botli  wiivs  bavo  Kvn  tnversed  almost 
r\MnpK'ti'lv  lV\Mn  oud  to  ond.  Tbo  dii^tance  through 
\\b»\'b  tbo  nbdor  in  mow^l  at  oaoh  interchange  of  the 
»\VHwt.u\vv  iH  ivnd  otV.  Hud  ^ivo^.  ast  wo  shall  now  show,  a 
\U^ton\\u  teuton  v*t"  I  bo  avornijv  r\*sistaui.v  per  unit  of 
loiKtb  N^\vM  i^Ht  {vrtum  of  tbo  wii\\  Let  /*  and  P  be 
(HMUtH  ot  vvuliwt  on  W"  Hiul  W"  ^  hou  bal;ii:ce  is  obtainod. 
lot  tl»o  ivtuwnoiu  rx*?>is!aiKVS  irolu'.:t\l  with  U',  H" 
;<'v  Oio  loit  luiud  oiui*  U*  de-.*.o:t\:  bv  ji.  !\  and  a:  :Le 


CALIBRATION  OF  A  WIRE. 


845 


right  ends  by  a\  V  respectively,  the  resistance  of  the     Carey 
connector  by  c,  of  the  gauge  by  ^,  of  the  wire  from    MethodL 
-^4  to  P  by  z,  of  the  whole  wire  by  w,  of  the  wire  W 
from  ^'  to  P'  by  «',  and  of  the  whole  wire  by  v/.    If 
the  connector  be  on  the  left  and  the  gauge  on  the 
right,  we  have  by 

g  4-  g  -f  g  _  g  4-h  '\'W  -z  .     . 

a'  fz'     ■"     b'  -^  w  "Z       '     •     •     ^  "^^ 

and  if  the  gauge  and  connector  be  interchanged  so  that 
r  receives  a  new  value  r 


V 


a  +  2  b  -\-  w  —  z  ^    "^ 

From  these  equations  we  get  at  once 

g-c^z.^z (21) 

that  is,  the  steps  along  TV  have  each  a  total  resistance 
equal  to  g  —  c,  sl  result  evident  without  calculation  at 
all. 

Again,  supposing  the  gauge  at  first  on  the  left,  and 
next  on  the  right,  the  slider  on  JT'  is  shifted,  and  we  get 
the  equations 

a'  4  /     _     V  +  w'  "  z' 
g  -^  a  +  r  "  b  +  c  +  w  —  z 

a'  +  r'  V  -^  w'  -  z\ 

c  -^  a  -^  r       b  -\-  g  -\-  w  —  z' 

These  give 

r,  —  r ,  =  (a  —  c) r- ; — r  •  •  (22) 
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The  quantities  on  the  right-hand  side  are  all  con- 
stants, and  therefore  the  wire  W  is  thus  divided  into 
{Hirts  of  equal  resistance.  From  the  known  resistance 
of  the  whole  wire,  which  can  be  found  as  shown  on 
p.  354  below,  the  resistance  of  each  part  can  be 
found.  The  steps  on  each  wire  are  thus  steps  of 
etpial  resistance. 

The  following  are  the  actual  results  obtained  in  the 
calibration  of  the  slide-wire  of  a  bridges  performed  in 
the  Physical  Laboratory  of  the  University  College  of 
North  Wales  by  the  method  just  described. 
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It  will  be  noticed  that  the  second  reading  in  any  line 
r  the  first  column  ia  not  exactly  the  same  as  the  first 
reading  in  the  next  line.  This  was  caused  through  its 
being  diflicult  to  balance  by  adjusting  the  contact  on 
the  auxiliary  wire.  Balance  was  therefore  obtained 
■'after  a  step  was  taken  along  the  auxiliary  wire  by 
noviDg  the  slider  through  a  short  distance  on  the  wire 
Ahicb  was  being  calibrated. 

The  value  of  t  found  as  described  below,  p.  355  was 
2  ohm.     From  this  tlie  resistance  of  the  part  of  the 
I  between  two  readings  of  the  scale  is  found   as 
llihowa  in  the  table. 


-*-^. 


A  modification  of  this  method  which  works  well  in  T.  Graj'n 
ictice  and  avoids  some  difficulties  has  been  made  by    jt,,thod 
■-  Thomas  Gray.     The  two  wires  W,  \V,  are  arranged       tiJ 
rallel  to  one  another  as  in  Fig.  76,  and  are  connected 
\  the  ends  A,  C  and  B,  D  by  two  equal  small  resist- 
Ujces  of   suitable  amount  g.     The  equality  of  these 
resistances  can  be  tested  with  great  ease  and  delicacy 
by  connecting  the  battery  at  A,  B,  and  balancing  with 
Jie  galvanometer  between  a  point  on  W  and  another 
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T.  Gray's  on  W\  then  transferring  the  battery  contacts  ix>  C,  D 
Me^od  ^^^  observing  if  the  balance  is  disturbed.  If  it  is  not 
^  J>y       the  resistances  are  equal.     When  the  resistances  have 

Bridge.  . 

been  adjusted  to  equality,  the  battery  is  brought  into 
contact  at  A  and  D  and  balance  is  obtained  by  placing 
one  galvanometer  terminal  close  to  £  on  TF,  and  the 
other  at  b  on  W\  The  battery  contacts  are  then  trans- 
ferred to  B  and  C,  and  balance  is  obtained  by  shifting 
the  terminal  of  the  galvanometer  on  7F  to  some  point 
a  while  that  on  W  is  kept  at  b.  The  battery  contact 
is  then  transferred  to  Ay  B,  and  balance  obtained  by 
moving  the  terminal  on  W  so  that  the  points  of 
contact  are  a,  d,  and  so  on. 

The  readings  on  the  graduated  scales  are  taken  for 
the  successive  points  of  contact,  and  divide  each  wire,  as 
will  be  shown  presently,  into  steps  each  of  resistance  g. 

The  contact  of  the  battery  at  -4,  -D  or  -B,  C  can  be 
made  by  means  of  two  simple  rockers  K,  K,  working 
between  mercury  cups  or  ordinary  metal  contacts,  or  by 
means  of  any  simple  key.  This  renders  unnecessary 
any  mercury  cup  switchboard  arrangement  for  trans- 
ferrincr  coils. 

Thus  the  method  has  the  great  advantage  that  the 
contacts  are  all  permanent  except  those  of  the  battery 
and  the  sliders,  no  one  of  which  of  course  introduces 
any  error. 

Let  contact  be  made  by  the  battery  at  A  and  D,  and 
balance  be  obtained  with  the  galvanometer  at  points  a 
and  e  on  the  wires  W  and  W,  then  calling  as  before  «, 
z'  the  resistances  of  the  wires  between  A  and  a,  C  and 
e  respectively,  and  w,  w*  the  resistances  of  the  whole 
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wires,  we  have,  Deglecting  (which  will  not  affect  the 
result)  constant  resistances  of  connecting  bars,  &c., 


w  "  z  4-  g 


w  —  z 

'TVg 


(23) 


Let  the  battery  now  be  transferred  to  B  and  C  and 
balance  be  obtained  at  d  and  e.  Denoting  the  resistance 
between  A  and  d  by  z^  z,  we  again  have 


w  —  z.       w  —  z  ■\-  g 


h  +  9 


(24) 


Equations  (23)  and  (24)  give 

z-z  =2fl'^-±^ 


(25) 


or  the  steps  along  W  are  steps  of  equal  resistance.    The 
same  can  of  course  be  proved  for  W\ 

Fig.  77  shows  another  arrangement  devised  by 
Mr.  T.  Gray,  which  has  also  the  advantage  of  having 
permanent  gauge  contacts.  A  and  G  are  joined  by  a 
short  thick  wire  or  connector  c,  while  B  and  D  are 


Trr 


■W 


>  X 

I   * 

I 

J 


is 


B 


Hh 


£ 

Fig.  77. 

joined  by  a  gauge  g.  The  battery  contact  is  made 
alternately  at  B  and  2>  by  a  key  Ky  and  balance  is 
obtained  by  moving  the  galvanometer  contact  on  W 
and  W*  alternately.  This  arrangement  is  rather 
simpler  to  set  up  than  the  former  but  gives  steps  the 


T.  Gray's 

First 

Method 

bv 
Bridge. 


T.  Gray's 
Second 
Method 


id«e. 


Bridge 
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T.Gray's  resistances  of  which  are  in  geometrical  progression. 

Me^d  These  though  perhaps  not  quite  so  convenient  as  steps 
!>y  of  equal  resistance  give  the  required  calibration  with 
suflScient  exactness;  for  if  the  increase  in  length  of 
the  steps  which  takes  place  from  one  end  to  the  other 
prove  inconvenient,  the  calibration  may  be  repeated  in 
the  reverse  direction.  According  as  the  calibration  of 
H^  is  to  be  begun  at  -B  or  at  A,  and  according  as  that 
of  W  is  to  be  begun  at  C  or  at  B,  the  first  contact  of 
the  battery  must  be  made  at  D  or  at  B. 

Let  a  and  «,  e  and  d,  d  and  /,  /  and  g,  be  four  succes- 
sive positions  of  the  galvanometer  terminals  for  which 
balance  is  obtained,  and  let  Zj,  «2.  ^s  be  the  resistances 
on  W  from  A  to  a,  A  to  d,  A  to  g  respectively,  z\,  z\^ 
the  resistances  on  W  from  G  to  e,  C  to  f  respectively. 
Then  if  the  battery  be  connected  to  B  for  the  contacts 
a,  c,  we  get  for  these  successive  positions  the  equations 

w  ^  z^-{-  g  _w'  —  z\    w  —  z^  _w*  ^  z\  +  g 
Zi  "   c  -^  z\*        7^  c  +  z\ 

^  -  ^2  +  ^  __  w  -  z\    vr  -  z^  _  w  —  z\+  g 


Zo  c  +  z\  z^  c  4-  z\ 

These  give 


^2- 


2^3  W{W    +  c) 


(26) 


a  constant  ratio.     An  equation  similar  to  (27)  could  of 

course  be  found  for  two  successive  steps  on  W\ 

T.  Gray's       Mr.  T.  Gray  has  also  suggested  the  following  very 

^Differei!"-^  ^^°^P^^  method  which  is  practically  identical  with  that 

tial  Gal-    previously  used  by  Prof.  Tait  for  the  comparison  of  low 

vanometer.  resistances  (see  below,  p.  371).    It  has  been  found  to  give 
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ifexcellent  results.    The  arrangement  is  shoi 
' '  The  wire  W  to  be  calibrated  ia  joined  up  in 


1  in  Fig.  78.    T.  Grey's 


-.,  Helhwi  by 
S  With  a  Ditr-wn- 
gle  Qaniell  or  storage-cell,  with  resistance*  just 
enough  to  prevent  an  excessive  current  from  flowing  in 
the  circuit,  if  the  cell  is  of  very  low  resistance.  It  is 
advantageous  to  use  a  diffexential  galvanometer.  A 
pair  of  electrodes  (not  shown  in  the  figure)  from  one 
coil  of  the  galvanometer  are  attached  to  terminals  which 
are  fixed  for  the  time  in  contact  with  the  wire  W  at 
two  points  close  to  one  end,  or  at  the  two  ends  of  a  con- 

trenient  gauge  wire  in  the  same  circuit.     The  resulting 
dftfiection  is  auunlled  by  placing  electrodes  from  the 


-■H 


'dy 


» 


other  coil  in  contact  at  other  two  points  on  the  wire. 
For  the  latter  pair  of  terminals  it  is  convenient  to  have 
a  sliding  piece  with  two  contacts,  one  for  each  terminal, 
with  index  marks  opposite  the  scale  at  a  distance  apart 
Iflearly  equal  to  that  between  the  contacts.  A  part. 
carrying  one  index  mark,  and  the  corresjionding  contact 
making  point,  ia  made  movable  with  a  fine  screw,  so 
that  the  distance  between  the  contact  pieces  may  be 
increased  or  diminished  by  a  small  amount  to  enable 

*  Since  this  roaiatanee  need  not  be  of  knawB  nmonnt  it  mny  be  tliitt 
t  •  oonTenicDt  portion  of  a  rluioiiUt  wire  ioulodeii  lu  tha  circuit  [mu 
ib  S!8  abovi:). 
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r.  drKv'n  lifiknce  to  be  obtained.    This  doable  contact  piece  is 
^llnrlT^iI'^  uiiiiply  rnovc^l  along  by  steps  each  equal  to  the  dis- 

ti«ij  tini  itiurji  existing  between  the  contacts,  which  insures 
that  the  nearer  point  of  contact  with  the  wire  for  the 
iKiW  [KiHition  is  coincident  with  the  farther  point  of 
contact  for  the  last  position,  the  words  nearer  and 
fiirtlK^r  being  UHcd  relatively  to  the  end  of  the  wire  at 
wlii(!h  the  calibration  is  begun.  The  farther  contact  is 
tho  movable  one,  and  this  is  adjusted  for  compensation 
at  ciu'h  Htcip.  Plainly  the  wire  is  thus  divided  into 
rttopN  of  o,(\\ux\  resistance.  The  contacts  may  also  be 
tniulo  by  lino  wires,  caused  by  light  weights  to  press 
tin  t.lio  win^  wlnoh  is  being  calibrated.  For  a  simple 
!i»Ht  of  \h{\  uniformity  of  a  wire,  the  contacts  may  be 
Hiinply  .mUiIcuI  along  the  wire,  and  the  change  in  deflection 
iiott»tl.  Tho  ilistauoo  through  \vhich  the  adjustable 
oirctnulo  would  havo  to  be  moved  in  order  to  reduce 
tho  iK»lltH'tiou  to  zi»n>  for  any  step,  may  be  inferred  from 
tht»  tit^lloctiou  pn>duotHl  by  transferring  the  movable 
toruuuid  tuiot*  for  nil  by  the  micrometer  screw  through 
n  n\oas\iicil  ilistauiv  alon«jr  the  wire. 

Hy  thusilisplju'iuj*  tho  movable  contact  piece  through 
t\  s\\\i\\\  ili.stanoo  fr\Mn  tho  [x^sition  for  balance,  and 
oKsrtMn<  tho  dotUvtiou.  iho  son&ibilitv  of  the  method 
t\»M\  bo  ;*si^'rt,'ra\ovl  and  inor^\*isod  or  diminished  by 
rtltonuv;  tho  ivsistanoo  or  iho  electromotive  force  in 
o\<v\ut. 

Tho  thoon  of  this  nuth.\l  iii  obvious.  The  difference 
of  \vtont;rtU  Ktwoou  tV.oou.Uv^ftho  mv^vable  electrodes 
\\  hon  K'llnuv  u<  ob:avo.;v.  !,<  alw^vs  iu  the  same  ratio  to 
I  ho  daVx^ix^wxV  vxf  jvuuviaU  Witr^va  iho  fixed  electrodes 
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however  the  electromotive  force  of  tlie  battery  may 
Lvary;  hence  the  ciiBtance  between  them  for  balance  is 
independent  of  the  current  flowing  through  the  battery. 
The  same  method  can  be  waed  with  an  ordinary 
P'galvanoTneter  by  bringing  the  spot  of  Hght  back  to  the 
.  sero  position  by  means  of  a  controlling  magnet.  The 
L  electrodes  are  then  shifted  step  by  step,  and  any  change 
■  in  the  deflection  is  shown  by  the  deflection  of  the  spot 
■of  light  from  zero. 

In  all  these  methods  disturbance  from  thermoelectric 
Torrents,  due  to  accidental  differences  of  temperature 
'  at  the  surfaces  of  contact  of  dissimilar  metals,  is  to  be 
I  avoided   by  using  the  reversing  key   in   the   battery 
•ttircuit,  and  balancing  for  both  directions  of  the  current ; 
aid  if  there  ia  any  difference  of  position  for  balance, 
iking  the  mean  position  as  the  correct  one. 
The  slide-wire  bridge  may  be  used  for  the  accurate 
compai-ison  of  resistance  coils  with  a  standard,  say  for 
the  adjustment  of  single  ohms  with  a  standard  ohm. 
Fig.  71  (p.  338  above)  ahowa  the  arrangement  adopted. 
r,  and  r^  are  the  resistances  of  the  coils  a,  b  to  be  com- 
pared, and  are  nearly  equal.     i\  and  r^  are  the  resist- 
aices  of  the  two  coils  c,  d,  and  are  each  nearly  equal  to 
The  connections  are  made  by  mercury  cups  as 
Iready  described.    Balance  is  obtained  with  t.he  contact- 
^ece  somewhere  near   the   middle   of  the  slide-wive. 
e  coils  rj,  r,,  are  then  interchanged  and  balance  again 
Attained.     By  (21)  above  we  have 

'■->•.  =  ',-»■ (27) 

diere  e^,  t^  are  the  reuBtances  of  the  wire  &om  A  to 
I YOL.  I.  A  A 
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Compari-  the  point  of  contact  in  the  two  cases.     If  p  be  llie 

*by^8Ude-  resistance  per  unit  of  length  for  the  whole  wire,  %,  s^ 

^.*"      the  distances  (reduced,  if  necessary,  by  calibratiim,  as 

shown   above,  to  distances  along   a  wire  of  uniform 

resistance  p  per  unit  of  length)  measured  along  the 

wire  from  A,  we  have 

^•i  -  ''4  =  P(^  -  ^2)     •    •    •     •     (2S) 

These  results  are  evidently  free  from  any  uncertainty 
S4S  to  the  resistance  of  the  junctions  of  the  slide-wire  to 
the  c\>ppor  bars  at  its  ends,  and  from  any  error  due  to 
want  of  ccurespondence  between  the  index  mark  on  the 
didiuiT-pievv  and  the  point  of  cv^ntact.* 

If  a  separate  experiment  be  made  with  a  coil  of 
;k.vuratelv  known  resistance  r..  iust  a  verv  little  less 
than  that  ot  the  whole  wire,  and  a  second  conductor 
of  rvsistaaoe  ".  so  small  that  it  mav  he  neglected,  the 
va!uv  or"  J  in^v  K:  obtained  from  the  eiyiation 


,<   —    : 


•* 


*^    — .*»..;    ...   .i..-^  A-T*:.  a  >tn-^  i.t  .^4cr2..*=Vkuarv  cous 
Av  >^'  -CCAi--\:.  jv.*  is  ^c  i'.vo  a  ^T:*c.Lil  l-rsc^n^  from 


H-fd^  i.       .>:  >,s;:s:ac«:t  ::  :cie  T*-j?i:  >j:*z^c  a:."  v^y  rea^ii 


■r  j^uw  .   ^, 
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due  to  Mr.  D.  M.  Lewis.    Tlie  total  resistance  of  the  wire  Method  of 

is  approximately  found  by  tneaauriug  it  with  an  ordinary  KesUt^ 

bridge  consisting  of  a  post-office  set  of  coils  or  other    ''^.'''*'' 

available  form  of  resistance  bos.     Two  coils  are  then 

made,  the  resistance  of  each  of  which  is  less  than  unity 

by  a  quantity  which  is  nearly  equal  to,  but  not  greater 

tbao,  the  total  resistance  of  the  wire.     These  can  be 

also  made  by  means  of  an  ordinary  resistance  bos. 

Let  Ml,  Hi  be  the  as  yet  not  accurately  known  resistances 

of  these  coils.     Each  is  tested  as  follows  in  the  slide 

wire  bridge  against  a  unit  coil,  a  standard  ohm  for 

example.     The  unit  coil  is  first  placed  in  the  position  a 

of  Fig.  71,  and  one  of  the  two  resistances,  i^i  say,  is 

placed  in  the  position  h.     The  connections  should  be 

made  by  mercury  cups  as  already  described.     In  the 

positions  marked  c,  d  are  placed  permanently  two  coils 

of  nearly  equal  resistance.     The  magnitudes  of  these 

need  not  be  known,  but  should  not  be  greater  than  one 

or  two  units.     Balance  is  obtained  with  the  slide  S  at 

a  point  near  the  end  £  of  the  slide  wire,  and  the  reading 

on  the  slide  scale  is  taken.     The  coil  B^  and  the  unit 

are  then  interchanged,  and  balance  obtained  with  the 

slide  near  A.    The  difference  of  the  two  readings  gives 

the  length  of  wire  intercepted  between  them,  and  this 

must  be  equal  in  resistance  to  1  —  iJ,. 

The  other  coil  B^  is  now  substituted  for  H^  and  two 
readings  for  which  balance  is  obtained  taken  in  the 
same  way.  These  give  a  length  of  the  wire  the  reaist- 
ance  of  which  is  1  —  fl^. 

The  two  resistances  are  now  put  together  in  series 
tested  agiunst  the  unit  in  precisely  the  same  way, 
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McilKvi  of  and  vrivo  IxHween  tbe  two  readings  taken  a  leogtli  of 

Ko!a*twr  ^i^^  ^»f  n^sistance  ^i  +  A»  —  1. 
.^fsiiiii  ^^^^'  from  a  nrex'iouslv  made  calibration  of  theinre 
tho  ri>5iifitH<inco!S  of  the  three  portions  of  the  wire  tkiis 
ohsi^^\  od  csm  he  obtained  in  terms  of  the  refioBtanoe 
of  the  calihrauou-st«'p,  and  three  equations  are  thus 
Available  for  the  det<ennination  of  the  three  nnknoini 
quani.iues  ]i-^.  R^  and  r.  the  resistance  of  the  step  nsed 
in  calibrftUon.  as  in  p.  S^G  above^  The  following  table 
five?  ihf  rt>sult*  of  liiis  priX^eas  applied  to  the  dide-irire 
i.hc  ralibrai.ivin  of  vliirh  i$  civen  above. 


..  r. 


1i«-  !)• 


Km** 


I, 


\  4.  Via-Vwi- 
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Substituting  this  value  of  r  in  the  first  two  equations 
we  find  ^1  and  B.^.  This  can  be  used,  as  shown  at  p.  346 
above,  to  find  the  resistance  of  the  portion  of  the  wire 
between  any  two  readings  of  the  scale. 

An  accurate  compariaon  of  two  nearly  equal  resist-  CompMi'- 
ances,  for  example  a  unit  with  its  copy,  can  be  obtained  '"NjariV"' 
by  making  the  r^  and  r^  to  be  compared  occupy  the  EqiuJ  Re- 
positions t,  d,  of  Fig.  71.  Balance  is  first  obtained  with 
rj  and  rj  in  one  pair  of  positions,  then  they  are  inter- 
changed and  balance  again  obtained.  Assuming  that 
the  permanent  resistances  are  included  in  r^,  r^,  r^,  r^, 
and  giving  z^,  z^  the  same  meanings  as  at  p.  345  above, 
we  have 

1  r .  +  w  -  8i 


-«=.  - 


w  -  a,  rj  +  2j 

T^-¥  W  +  Zl  —  Z, 


and  therefore 

He 
by 
jpoi 


g(',  -  ^) 


(30) 


Hence  the  greater  r,  +  r^  the  greater  t^  —  z^.    Thus 
^by  choosing  a  jtair   of  resistances  as  nearly  equal  as 

issible,  and  sufficiently  great,  r^  and  r^  may  be  com- 
pared to  any  needful  degree  of  accuracy. 

The  permanent  resistances,  a,  ^  say,  corresponding  to  Mesmw. 
the  coils  o,  6  of  Fig.  71,  may  be  estimated  by  the  following  ""^JJ,* " 
method,  by  which  two  low  resistances  can  be  measured  Low  Re- 
n  the  ratio  of  two  others  is  accurately  known.  Let  ' 
resistances  t-j,  t^  of  c,  d  in  Fig.  70  have  the  known 
atio  tt.     We   shall   suppose   r^   and  r,  to  he  so  low 
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Measure-  resistances  that,  with  a  value  of  fi,  difiTering  conader- 
two      ftbly  from  unity,  balance  can  be  found  on  the  wire. 

Low  Re-  Balance  is  obtained  with  the  coils  in  the  positioDB  c,  d, 
shown  in  Fig.  71;  then  r,  and  r,  are  mterchanged, 
and  balance  is  again  obtained.    We  have 

r,  +  ^i  r.  +  M7  -  «• 

1^    ^      S i ^  -3 • 

'^      r^  +  ir  -  ?!  ri  +  2, 

From  these  equations  we  obtain 

If  thick  copper  pieces  be  substituted  for  the  coils  a,  6  of 
Fig.  Tl,  their  resistances,  if  the  connections  as  is  nnder- 
$to\xl  are  made  with  proper  mercury  cups,  may  be  taken 
AS  zorv^.  and  a  and  ^  an?  approximately  given  by  ^31). 
Tho  v;\lues  of  a,  3  thus  obtained  may  be  use-1  for  the 
vvrrvvtion  of  the  v:Uues  of  r^,  r^  found  as  just  described. 
Tliis  cv^m?o:ion  will  not  be  appreciably  affected  by  the 
unknown  I'lermanent  resistances  corresiottiing  to  the 
vvils  .\  .:.  if  '-^  '•,  are  taken  modentelv  larsre  *?  that  the 
ActuAl  ratio  Gwy  be  taken  as  equal  to  their  known  ratio. 
Ooat^.-  Ne::hcr  of  the  arrani??men^  of  Wheacs^one's  Bridge 
>wK«w5  ^i-^^'^^>^*  :icvve  :5  a*  a.L  >"v:::able  f?r  ^iie  c>?cipartaon  of 
**•"**-  :>.£•  rv>i<:a::ces  of  sh.r^  r:<:vv*  of  ;Lvk  wir»?  or  rxi.  for 
ex:*SL:vI-e,  sryjcini-i-ns  o:  :>.e  r-Ukiz  cocLo:i:'::rs  of  a  low 
ret?iK30,>?  e,^x-^r.c  :-^?:  ::L5:A^-a:::cL  ':^'f  r?sssr»jh:^s  of 
w^Lic'c:  \rt'  sc  $ml'  as  :o  >:  .vnzruirifcMT  with.  :f  r-:-:  Ir«s 
r>jir..  :c:e  nr<b5rjfcZi>rs  ::  t^.-e  vvcirjk.-'rs  :c  th«r  iitf-rr^nt 
-*irv<  ?T  wb.:-:L  "r^ev  xt:  vi.r,»£*i  rVr  ri-^-Jts^iTi^ner":.     To 
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Iimpare,  directly  or  indirectly,  the  difference  of  poteu- 
ah  betweoa  two  croBs-sections  in  the  rod  which  is 
lieing  tested,  with  the  difTerence  of  potentials  between 
two  cross-sections  in  a  standard  rod,  while  the  same  cur- 
rwnt  flows  in  both  rods,  in  a  direction  parallel  to  the  axis 
^t  and  everywhere  between  each  pair  of  cross-sections. 

Sir  William  Thomson  has  so  modified  Wheatstone's 

Bridge,  by  adding  to  it  what  he  has  called  secondary 

iduciors,  as  to  enable  it  to  be  used,  with  all  the  con- 

renience  of  the  ordinary  arrangement,  for  the  accurate 

Xtmparison  of  the  resistance  of  a  foot  or  two  of  thick 
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D 
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copper  conductor  with  that  between  two  cross-sections 
in  a  standard  rod.  The  arrangement  is  shown  in  Fig. 
79.  CD  are  two  cross-sections,  at  a  little  distance  from 
the  ends  of  the  conductor  to  be  tested,  and  AJi  are 
two  Bimilar  cross-sections  of  the  standard  condnctor. 
These  rods  are  connected  by  a  thick  piece  of  metal,  sn 
that  the  resistance  between  B  and  C  is  very  small,  and 
the  terminals  of  a  battery  of  low  resistance  are  a 
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ThoniHoird  at  the  otiier  extremities  of  the  rods  as  shown.    The 
*wair    sections  BC  are  connected  also  hy  a  wire  BLC,  and  the 

s^HHtuanry  sections  AD  by  a  wire  AMD,  in  each  case  by  as  good 
\ant.^  niotallic  contacts  as  possible.  BLO  and  AMD  may 
vory  conveniently  be  wires,  along  which  sliding  oontact- 
piecos  Z  and  M  can  be  moved,  with  resistances  B,  B,  B,  B 
of  half  an  ohm  or  an  ohm  each,  inserted  as  shown  in 
the  tiguro.  The  sections  A,  D  are  so  far  from  the  ends 
of  tho  nxis,  and  the  wires  AMD,  BLC  ai^  made  of  so 
&m'at  rvsistance  (one  or  two  ohms  is  enough  in  most 
Ci\^\^'^.  that  tho  current  throughout  the  portions  of  the 
cvMuluotors  compsired  is  parallel  to  the  axis,  and  the 
otVooi  of  anv  small  rv»sistance  of  contact  there  mav  be 
a:  A.  F,  i\  D  is  simply  to  incrt;ise  the  eneotive  resist- 
or, vv  v^t  ]>LC  ausi  AMD  by  a  sr*iall  fraction  of  the  actual 
*.Ys:s:.»:.vV  v^f  the  wire  in  ea^h  cxii^.  The  terminals  of 
::,c  Cii*^;»-io:i:eUT  G  are  a'»>v*.;e.:  a:  Z  a::i  JT.  aad  the 
v-.rvU'.:;?  v^:*    :V.c    c.\^'a'^on:c:er  :u:i    tuttcrr  3ir>?  com- 

Ci       A   rtv,:r>:i.^   key  is   ::.x:r:ei  i-  :h-e  bji:cery 
-■: :■  —  :v  '■^  "    .ST.-  -T .  rr  a     ^crcost 

*         «        *  •  A  ^ 

*•  >  t ■  V- -    •     .     -"t    .-t--.  ■."■„■  •^.-  •  *"■»..- 


^     «    *  «  ft 
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I   the  left  of  K  is  asj{a  +  J),  and  of  the  portion  to  the  1 
I  r^ht  hsj{a  +  h).     The  resistance  between  B  and  KL 
I  ia  therefore  [ahj{a  +  6)}/|a  +  <isl{a  +  6)j,  or  H8/(tt  +  J  +  s),  ' 

and  similarly  that  between  C  and  KL  is  is/(«  +  i  +  «), 
L  Hence  by  {!)  we  have 


'b+6 


-C«' 


-Jti) 


Now  s  has  been  supposed  very  small  in  comparison 
I  with  a  -\-h,  and  a  and  b  can  be  easily  chosen  so  as  to 
ir^  —  hr^  approximately  equal  to  zero.     Hence 
1  (4)  reduces  to 

<■■='"•■. (33) 


the  formula  found  above  for  the  ordinary  Wheatstone 
Bridge, 

The  apparatus  illustrated  in  Fig.  80  is  convenieut  for 
i  carrying  out  of  this  method  in  practice.  On  a 
[taassive  sole  plate  of  iron,  P,  are  mounted  two  vertical  1 
guide-rods  of  copper,  A.  A,  and  parallel  to  these  the 
rods  to  be  compared,  viz.,  a  standard  rod  0,  and  the 
rod  to  be  tested  C\.  G,  C^  are  .supported  with  their 
lower  ends  in  two  mercury  cups  cut  in  a  single  block 
of  copper.  This  block  corresponds  to  the  piece  E  in 
Fig.  79.  Thfi  upper  ends  of  C,  (7,  are  fixed  in  screw 
x:ks  of  copper,  (,  t,  to  which  also  are  attached  the 
berminals  of  a  consla,nt  battery  B  of  low  resistance.  A 
(eversing  key  K  is  interposed  between  (,  (  and  the 
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)'  iMttay.     A  acale  D  gndoated  aJoog  its  t 
"*  umtij  filb  Uw  ipMx  between  tin  rods  C,  C,- 


A  piur  of  resistance  coils,  r.  r,  are  fixed  to  the  sole 
plate,  aod  hare  ooe  termioaJ  of  each  conoected  hf  a 
atrip  of  copper,  which  aUo  carries  the  terminal  s 
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1 


The  other  terminals  of  these  coils  are  fixed  to  two   practienl 
I  copper  sliders,  S^.  S^.  which  move  along,  but  are  in-  ■*P^™tQa 
:  sulated  from,  the  guide-rods,  and  cany  contact  pieces  Thomson's 
;,  each  of  which  is  bevelled  off  to  a  knife-edge  on      "  ^^' 
a  level  with  its  upper  side.     This  knife-edge  is  pressed  ^m 

against  the  corresponding  rod  by  springs  s,  s,  which  are  ^H 

insulated  so  as  not  to  touch  the  rods.     The  coils  r,  r  ^| 

are  attached  directly  to  the  contact  pieces  e,  c.     Thus  ^| 

Str  T  r  S3,  corresponds  to  the  partial  circuit  BRLRC  ^| 

of  Fig.  79.  H 

Near  the  upper  ends  of  C,  Cj  is  a  similar  arrangement  ^^k 

!of  sliders.  S,  S^  with  spring  contacts  and  attached  coils.  ^H 

B,  R,    These  coils   are  connected   by  a  copper  strip  ^H 

which  carries  the  terminal  Ty    The  coils  Jl,  R  are  ^| 

attached  to  the  upper  ends  of  the  guide-rods  A,  A,  and  ^H 

through  these  to  the  sliders  S,  S,.    The  guide-rods  are  ^H 

BO  thick  that  no  appreciable  change  is  made  in  the  ^H 

ratio   of  the   resistances   of  the   parts   of  the  partial  ^H 

circuit  SJiTjES^  on  the  two  sides  of  7,  by  varying  the  ^H 

positions  of  the  sliders.    This  partial  circuit  corresponds  ^H 

to  ARMRD  of  Fig,  79.  H 

Each  pair  of  coils,  r,  t  and  R,  R,  may  be  wound  on  a  ^H 

single   bobbin  with   advantage.     The   arrangement   is  ^H 

thereby  rendered  more  compact,  and  there  is  less  risk  ^H 

of  error  from  difference   of  temperature  between  the  ^H 

bobbins,  or  of  thermoelectric  disturbance  between  their  ^H 

tenninalii.  ^^| 

Between  T  and  T^  is   placed  the  galvanometer  G,  ^H 

which   is   provided  with   a   simple   key  k,  placed   for  ^H 

convenience  in   the   actual    arrangement    beside   the  ^^| 

^erersing  key  K.  ^^| 
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Practical  In  tho  use  of  the  instrument  the  rods  to  be  compared 
^*^*fJr^***  are  placed  in  position,  and  the  sliders  on  the  rod  of 
Tlioiiison*8  lower  resistance  are  placed  so  that  their  upper  edges, 
and  therefore  their  knife-edges,  are  opposite  the  lowest 
and  uppermost  divisions  of  the  scale.  The  lower  contact 
piece  on  the  other  rod  is  placed  with  its  upper  edge 
opposite  the  lowest  division  of  the  scale  on  that  side. 
Tho  upper  contact  piece  on  the  same  rod  is  then  shifted 
until  no  current  flows  through  the  galvanometer. 
Balance  is  obtained  for  both  directions  of  the  current, 
and  tho  mean  position  of  the  slider  taken,  to  eliminate 
error  from  thei'moelectric  disturbance. 

A  number  of  standard  rods  of  different  thicknesses 
aro  provided  with  the  instrument  in  order  that  nearly 
iM|ual  ratios  may  be  obtained  over  a  wide  range  of  low 
rosiatauoes. 

Battery 

\ 

^1 \  51 ^7  5V 

(  ,^*     ; ^: ?i^* 

Tito  t'ollvnxiuj:  iwothvv,  \v:\s  i:s<\i  for  the  same  purpase 
l^\  Messrs  M,itt!.ios5k*u  aim  lUvkiu  in  their  researches 
ou  .^V./xs.     .t.'\  l^.'\  KiC'  >l.  iiro  tho  two  i»ds  to  be 


r  be  ac 
■wood 
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mpared.  They  are  connected  in  circuit  with  two  Mstthiei- 
coils  of  reBiBtances  r,  s,  which  have  between  them  a  ^''^'L 
graduated  wire  WW,  as  in  Kirchhoff*B  bridge.  SS  are  Msthowl 
two  sharp  knife-edges,  the  distance  of  w]iich  apart  can 
be  accurately  measured,  fixed  in  a  piece  of  dry  hard 
or  vulcanite,  and  connected  with  mercury  cups  on 
ita  upper  side.  This  arrangement  is  placed  on  the 
conductor  AB,  so  that  the  knife-edges  malting  contact 
include  between  them  a  length  SS'  of  the  rod.  TT'  is 
a  precisely  similar  arrangement  placed  on  CD.  One 
terminal  of  the  galvanometer  is  appUed  at  S,  and  the 
ilfesistances  r,  s  adjusted  so  that  a  point  P  on  the  wire 
which  gives  balance  is  found  for  the  other  terminal. 
The  terminal  of  the  galvanometer  is  shifted  to  fi",  and  a 
second  point  P"  found  by  varjong  the  resistances  of  the 
coils  from  r,,  s^  to  r\,  s',  in  such  a  manner  as  to  keep 
the  sum  r  +  s  constant.  Similarly  balance  is  found  for 
TT'  with  values  r^,  *j,  r\,  s'j,  for  the  resistances  of  the 
coils,  fulfilling  the  condition  that  the  sum  r  -I-  s  is  the 
same  as  in  the  former  case.  Let  a,  b,  e,  (l,  k  denote  the 
resistances  between  L  and  S,  L  and  S,  L  and  T,  L  and  T. 
respectively;  a,  ^,  7,  S  the  resistance  between 
V  and  P  in  the  four  cases,  k  the  resistance  of  the  whole 
1  WW.    We  have  by  (1) 


(34) 
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Mfttthiet-  Where  -B  =  r  +  «  +  ic, 

Hen  and 
Hockin'i 


'^Z^   similarly 


Therefore 


5fc"      E 

~ir  "  R  •    •    •    •    ^^^^ 

In  the  same  way  we  get 

nt  5  •    •    •    •    ^^^^ 

and  combining  the  last  two  equations  we  get  for  the 
ratio  of  the  resistances  of  the  conductors  between  the 
piirs  of  knife-edges — 

J._-a  ^  /^  -  r,  +  ^  -a    _     ^     ^ 
(I  —  c       r  .,  —  /•«  +  o  —  7 

Methivii  of  The  following  method  of  comparing  resistances 
roinj^ri-  ^*  "^  principle  the  same  as  Thomsons  Bridge  with 
iK»ii  of  seooudarv  conductors,  and  Mattliiessen  and  Hockin's 
luetluHl  desiTilxHi  above,  as,  like  them,  it  consists  in 
ooiujvjiring  the  difference  of  potentials  between  two 
eii>sssootiv>ns  near  the  ends  of  the  conductor  to  be 
tested  with  the  difference  of  potentials  between  two 
or\»!W-sivtious  in  a  staudanl  conductor,  when  the  same 
unitV^nu  curn^ut  is  tlowing  in  both.  It  is.  however,  more 
i\s*\dily  applicable  in  praoti^v,  and  is  very  useful  for  a 
gix^u  many  purjK^^s.  as  for  example,  in  the  testing  of 
the  aru\atur\'s  or  mavmet  coils  of  machines,  in  the  esti- 
mation of  the  r\*;5istaiKVS  of  contacts,  and  in  the  deter- 
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Inination  of  the  specific  conductivities  of  thick  copper 
wires  or  rods.  All  that  is  required  is  a  small  battery,  a 
suitable  galvanometer  of  sufficient  sensibility,  and 
two  or  three  resistance  coils  of  from  i  ohra  to  1  ohm. 
These  coila  may  very  conveniently  for  many  purposes  be 
made  of  galvanised  or  tinned  iron  wire  of  No.  14  or  16 
B,W.G„  wound  round  a  piece  of  wood  J  inch  thick,  from 
8  to  10  inches  broad,  and  from  12  to  18  inches  long,  with 
notches  cut  in  its  sides,  at  intervals  of  a  quarter  of  an 
inch,  to  keep  the  wire  in  position.  To  avoid  any 
electromagnetic  effect  which  may  be  produced  by  the 
coils  if  they  happen,  when  carrying  currents,  to  be 
placed  near  the  galvanometer,  the  wire  should  be 
doubled  on  itself  at  its  middle  point,  the  bight  put 
round  a  pin  fixed  near  one  end  of  the  board,  and  the 
wire  then  wound  double  on  the  board,  the  two  parta 
being  kept  far  enough  apart  to  insure  insulation.  Re- 
sistance coila  made  in  this  way  are  exceedingly  useful 
for  electric-lighting  experiments,  as  the  thickness  of  the 
I  and  its  exposure  everywhere  to  the  air  prevent 

mdue  beating  by  strong  currents,  or,  if  there  is  much 
mating,  obviate  the  risk  of  damage.  For  the  battery  a 
gle  cell,  as  for  example  a  gravity-Daniell.  or,  if  the 

Mttery  is  to  be  carried  from  place  to  place,  two  her- 
'  tnetically-seiJed  chloride  of  silver  cells,  which  may  be 
joined  in  series  or  in  multiple  arc  as  required,  may  very 
conveniently  be  used.  Sir  William  Thomson's  graded 
potential  galvanometer'  (see  Vol.  II.)  is  the  most 
*  That  U  ■  high  resiitancegalvtQOmeteT  in  which  the  needle  system, 

IT  nukgnotometEr,  van  bn  placed  with  its  centre  at  iliffcrcnt  distaiiocn 
a  thecmilre  of  tlie  coil  to  give  dilTercut  dcfpcea  of  seuiiibilily.  lud 
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«  proriJeil  with  0 
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Method  of  convenient  instrument  (described  below)  for  many  prac- 
Compari-  ^^^  purposes;  but  when  very  great  accuracy  is  aimed  al, 
SOD  of  as  when  the  method  is  used  for  the  measurement  of  the 
*****  ^  specific  conductivity  of  short  lengths  of  thick  metallic 
wires  by  comparison  with  a  standard,  a  sensitive  re- 
flecting galvanometer  of  resistance  great  in  comparison 
with  that  of  the  conductor  betweeu  the  points  at  which 
the  terminals  are  applied  should  be  employed,  and  the 
battery  should  be  of  as  low  internal  resistance  as 
possible. 

The  galvanometer  is  first  set  up  and  made  of  the 
requisite  sensibility  either  by  adjusting,  as  described  in 
p.  310  above,  the  intensity  of  the  field  in  which  it  is 
placed,  or,  if  it  is  a  graded  galvanometer,  by  placing 
the  magnetometer  at  the  position  nearest  the  coil,  and 
dispensing  with  the  field-magnet. 

The  conductor  whose  resistance  is  to  be  compared,  and 
one  of  the  coils  whose  resistance  is  known,  are  joined  in 
series  with  the  battery.  It  is  advisable  to  have  this 
circuit  at  a  distance  of  a  few  yards  from  the  galvano- 
meter, so  that  accidental  motions  of  the  wires  carrying 
the  current  may  not  have  anv  sensible  effect  on  the 
neeiUe.  One  operator  then  holds  the  electrodes  of  the 
galvanometer  so  as  to  include  between  them,  say,  first 
the  wire  which  is  being  tested,  then  the  known  resist- 
ance, then  once  more  the  wire  being  tested,  in  every 
o;we  taking  care  not  to  include  any  binding  screw  con- 
uivtion,  or  other  oi^ntaet  of  the  conductors.  The  known 
resistance  should,  when  groat  accuracy  is  required,  be  so 

Ms\  At  tho  no^siW  whon  n^quin^i.    Sir  William  Thomson's  Graded 
lUh-ani^m^'t^ra  mill  b«  dcAcriM  in  VoL  11. 
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fhosen  that  the  readings  obtained  in  these  two  opera-  Method  of 
tiuns  are  as  nearly  as  may  be  equal.  ComMri- 

1^    Let  the  mean  of  the  readings  for  the  first  and  thii'd     "on  ^ 
^h^rations  be  V  scale  divisions,  for  the  second  V  ;  let  r 
Hnenote  the  known  resistance,  and  x  the  resistance  to  be 
Hbund. 

^B  Since  by  Ohm's  law  the  difference  of  potentials  be- 
tween any  two  points  in  a  homogeneous  wire,  forming 
part  of  a  circuit  in  which  a  uniform  current  is  flowing, 
is  proportional  to  the  resistance  between  those  two 
points,  we  have, 


(38) 


II  The  resistance  of  a  contact  of  two  wires  whether  or 
Qot  of  the  same  metal  may  be  found  in  the  same 
manner,  by  placing  the  galvanometer  electrodes  so  as 
to  include  the  contact  between  them,  and  comparing 
the  difference  of  potential  on  its  two  sides  with  that 
between  the  two  ends  of  a  known  resistance  in  the 
same  circuit.  Care  must  however  be  taken  in  all 
experiments  made  by  this  method,  especially  when  the 
galvanometer  circuit  includes  conductors  of  different 
metals,  to  make  sure  that  no  error  is  caused  by  theimal 
electromotive  forces.  To  eliminate  such  errors  the 
observations  should  be  made  with  the  current  flowing 
first  in  one  direction  and  then  in  the  other  in  the  battery 
circuit. 

The  following  results  of  some  measurements  of  the   Pnotio 
resistance  of  a  Siemens  S  D^  dynamo  machine,  made  on 
in  the  Physical  Laboratoiy  of  the  University 
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Praotical  of  Glasgow,  may  serve  to  illustrate  this  method.    An 
zamp  e.  .^^^  ^.^^  ^^.j^  ^^  j^^j^  ^^  ^j^^  resistance,  was  joined 

to  one  of  the  terminals  of  a  standard  Daniell,  and  short 
wires  attached  to  the  other  terminal  of  the  cell  and  the 
free  end  of  the  coil  were  made  to  complete  the  circuit 
through  the  armature,  hy  heing  pressed  on  two  diametric- 
ally opposite  commutator  bars,  from  which  the  brushes 
and  the  magnet  connections  had  been  removed.  The 
electrodes  of  the  galvanometer,  which  was  one  of  Sir 
William  Thomson's  dead-beat  reflecting  galvanometers 
of  high  resistance,  were  applied  alternately  to  the  same 
commutator  bars,  and  to  the  ends  of  the  half  ohm,  and 
the  readings  recortioil.  The  following  are  the  results, 
oxtraotod  from  the  Laboratory  Reconis,  of  three  con- 
socutivo  experiments : 

EXFERIVENT   I. 
Oi^^»t{.Mi  R<adin«  on  Befiectfon  of 

Galv.  zorv»  road  214 

Eltvtnxies  on  J  ohm  S57  643 

,.  ariiLituro  697  383 

ElPERIMENT  II. 

iia>.  zon>  n>ad  214 

Eiov'trvvios  vni  snr.atiin>  6*!*7  393 

..  aruMiuiv  6«."^7  393 

Experiment  III. 

Oilv.  re-v»  R*Jii  £!4 

K^tv:r.\u*s  or.  i    hni  $74  660 

^   *  -■:::/.  ?72  65S 

T:;c  tlr?:  cxivr.:i.t :;:  cives  tor  -:  :ho  v;ilue.  5»SS  x  "5  64o. 
or  "i^S  cbm.     The  otht-r  two   <?xjvr:iiien:5s  alchough 


I 
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numbers  are  different,  give  very  nearly  the  same    Pructiwl 

isult,  which  agrees  closely  with  a  measurement  made 
<ut  eight  months  before,  by  the  same  method,  with  a 

raded  potential  galvanometer. 

In  the  ordinary  testing  of  the  armatures  of  machines 
by  tills  metliod,  the  circuit  of  the  battery  may  be  com- 
pleted through  the  brushes;  but  if  the  machine  has 
been  wound  on  the  shunt  system,  care  must  be  taken 
to  previously  disconnect  the  magnet  coils.  In  every 
case  the  galvanometer  electrodes  must  be  placed  on  the 
commutator  bars  directly. 

Prof.  Tait*  has  used  a  differential  galvanometer  (see 
below,  p.  S74)  for  this  method  of  determining  low  resist- 
ances. The  conductors  to  be  compared  were  arranged 
series,  so  that  the  same  current  flowed  through  both. 
The  terminals  of  one  coil  were  then  placed  at  two 
points  on  one  conductor,  the  terminals  of  the  other 
eoil  at  two  points  on  the  other,  such  that  the  galva- 
nometer deflection  was  zero.  The  difference  of  poten- 
itials  between  the  points  of  each  pair  was  therefore  the 
flftme  in  the  two  cases.  Hence  the  lengths  of  portions 
of  the  two  conductors  of  equal  resistance  were  obtained. 

The  following  zero  method,  due  to  Mr.  T.  Gray,  is 
founded  on  the  same  principle.  The  arrangement  of 
apparatus  is  sliown  in  Fig.  S2.  One  terminal  of  a  DouU»- 
battery  of  one  or  two  low  resistance  cells  is  attached  to 
a  stud  on  a  thick  copper  bar  P,  the  other  terminal  to  a 
metallic  axis  round  which  the  copper  bar  h  turns.  The 
h  makes  contact  at  its  outer  end  with  a  hare  wire 

id  a  bare  rod  bent  round  into  concentric  circles  with 
•  Traia.  R.3.E..  col.  wviii.  1877-8, 


rotenlinl 
Metbod 
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Doable 
arc. 


Potential  centre  at  the  axis  of  the  har,  and  having  a  pur  of 

Method  .  ,         •,•  .1        ••• 

^^1^  remote  extremities  connected  with  mercury  cups  or 
binding  terminals,  and  the  other  pair  of  extremities 
free  as  shown.  To  one  of  these  terminals  is  comiected 
one  end  of  the  bar  to  be  tested,  to  the  other  one 
end  of  the  standard  bar.  The  other  end  of  one  of 
these  bars,  say  the  standard,  is  connected  to  a  mercoiy 
cup  S,  which  is  in  line  with,  but  is  insulated  from, 
a  row  of  mercury  cups  or  a  mercury  trough  cat  in 
a  copper  bar  placed  parallel  to  P.    Between  this  bar 


Fu;.  S2, 

and  the  trough  are  strotchevi  a  series  of  parallel  wires 
all  of  the  same  matoriAt  and  length  and  as  nearly  as 
possible  of  the  s;imo  resistance;  and  a  single  wire,  of 
tho  same  rosistanoe.  matorial.  and  lenjrth,  connects  the 
Kor  i^and  tho  cup  .!>  wiih  which  the  standard  bar  is  in 
ivntAOt.  Thoso  wires  may  lx»  conveniently  straight  rods 
of  platinoid,  an  eighth  of  an  inch  in  diameter,  and  six 
toot  long,  Si^\ion\l  at  one  end  to  the  bar  P,  and  at 
tho  other  to  sunit  well*amalg:^matod  copper  terminals 
dipping  into  iV.o  mercury-  cu^vi  or  trough.  The  wires 
tuav  Iv  made  of  the  same  resistance  bv  means  of 
a  slide  ^in^  bridge,  or  by  the  method  described 
bcloxx 
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The  cup  S  and  the  terminals  T  are  now  brought  to   PoMutial 
one  potential  bj-  turning  the  bar  h  round  on  the  circular      ,jith 
wire  until  a  sensitive  galvanometer,  /,  joining  them    Donble- 
shows  no  deflection.     This  galvanometer  is  then  left 
connected,  and  by  means  of  a  second  sensitive  galvano- 
meter, j7,  two  pairs  of  points  a,  d  and  c,  d  are  found 
between  which  in  each  case  no  current  flows  when  they 
are  connected  by  a  wire.    Each  pair  of  points  are  there- 
fore at  the  same  potential.     Hence  if  we  denote  by  r, 
the  resistance  of  the  standard  between  b  and  d,  by  r^ 
that  of  the  other  rod  between  a  and  c,  and  by  n  the 
number  of  wires  joining  F  and  T,  we  have 


A  differential  galvanometer  (p.  374  below)  with  two 
independent  pairs  of  terminals  may  be  employed  for  this 
method.  One  coil  may  be  made  to  join  a,  b,  the  other 
c,  d,  or  one  coil  may  be  made  to  join  b,  d,  and  the  other 
a,  c.  In  the  former  case  either  the  effect  on  each  coil 
must  be  made  zero,  or  care  must  he  taken  to  connect  the 
proper  terminals  to  a,b  and  c,  d.  The  resistance  of  the 
galvanometer  coils  except  when  the  current  in  each 
coil  is  made  zero,  must  be  so  great  as  not  to  cause  any 
sensible  alteration  of  the  potentials  at  the  points  at 
which  the  terminals  are  applied. 

The  wires  joining  F  to  S  and  T  may  be  tested  for 
equality  as  follows.  Two  nearly  equal  wires  are  made 
to  join  Pto  S  and  P  to  T,  and  h  is  placed  so  that  the 
galvanometer  /  shows  zero  current.  The  wire  joining 
J'  to  2*  is  then  removed  and  another  put  in  its  place. 
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lf the  current  in  /  still  reraaiDS  zero  for  t 
position  of  h  the  tatter  wu'e  and  the  former  are  of  the 
same  resistance.  If  not  the  necessary  correction  is 
made  (ace  footnote  p.  854<)  and  the  comparison  repeated. 

Before  the  invention  of  the  Bridge  Method  resist- 
ances were  in  general  compared  by  a  process  of  substi- 
tiitioo ;  by  varying  the  resistance  in  a  circuit  including 
tlie  resistance  to  be  measured  by  known  amounts ;  or 
by  means  of  a  differential  galvanometer.  In  the  first 
the  resistance  to  be  compared  was  placed  in  the  circuit 
of  a  galvanometer  and  battery,  and  the  deflection  of 
the  galvanometer  noted.  The  unknown  resistance  was 
then  replaced  by  a  variable  and  known  resistance,  which 
was  adjusted  until  the  former  deflection  was  reproduced. 
The  unknown  resistance  was  then  taken  as  equal  to  the 
adjusted  value  of  the  variable  resistance.  This  method 
as  well  as  the  second  involved  the  assumption  that  the 
electromotive  force  and  resistance  of  the  batteiy  re- 
mained the  same  in  both  experiments.  This  assumption 
cannot  in  general  be  made  with  safety  if  accurate  results 
are  required.  These  two  methods  are  now  seldom 
or  never  used,  and  we  shall  not  here  further  discuss 
them. 

The  method  by  differential  galvanometer  is  similar, 
but  does  not  involve  the  assumption  just  referred  to, 
A  differential  galvanometer  is  an  instrument  with  two 
distinct  coils  each  with  a  pair  of  terminals  of  its  own. 
Sometimes  the  two  coils  have  a  common  terminal,  but 
this  arrangement  serves  no  purpose  and  renders  the 
instrument  inapplicable  in  many  cases.  The  coils  are 
in  general  arranged  so  as  to  have  equal  resistance,  and 
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The  cup  S  and  the  terminals  T  are  now  brought  to   Poi«iitial 
one  potential  by  taming  the  bar  k  round  on  the  circular      ^th     ' 
wire  until  a  sensitive  galvanometer,  /,  joiuing  tbeni    I*|>n<* 
shows  no  deflection.     This  galvanometer  is  then  left 
connected,  and  by  means  of  a  second  sensitive  galvano- 
meter, ff,  two  pairs  of  points  a,  d  and  c,  d  are  found 
between  which  in  each  case  no  current  flows  when  they 
are  connected  by  a  wire.    Each  pair  of  points  are  there- 
fore at  the  same  potential.     Hence  if  we  denote  by  Tj 
the  resistance  of  the  standard  between  6  and  d,  by  r^ 
that  of  the  other  rod  between  a  and  c,  and  by  n  the 
number  of  wires  joining  i*  and  T,  we  have 


(39) 


A  diETerential  galvanometer  (p.  374  below)  with  two 

f  independent  pairsof  terminals  may  be  employed  for  this 

method.     One  coil  may  be  made  to  join  a,  b,  the  other 

I  c,  d,  or  one  coil  may  be  made  to  join  b,  d,  and  the  other 

In  the  former  case  either  the  effect  on  each  coil 

must  be  made  zero,  or  care  must  be  taken  to  connect  the 

f  proper  terminals  to  a,  6  and  c,  d.     The  resistance  of  the 

galvanometer  coils  except  when  the  current  in  each 

coil  is  made  zero,  must  be  so  great  as  not  to  cause  any 

Bensible  alteration  of  the  potentials  at  the  points  at 

Lvrhich  the  terminals  are  applied. 

The  wires  joining  P  to  S  and  T  may  be  tested  for 
Kjuality  aa  follows.  Two  nearly  equal  wires  are  made 
0  join  PtoS  and  P  to  T,  and  A  is  placed  so  that  the 
walvanometer  /  shows  zero  current.  The  wire  joining 
P  to  7  is  tlien  removed  and  another  put  in  its  place. 
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by  replacing  Ti  (which  may  now  be  an  unknown  bat 

conveniently  variable  resistance  snch  as  that  given  by  a 

rheostat)  by  such  a  known  resistance  r\  as  does  not 

disturb  the  equilibrium.    Then  r^  =  r^y    This  result  is 

evidently  independent  of  the  electromotive  force  and 

resistance  of  the  battery. 

Sensibflitj      To  find  the  sensibility  of  this  method  let  ^i,  g^  ^  ^^ 

Differen-  resistances  of  the  coils,  r  the  resistance  of  the  battery 

tial  Galva-  and  wires  common  to  both  circuits,  r^,  r^  the  remaining 

Method,    parts  of  the  resistances  of  the  respective  circuits,  fi, 

72  the  currents  in  the  coils,  m  the  constant  which 

multiplied  into  7^  gives  the  deflection  produced  by  the 

coil  of  resistance  ^1,  n  the  corresponding  constant  for 

the  other  coil,  then  if  a  be  the  deflection,  we  have 

mi      '''^^-  r(r,  +  T^  +  g^  +  g^)  +  (r,-hgi)(r^  +  f/^' 

If  we  denote  the  denominator  of  this  value  of  a  by 
D,  we  may  write  the  equation 

Hence  if  a  be  accurately  zero 

(41) 

n      g^  +  r^ 

Suppose,  after  adjustment  has  been  made  as  nearly 
as  possible  to  zero  deflection,  another  resistance  r\  to  be 
substituted  for  r^,  then  calling  D\  a\  E  the  new  values 
of  Z),  a,  E,  we  have  by  (41)  ',. 

D'a! 

-gr  =  ■m,{3^  +  r^-  n{g^  +  r'j)   .     .     (40a) 


^  _  9\  +  ^1 


METHOD  BY  DIFFERENTIAL  GALVANOMETER.  877 

Hence  by  (40)  and  (40a)  Sensibility 

n(r',-n)=|a-J«'      .     •     •     (42)  .^/iX- 

nometer 

Here  a  and  a  are  so  small  as  not  to  be  observable,    Method, 
and  hence  to  the  degree  of  accuracy  to  which  each 
deflection  is  equal  to  zero  r\  =  r^,  whether  E  be  equal 
to  E'  or  not. 

By  first  adjusting  so  that  a  is  apparently  zero,  then 
putting  r^  out  of  adjustment  by  a  known  amount,  and 
observing  the  corresponding  deflection  a',  the  sensitive- 
ness of  the  method  can  be  calculated  by 

^'i"^i  =  "-;^'^'    ....   (43) 

and  E  can  be  calculated  from  the  known  values  of  the 
other  quantities.  If  then  the  smallest  observable  de- 
flection be  known,  then  E  being  taken  as  constant  the 
corresponding  error  is  approximately  known. 

In  most  differential  galvanometers  g^  =  ^2,  and 
III  =  11,  In  such  cases  (40a)  becomes,  the  accents  being 
dropped, 

^       -.  _  r{r^  4-  r,  +  2g)  +  (r^  +  g)  {r^  +  g)a 

Hence  if  rg  —  r^  =  hr  where  r  is  a  small  quantity,  we 
have 

^-^  »  ^T ... 

''■"(/•  + (7)  (2r  +  ri  + (7)      *     *     '     ^**^ 

or  if  r  the  resistancjLof  the  battery  be  small 

uEoT 


»  =  /,    ^^M (4^) 
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Equations  (44)  and  (45)  give  the  sensibility  of  a 
galvanometer  so  adjusted. 
Besx  Value      If  it  be  possible  to  vary  the  resistance  of  the  coil, 
Reftistance  keeping  the  volume  of  the  conductor  constant,  then  the 
vanometer  ^^^^^^e  of  each  should  be  made  as  nearly  as  possible 
CoiU.      J  of  the  resistance  to  be  measured.    For  let  /  =  length 
of  wire  in  each  bobbin,  a  its  cross-sectional  area,  p  its 
specific  resistance  (p.  380  below),  v  -=■  volume  of  wire, 
then  V  =  la,  g  —  Ip/a  =  Pp/v.    The  value  of  n  is  propor- 
tional to  the  length  of  wire  through  which  the  current 
flows,  and  may  be  written  kl.    We  get  for  (44) 

kJE .  Sr 
a  = 


Let 


('.  *  ?)  (^-  - '.  -  ?) 


«  -  -^(n  +  g)  (2r  +  r^  +  g), 


xtrbcrc  g  =  Pp/v.    a  will  be  a  maximum  when  u  is  a  minimum. 
We  have 

and  this  satisfies  the  condition  for  a  minimum,  viz.  cPu/dP  >  1. 
Hence  a  is  a  maximum  when 


ff  =  Ur^  +  r)[2jl-i-^^r^,-l}    .     (46) 

If  r  be  small  in  comparison  with  r^  a  is  a  maximum 
for  g  =  ir. 

A  cell  or  battery  of  small  resistance  is  generally 
available,  but  it  is  not  generally  possible  to  vary  g  to 
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any  required  degree.  Differential  galvanometers  can 
however  be  made  with  their  coils  in  sections,  each 
provided  with  a  pair  of  terminals  so  that  they  can  be 
joined  in  any  possible  combination  of  series  or  multiple 
arc. 

When  the  resistances  to  be  compared  are  small  they  Method  by 
should  be  placed  across  the  terminals  of  the  coils  of   Jjif  g^J." 
the  galvanometer  as  shunts,  and  the  two  shunted  coils  vanometer 
joined  in  series  with  the  battery,  but  in  such  a  way  that   i^^  ge- 
the  currents  produce  opposite  effects  on  the  needle,  sistancea. 
Let  7  be  the  whole  current  in  the  circuit,  and  as  before 
7i,  72  ^  *^®  currents  through  the  coils  of  resistance  g^, 
g^y  and  let  a  in  this  case  be  the  deflection.     Then 

a  =  myj  —  v/y^ 
But 


and  therefore 


n+^i     ^2-^^2 


where 

^'  =  n^i(^2  +  5^2)  +  ^2^2(^1  +  ^1)  +  <^i  +  Si)  (rj  +  g^). 

If  a  =  0,  m/n  =  rgCr^  +  g^lr^{ri  +  g^.     Hence  if 
m  =  71,  ^1  =  ^2>  ^^  liave  rg  =  r^ 

To  compare  when  m  =  ?i  and  g^  =  g^=  g,  the  sensi-  Compara- 
biUty  of  this  method  with  that  of  the  last,  we  have  if  ^bUitj  S'" 
r^--  r^  =  Sr,  a  small  quantity  Method. 


380 


COMPARISON  OF  RESISTANCES. 


Measure- 
ment of 
Specific 
IteHist- 
ance. 


This  method  is  more  sensitive  than  the  last  iHyjg  <  D, 
that  is  if  r  <  ^. 

The  sensibility  of  the  method  may  easily  be  found  as 
in  the  former  case. 

In  order  that  the  conducting  powers  of  different 
substances  may  be  compared  with  one  another,  it  is 
necessary  to  determine  their  specific  resistances,  that  is,  the 
resistance  in  each  case  of  a  wire  of  a  certain  specified 
length  and  cross-sectional  area.  We  shall  here  define 
the  specific  resistance  of  any  substance  at  any  given  tem- 
perature as  the  resistance  between  two  opposite  faces  of 
a  centimetre  cube  of  the  material  at  that  temperature.* 
This  resistance  has  been  very  carefully  determined  for 
several  different  substances  at  ordinary  temperatures  by 
various  experimenters,  and  a  table  of  results  is  given 
below  (Table  V.). 

To  measure  the  specific  resistance  of  a  piece  of  thin 
wire,  we  have  simply  to  determine  the  resistance  of  a 
sufficiently  long  piece  of  the  i^ire  by  the  ordinary 
Wheatstone  Bridge  method  described  above,  and  from 
the  result  to  calculate  the  specific  resistance.  Let 
the  length  of  the  wire  be  I  cms.,  its  cross-section 
s  square  cms.,  and  its  resistance  R  ohms.  Then  the 
si>ecific  resistance  of  the  material  would  be  Rsjl  ohms. 
The  length  /  is  to  be  carefully  determined  by  an  accu- 
nitoly  gnuluat^l  measuring-rod ;  and  the  area  s  may  be 
found  with  sufficient  accuracy  in  most  cases  by  direct 

•  The  reciprocal  of  this  (called  below  the  specific  conductivity)  may 
be  advantageoasly  called  the  electric  conductivity  of  the  substance,  if 
tlie  won!  couductirity  be  set  free  by  the  adoption  of  the  word  eon- 
duetancc  for  the  ivciprocal  of  the  resistance  of  a  giren  conductor. 
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Eisurement,  by  means  of  a  decimal  wire  gauge 
leaauriog  to  a  hundredth  of  a  millimetre.  If,  how- 
Iver,  the  wire  be  very  thin,  the  cross-section  may,  if  the 
lensity  is  known,  be  accurately  obtained  in  square 
cms.  by  finding  the  weight  in  grammes  of  a  sufS- 
ciently  long  piece  of  the  wire  (from  which  the  insulat- 
ing covering,  if  any,  has  been  carefully  removed),  and 
dividing  the  weight  by  the  product  of  the  leogth  and 
the  density.  Very  thin  wires  are  generally  covered 
with  silk  or  cotton,  which  may  veiy  easily  be  removed, 

Ethout  injury  to  the  wire,  by  making  the  wire  into 
coil,  and  gently  heating  it  in  a  dilute  solution  of 
Qstic  soda  or  potash.     The  coating  must  uot  in  any 
case  be  removed  by  scraping. 

If  the  density  is  not  known,  it  may  be  found  by 
weighing  the  wire  in  air  and  in  water  by  the  methods 
described  in  books  on  hydrostatics.  All  the  weights, 
from  1  gramme  upwards,  ordinarily  used  in  weighing 
are  made  of  brass,  and  henco  when  conductors  of  nearly 
the  same  specific  gravity  as  brass  are  weighed  in  air, 
the  correction  for  buoyancy  may  be  neglected.  The 
weighing  in  water  however  must  be  corrected  both  for 
expansion  of  water  with  rise  of  temperature  and  for  the 
weight  of  air  displaced  by  the  weights.  For  a  tem- 
perature of  IS'C.  these  corrections  are  as  follows.  For 
expansion  of  water  an  increase  of  loss  of  weight  in  water 
of  'OoQ  per  cent;  for  buoyancy  of  air  a  diminution  of 
apparent  weight  in  water  of  '0143  per  cent.  Care 
should  be  taken  in  weighing  to  prevent  air  bubbles 
from  adhering  to  the  sides  of  the  specimen;  and  the 
water  used  for  weighing  should  first  have  been  carefully 
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boiled  to  expel  the  air  contained  in  it.  All  eiror  of 
this  kind  may  be  avoided  by  boiling  the  water  with 
the  specimen  in  it,  and  then  allowing  both  to  cool 
together. 
Mowmro.  If  the  wire  be  thick,  and  a  sufficient  length  of  it  to 
SiHMMfK?  render  possible  an  accurate  measurement  of  its  resist- 
( <nulur.  Qjr^QQ  by  the  ordinary  bridge  method  is  not  conveniently 
Thick  available,  one  of  the  methods  of  comparing  small 
Kml  *  *^  resistances  described  above  (p.  358  et  seq.)  is  to  be  used. 
The  most  convenient  in  many  cases  is  that  just 
described  (p.  366  et  seq,)  in  which  the  resistance  between 
two  cross-sections  of  the  bar  to  be  tested  is  compared 
with  that  lH?tween  two  cross-sections  of  a  standard  rod 
of  pure  coppor.  The  cross-sections  should,  if  the  dis- 
tauoo  botwoon  them  bo  not  thereby  made  too  small,  be 
chosen  s^>  as  to  make  the  two  resistances  nearly  equaL 
If  wo  put  I'' for  tho  number  of  divisions  of  deflection 
on  tho  !k*alo  of  tho  ix>tonti:il  galvanometer,  when  the 
oKvtn^los  of  tho  galvanometer  are  applied  to  the 
stiuu!;^nl  nxl.  at  oross-sootions  /  cms,  apart ;  J"  that  when 
thoy  aro  a]>plii\l  to  tho  rvnl  being  testoil.  at  cross-sections 
.'  oms.  ajv^rt.  thon  wo  have  for  tho  ratio  of  the  rosist- 
auvv  of  uv.i:  lons;:h  of  tho  stAn.larJ  to  the  resistAnoe  of 
ur.it  K'.^c'h  o:*  tho  wire  tisto.i  a:  the  :omr«err»:rr>?  at 
\khi^*^^  tV.o  ivnnwrison  is  n.a.io,  tho  va'.uo  17  I";.  If 
,<  Ai.vi  ,<  K^  :ho  n:>i\v::vo  orviS>-s^v:i:niI  aroAS^  which  in 

A  5\:r\'w-;r:%v,^o.  sv^i  vr  ,issv.:v.e  'ta'.  the  t-:r::r*erairjir?  at 

wt*  ;-t*:  T.TtV.i  n*::.*  v':  ::".o  >:>:•.  :f.:  ri.>i>:Ar.c^'s  »t  v 'C.  tho 
v*luo  i'.V    ''.  f  AT.*:  tr.trcrVrc  aIsc  ::r  tie  rfctic  ^*f  ibeir 


t 
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:ific  conductivities  Vl'sj  Vh'.  This  last  ratio  multi- 
by  100  gives  the  percentage  conductivity  at  0°  C.  of 
the  substance  as  compared  with  that  of  pure  copper.  If, 
as  will  generally  he  the  case,  the  temperature  at  which 
the  experiments  are  made  be  above  the  freeziug-point, 
the  value  of  100  Vl'sl  Vis',  may  be  taken  as  the  percen- 
'tage  of  the  specific  conductivity  of  pure  copper  at  the 
observed  temperature  possessed  by  the  substance,  and 
this,  if  the  wire  tested  is  a  specimen  of  nearly  pure 
copper,  will  be  nearly  enough  the  same  at  ail  ordinary 
temperatures. 

If  in  experiments  by  this  method  the  electrodes  are 
applied  by  hand  to  the  conductors,  the  operator  should, 
especially  if  the  electrodes  and  the  conductors  tested 
are  of  different  materials,  be  careful  not  to  handle  the 
wires,  but  should  hold  them  by  two  pieces  of  wood  iu 
strips  of  paper  passed  several  times  round  the  wires,  or 
by  some  other  substance  which  conducts  heat  badly,  so 
that  no  thermal  electromotive  force  may  be  introduced 
into  the  circuit  of  the  galvanometer  (see  above,  p.  337). 
He  may  conveniently  make  the  galvanometer  contacts 
by  means  of  two  knife  edges  fixed  in  a  piece  of  wood 
which  can  be  lifted  from  one  conductor  to  the  other 
without  its  being  necessary  to  handle  the  galvanometer 
wires  in  any  way.  This  will  besides  render  any  measure- 
lent  of  the  length  of  the  conductor  intercepted  be- 
the  galvanometer  electrodes  unnecessary,  as 
iqual  to  I'.  We  have  then  for  the  percentage 
liftc    conductivity    of    the    substance     the    value 

10  Vfi'lVs. 

Aa  an  example  of  this  method  we  may  take   the 


Specifio 
Conduti- 

Thick 


«l  f,OK?±}:lSOy  OF 

f'TvM.'^:  foiioTiri?  r^^TiIu  of   a  m€as«ireiiie&t    (made    in   tin 
,14.,.^^.    yj^y.^.f^  luS%\yjThXfjTj  of  the  UniTemtr  of  ducow) 
of  the  ffXfecinc  cocfiuctiTitr  of  a  short  piece  of  tl^^r^ 
cfjjfjfhT    strip.     The    specimen    was   joined    in   series 
with  a  piece  of  copper  wire  of  No.  0  BLW.G.  of  tcit 
hi^/h  conductivity,  in  the  cireoit  of  a  DanielTs  cell  oi 
low  reMistance.    The  electrodes  of  a  high   lesislaiice 
rf;fW;cting  galvanometer  applied  at  two  points  700  cnuL 
apart  in  the  copper  wire  gave  a  deflection  of  153*3 
divi.sioiJH,  when  applied  at  two  points  500  cms.  apart  in 
iho  Mtrip  270  divisions.    The  weight  of  the  wire  per 
ifif:tro  wfiH  443  grammes,  of  the  strip  per  metre  186*3 
^nirnincH.    Honce  the  specific  conductivity  of  the  copper 
Ktii[)  w;iH  Of)  6  jK;r  cent,  of  that  of  the  wire  against 
which  it  was  trstcd. 
KimIi'/m-        Tho  acHMinitc  n^alization  of  a  standard  ohm,  as  de- 

Mi'i''i'ii'v  ^"'*'''  *'"  !'•  '^^'^  iihovc,  involves  the  determination  of 
mimimIui.i  tin.  h|)(>(Mii('  icHiHtaiKM?  of  mercury,  an  operation  which 
iiM|iiirrH  ^wnl  ciin^  and  considerable  experimental  slcill. 
Thr  (iihn  to  ho  hm<m1  niust  bc  very  nearly  uniform  in 
Miloinal  rroMs  Hr(*(.ional  aroa,  and  must  be  filled  in  a 
MU'uum  with  porloctly  juiro  mercury.  Any  deviation 
nl  tho  on»Nf*  soolion  IVoni  unift>rmity  can  be  sufficiently 
iii^Milv  nllowotl  Tor  by  ronsidoring  the  mercury  column 
MM  luMilo  \\\\  \\{  II  nui\ibor  of  short  columns  each  of  cross- 
horlton  oijumI  to  tlio  u\o:ui  iToss-sootion  of  that  part  of 
tho  t\ibo.  Tho  \\\\H\\\  rn>ss  sootion  for  each  of  a  suffi- 
I  »ont  iwnuhi'i  ot  jiwAx  shtMt  columns  must  therefore 
l»o  «liMoM\\\i\ril  f»M  Mrt^mitolY  jvs  ix^ble  by  a  process  of 
t-:ihUiati\Mi.  'V\\\n  \?i  ot\oot«Hl  bv  nuning  a  short  column 
ot  u\\  ivut\  ti\»u\  ouo  |s'^)Uou  lo  another  along  the  tube. 


» 


CALIBRATION  OF  A  TUBE. 

and  measuring  the  length  which  it  occupies  iu  each 
position. 

A  tube  is  cliosen  and  is  fixed  i^ainst  a  finely'  graduated 
scale.  In  order  that  the  tube  if  accidentally  disturbed 
may  be  replaced  a  mark  is  made  upon  it,  and  the  position 
of  this  on  the  scale  carefully  observed  and  noted ;  or 
end  of  the  tube  is  made  to  rest  against  a  piece  projecting 
firom  the  bar  to  which  the  scale  is  attached.  If  great 
exactness  is  desired  the  scale  is  engraved  on  a  rigid  bar 
along  which  move  two  reading  raicroacopes  with  cross- 
wires.  By  means  of  these  the  positions  of  the  ends 
the  mercury  column  can  be  found.  For  many  purposes 
it  ia  sufiGcient  to  read  off  the  positions  of  the  ends  of 
the  column  by  the  eye,  assisted  if  need  be  by  a  lens,  and 
parallax  may  be  avoided  by  using  a  scale  graduated  on 
a  slip  of  silvered  glass. 

Let  the  column  of  mercury  be  approximately  l/n  of 
the  whole  length  of  the  tube  where  n  is  a  sufficiently 
great  whole  number,  and  let  the  column  be  moved  in 
each  case  from  one  position  to  the  next  through  a  dis- 
tance as  nearly  as  may  be  equal  to  its  whole  length,  so 
that  n  measurements  of  length  are  made  in  the  length 
of  the  tube.  Let  r^  r,  denote  the  readings  of  the  ends 
of  the  column  in  the  first  position,  r\,  r^,  the  readings 
of  the  ends  in  the  second  position  and  so  on, 
-  .  Tn-i  being  nearly  coincident  with 
/j,  r'j,  r'g,  .  -  .  r'„.i  respectively,  while  r„r,  coincide 
with  the  ends  of  the  tube.  Now  let  r^  +  e,,  r,  -I-  c^,  &c., 
he  the  lengths  of  the  columns  of  uniform  section  equal 
4o  the  mean  section  of  the  tube  which  would  have 
rolumes  equal  to  the  lengths  r^,  r^  &c.  of  the  actual 
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T/iiiMiia-    tube;.     It  is  the  value  of  the  corrections  «j,  e^  &c.  which 

rom":-     '^'  ^^  ^''^  c)bject  of  the  experimental  process  to  discover. 

UniiH  frciiii  SiiK'o  tho  succcssive  portions  of  the  tube  occupied  by 

(!iiliiim     th(;  cohiinn  of  mercury  are  equal  in  volume,  we  have 

*^'""-      for   tho  corrected   length  of  the   portion  of  the  tube 

rorresiwndiug  to  the  i^  position  of  the  column 


r<  +  f «  -  r,_i  -  Ci.i  =  I 


(48) 


whrn*  /  ia  a  constant.  Hence  putting  B^,  S^,  &a  for  the 
unoorroctod  lengths  r^  —  r^,  r^  —  r^,  &c.,  we  get  by  sub- 
tracting /  -  r^  =  S^  from  each  of  the  equations  of  which 
(48)  is  the  ty|x\  the  aeries  of  equations 


fi  -  *'o  +  *'i  =  ^2  -  ^1 

<*l  -  <"8  ■*■  <'2  =  *3  "  ^1 


(49) 


Tlio  tornnnrtl  oornvtions  e^  and  f«are  of  course  zero. 
A^lvHuiT.  >vo  tiud 

M  =  "/  -^ (50) 


whovo  i  vlouotos  sunnnaiion  for  all   values  of  i  from 
I   to  ■; 


V5 


^ 
k  ^ 


(51) 


It  ;';.x*  \  ;;',;*. OS  o*' .  . ..  vV^v,  Cv  r'..  Tit-i  on  any  convenient 
V,  .i*,-  ;;s  o:\v,v,;',:os  x^t'  :•  v".;rx  c,  :r.e  Ab^^iss^cx^  of  which  arc 
•/.o  av*a>\vvo.'/\k  o. *:^^v.v.v5  ;v.CASun:\i  along  the  tube 
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887 


from  one  end,  the  curve  will  give  the  correction  to 
be  used  for  any  other  distance  measured  along  the 
tube. 

This  determination  is  generally  sufficient;  but  if  Control 
necessary  it  can  be  extended  as  follows :  The  calibration  tions. 
is  performed  with  a  column  of  double  the  former  length, 
which  is  moved  along  the  tube  after  each  observation 
through  a  distance  equal  to  half  the  length  of  the  column. 
This  gives  n  —1  measurements  of  length.  The  same 
process  is  then  repeated  with  a  column  of  three  times 
the  original  length,  which  is  moved  after  each  observation 
through  the  same  distance  as  before.  This  gives  n  —  2 
observations.  Then  a  column  of  four  times  the  original 
length  is  used  and  so  on,  until  finally  a  column  n  —  1 
times  the  length  of  the  original  column  is  employed, 
with  which  of  course  only  two  observations  are 
made. 

From  the  original  set  of  observations  we  get,  if  d\  Process  of 

denote  the  excess  of  the  observed  len&^th  of  the  column     ,9®?" 

Dining 

in  the  i*^  position  over  that  in  the  (i  —  l)th.  Results. 


^1  -  ^0  =  ^2  -  *i  +  ^'i 
(jg  -  €i  =3  €j  -  ej  +  rf'g 


^«-l— ««-2=««  — ^n-l  +d'n~i 


(52) 


In  the  same  way  putting  d"i  for  the  excess  of  the 
observed  length  of  the  double  column  in  the  t^  position 
over  that  in  the  (i  -  l)th,  we  get  from  the  second  set  of 
observations  C  C  2 
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Prootwii  of 
Com- 
Itiiiing 

KrNVlItM. 


<'i  -  «o  =  •'s  -  «i  +  rf"i 
fj  -  Ci  =  <•«  -  e,  +  rf"s 


^ 


^11-2  — ^11-3  =  t'»  —  %-i  +rf"«_2 


(53) 


auil  so  on,  the  number  of  equations  diminishing  by  one 
oaoh  time  until  wc  get  finally  from  the  two  lost  sets  of 
oWrvatioDS 


:uul 


«*i  -  V  =  «•,  -  <r,.i  +  c/^— 1'  .    .    .    ;55) 


Aaiiiuir  all  iho  tir^t  ovjuations  of  the  sets  (52'  ic,  then 
a.iviiui:  ail  tho  sovvuvl  ^\juarions  of  the  sets  and  sub- 
;nio:-.:;j:  !":vi.;  ::;o  >*.;m  the  tlrst  e^;ua:ion  of  the  first  set; 
v.i  \:  a^ivi'.r.c  a'/.  :ho  tiiirvi  Cv^uatioiis  of  the  sets  and  sub- 
:r.u:\v.^  :": .  *v.  :'.;o  sum  :;.e  ^^^.v:l.i  t'^ua::on  of  the  thin! 
Sxt.  av..:  :*.c  r.rs:  cf  ::>:  secoi^i  set.  and  so  on,  we' get 


_  V  .• 


«-I-.-  — -.5  « 


V  *     _     .-     ^ 


:^    .v,\v.>  -     :>-:^-  ivi.-juL.CiS  .  f^  ••p..--v--_  caa  be  at 


SPECIFIC  EESISTANCE  OF  MERCURY. 

We  give  here  as  an  example  a  short  account  of  an   Mea 
accurate   determination   of   the   specific  resistance    of   '""^^^ 
mercuiy  made  by  Lord  Rayleigh  and  Mrs.  Sidgwick-"    StwdT 
Some  account  of  other  determinations  will  be  given  in 
connection  with  Uie  subject  of  the  Bealization  of  Units   "■«"'«? 
of  Resistance  in  Vol.  II. 

The  resistances  of  columns  of  mercury  contained  in 
tubes  which  had  been  carefully  calibrated  were  measured 
by  Carey  Foster's  method  as  described  above.  The 
comparison  coils  were  British  Association  standards.f 
preserved  in  the  Cavendish  Laboratory,  and  every  care 
was  taken  to  obtain  an  accurate  result.  It  was  assumed 
that  the  resistance  R  of  the  column  is  given  to  a 
sufficiently  close  approximation  by  the  equation  * 

JJ-r/f (57) 

where  dx'is&a  element  of  the  length  of  the  tube,  r  the 
specific  resistance  of  mercury,  a  the  cross-sectioual  area 
of  the  mercury  column  at  the  element  dx.  The  value 
of  li  was  calculated  by  evaluating  the  right-hand  side 
of  this  equation  from  the  results  of  the  calibration  as 
follows.  Let  X  be  the  length  of  the  tube  occupied  by 
the  calibrating  column  when  the  middle  of  its  length 
was  at  the  element  dx.  then  we  have  for  the  area  of  the 

•  Phil.  Tmtu.  R.  S.,  Tut  1.  1883. 

t  That  ii  ttanduds  coii«truct«l  nccording  to  the  dGlermiiutiDn  nf 
tliu  uliTn  iumIii  by  the  Britinh  A<i>D<iiat[on  Comniittee  and  deictihed  in 
their  I8S4  roport.  This  olini  it  here  refvirad  to  u  the  "  B.  A.  amt" 
Its  nine  ia  abont  l']2  per  oent.  smUlet  tliui  the  legal  ohm.  See 
JiciilisxUion  of  Units  i.f  HetStlaiut  in  AhtaltiU  iftamrt,  Vol.  11.  below. 

t  See  Lord  Raylcijh's  TAfOry  iif  Sound.  Vol.  II.  g  308. 
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Measure-   section  near  this  element  Cl\  where  (7  is  a  constant 

""  the""^    Putting  therefore  s  =  (7/X,  denoting  the  whole  length  of 

Specific    ti^g  column  by  L,  and  the  number  of  points  at  equal 

of       distances  apart  along  the  length  i,  at  which  the  cross- 

Mcrcnry.   gectional  area  has  been  thus  found  by  n,  we  get  by 

summation 

i2  =  ^tW (58) 

where  S(X)  denotes  the  sum  of  the  n  values  of  X, 

But  if  IT  be  the  mass  of  mercury  contained  in  the 
length  of  the  tube 


J/=Pp^-  =  ^,S(J) 


whore  p  denotes  the  density,  and  S(l  X)  the  sum  of  the 
reoipR>cals  of  the  n  values  of  X.  Hence  eliminating  C 
Ivtween  these  two  equations  and  solving  for  r,  we  get 

r  =  *       ^^— yr (59) 

If  the  tuK^  h:\d  Kvn  trulv  ovlindrioal  the  value  of  r 
wouU  havo  Kvn  MB  f>L\     Tho  factor  n-2»2(J)  is 

iho  ivriwtion  lor  c^nioaiitv  of  the  tuW,  and  is  a 
nunu'vu';^*.  vUiAutitv  a  liitle  !c«  than  unit  v. 

rv.o  Tulv:i  uikv.  \\orv  r'avwi  h.^rlrontA-llv.  and  were 
tltuv,  a:  ^\wh  c:^l  >*i:V4  V,x*y,.^^xcvl  v"«:  L  sr.apcxi  pieces  of 
clvr.;:o  x*:;:s'i;  torv.ux;  \\\:o  :<r::::r.A'.  vn;uk    £ach  end  of 

l:t,\*  >^A>   5**^  A:^  '0  UvA^v  rxv:v,  :V:  a  v-x^^ilkii;^  o-l  paraffin 
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» 


_    the 


wax,  which  was  ma,  in  a  melted  state,  into  the  mouth 
of  tile  socket.  Tliese  cups  were  filled  with  mercury 
aad  coiinecied  with  the  resistance  balauce  by  means  of 
well  amalgamated  copper  rods,  The  tube  was  iiept  at 
0°  by  being  immersed  in  a  trough  containing  raelted  ' 
ice.  The  temperature  of  the  morcuiy  in  contact  with 
the  copper  rods  it  was  ascertained  was  not  higher  than 
5°  or  6°,  and  as  ice  was  piled  up  round  the  cupa,  it  wag 
estimated  that  the  temperatures  of  the  parts  of  the  tube 
within  the  cups,  and  therefore  uot  directly  exposed  to 
the  ice-bath,  were  not  higher  than  2°. 

The  cupa  were  so  hii^e  in  section  that  they  might  be 
supposed  of  infinite  extent  in  comparison  with  the  tube, 
and  an  addition  of  '82  of  the  diameter*  was  made  to 
the  observed  length  to  correct  for  the  influence  of  the 
cups. 

The  ends  of  the  tube  were  rounded  to  a  convex  form 
|W>  tliat  the  length  of  the  bore  could  be  measured.  This 
was  done  by  adjusting  to  the  ends  reading  microscopes, 
fitted  with  micrometer  screws  by  which  the  distance 
between  could  be  varied  hy  an  amount  known  to  the 
-nroira  of  an  inch,  reading  off  on  a  brass  rule  substituted 
for  the  tube  the  length  to  the  nearest  number  of  whole 
divisions,  and  determining  the  fractions  of  divisions  at 
ihe  ends  by  means  of  the  micrometers. 

The  tubes  were  carefully  cleaned  by  passing  through 

im  iu  guccessioD  sulphuric  acid,  nitric  acid,  caustic 
potash,  distilled  water,  and  finally  air  dried  by  chloride 
of  calcium.     The  calibration  was  performed  by  a  short 
*  Sea  aboTe  p.  ISG,  utd  Lord  Royleixh'a  T/uory  qf  Sound,  Vol,  II. 
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Measure-  thread  of  clean  mercury,  which  was  moved  to  tbe  Wie- 
the      cessive   required   positions  by  air    blown    throagh  a 


Specific    chloride  of  calcium  tube :  and  measured  in  some 

of       by  substituting  an  ivory  scale  under  microscopes  ad- 
Mercury.  JQgted  to  the  ends  of  the  column,  in  others  by  placing  a 
scale  alongside  the  tube  and  reading  the  length  off  by 
means  of  a  magnifying  glass. 

The  determination  of  the  mass  of  mercury  contained 
in  the  tube,  was  found  by  weighing  a  thread  of  mercuiy 
nearly  as  long  as  the  tube.  The  length  of  this  column 
was  found  as  follows.  After  the  resistance  had  been 
measured  the  greater  part  of  tlie  mercury  was  retained 
in  the  tube,  and  the  ends  of  the  column  pressed  flat 
with  flat-headed  vulcanite  pins  fitted  into  the  ends  of 
the  tube.  The  length  of  the  column  was  obtained  by 
the  microscopes,  and  the  temperature  by  a  thermometer 
lying  alongside  the  tube.  The  mercury  was  then  blown 
out  of  the  tube  and  weighed.  By  comparing  the 
length  of  the  column  with  the  actual  length  of  the  tube 
the  whole  quantity  of  mercury  contained  in  the  tube  at 
0'  was  found  with  sufficient  accuracy. 

Exjxriments  were  made  with  four  tubes,  and  tbe 
mean  value  obtained  for  the  resistance  at  0"  of  a  column 
of  mercur}'  1  metre  long  and  1  square  millimetre  in 
cross-section  was  -95412  B.A.  unit  (see  footnote,  p.  389 
above"^^.  Previous  measurements  made  bv  Werner, 
Siemens,  and  Matthiessen  gave  9536  RA.  unit  and 
•9619  B.A.  unit  res]XHMively  for  this  resistance.  It 
will  be  noticed  that  the  value  just  stated  lies  between 
these,  but  much  nearer  to  the  former.  Messrs.  Siemens 
Brothers   for  a   long  time   use^l   the  resistance   of  a 


FORMS  OF  THE  STASDAED  OHM, 

column  of  mercury   specified   as   above   as    the   unit   ' 
of  resistance,  and  standard  units  were  issued  by  tbem 
to   experimenters.     One   of   these  examined    by  Lord  ^ 
Rayleigb  gave  "95365  B.A.  unit  for  its   resistance  at 
the  temperature  167°  at  which  it  was  stated   to  be 
correct. 

For  two  of  the  tubes  used  in  these  experiinenta  com- 
parisons were  made  of  the  resistance  at  0°  with  that  in 
water  at  the  temperature  of  the  room,  which  was  about 
13°  C.  It  was  found  that  the  moan  difference  of  resist- 
ance for  1°  per  unit  of  the  resistance  at  0°  was  ■000861. 
This  is  of  course  the  change  of  resistance  of  the  contents 
of  a  certain  glass  tube,  and  not  to  be  confounded  with 
the  temperature  variation  of  the  specific  resistance  of 
mercury. 

Standard  ohms  have  been  made  in  mercury,  by  using  i 
tubes  bent  so  that  the  requisite  length  is  obtained  in  a  [ 
compact  foiin,  but  they  are  not  very  convenient  in  use, 
and  are  of  course  liable  to  breakage.  A  copy  of  the 
standard  ohm  can  however  be  easily  made  when  the 
resistance  of  a  column  of  mercury  of  definite  cross- 
section  and  length  has  been  accurately  found.  Figs.  84 
and  85  sliow  euch  copies.  Fig.  S4  is  the  usual  form  of 
the  standard.  It  is  made  of  platinum -silver  wire, 
wound  witliin  the  lower  cylinder.  The  apace  within  up 
to  the  top  of  the  wider  cylinder  is  filled  with  paraffin- 
wax.  The  ends  of  the  coil  are  attached  to  two  thick 
electrodes  of  copper  rod,  bent  as  shown  and  kept  in 
position  by  a  vulcanite  clamp.  The  ends  of  these  when 
the  coil  is  used  are  placed  in  mercury  cups  in  the 
iner  already  explained,  and  should  alwaj's,  before  the 
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Forms  of  coil  is  placed  in  position,  be  freshly  amalgamated  witli 
stnndard  m<-^rcury.  The  lower  cylinder  up  to  the  shoulder  is 
Ohm.  placed  in  water  when  the  coil  is  in  use,  and  the  tem- 
perature of  the  water  is  ascertained  by  meaus  oi  a 
thermometer  in  the  hollow  core  of  the  cylinder.  The 
variation  of  the  resistance  of  the  coil  with  temperature 
is  known,  and  hence  its  resistance  at  any  observed 
temperature  can  be  obtained.    Of  course  care  must  be 
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the  other  outside  the  case,  is  used  to  determiDe  the  Fonu-q^ 
temperature  of  the  coil.  In  the  form  in  which  the  f 
tnetrumeiit  is  dow  made  the  external  junction  is  not 
brought  out  through  the  hottom  of  the  case  aa  shown, 
but  the  wire  is  brought  out  at  the  top  of  the  case,  and 
then  joined  to  a  wire  of  the  other  metal  which  is 
entirely  outside  and  attached  to  one  of  the  binding 


The  external  junction  is  of  course  placed  in 
I  water  the  temperature  of  which  is  measured,  and  the 
f  thermal  current  is  observed  by  means  of  a  galvanometer 
I  connected  to  the  terminals.  This  gives  the  difference 
l.of  temperatures  between  the  junctions  and  therefore 
ntbe  temperature  of  the  coil. 

The  measurement  of  a  very  high  resistance  such  as 

lat  uf  a  piece  of  insulating  material  cannot  be  effected 

1  of  Wheatslone's  Bridge,  and  recourse  must 

be  hail  in  most  cases  to  electrostatic  taetbods  in  which 

the  required  resistance  ia  deduced  from  the  rate  of  loss 

C  charge  of  a  condenser,  the  plates  of  which  ore  con- 
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Method  by  nected  by  the  substance  in  question.  If,  however,  the 
meter,  resistance  of  the  material  be  not  too  great,  and  a  laige 
well  insulated  battery  of  from  100  to  200  cells,  and  a 
very  sensitive  high  resistance  galvanometer  are  avail- 
able, the  follo\ving  method  is  the  most  convenient. 
First  join  the  galvanometer,  also  well  insulated,  and  the 
resistance  to  be  measured  (prepared  as  described  below, 
p.  401,  to  prevent  leakage)  in  series  with  as  many  cells 
as  gives  a  readable  deflection,  which  call  D,  Now  join 
the  battery  in  series  with  the  galvanometer  alone,  and 
reduce  the  sensibility  of  the  instrument  to  a  suitable 
degree  by  joining  its  terminals  by  a  wire  of  known 
resistance,  and,  to  keep  the  total  resistance  in  circuit 
great  in  comparison  with  the  resistance  of  the  battery, 
insert  resistance  in  the  circuit.  Let  E  and  B  denote 
respectively  the  electromotive  force  and  resistance  of  the 
whole  battery,  G  the  resistance  of  the  galvanometer,  S 
the  resistance  joining  its  terminals  in  the  second  case, 
11  the  resistance  introduced  into  the  circuit  of  the 
galvanometer  in  that  case,  and  X  the  resistance  to  be 
found  ;  we  have  for  the  diflference  of  potentials  between 
the  torniinals  of  the  galvanometer  in  the  first  case  the 


value, 

EG 


.  =  f?i2)      ....     (60) 


(;  +  B  -r  A 


whore  m  is  the  fi^otor  bv  which  the  indications  of  the 
galvauomotor  must  W  multiplieil  to  reduce  them  to 
volts.  In  the  second  case  the  resistance  between  the 
gjUvanometor  terminals  is  S(?  \iS'+  (r},and  therefore  the 
difforonoo  of  jx^tentials  between  them  is. 
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In 

+  M  + 


=  mD.  (61) 


Hence   combiuing  equations   (60)  and  (61)  so    as   to 
eliminate  £  and  vi,  and  solving  for  ^,  we  get, 


=  §(-^ 


,  ^  (S±X)G\  _ 


(B+G)  (62) 


» 


If  J"  be  great  in  comparison  with  the  remainder  of 
the  resistance  in  circuit  the  term  (S  +  G)  may  be 
neglected. 

This  method  was  used  by  Mr.  T,  Gray  and  the  author 
for  the  determination  of  the  specific  resistances  of 
different  kinds  of  glass.  The  specimens  of  glass  were 
in  the  form  of  thin,  nearly  spherical  flasks  about  7  cms. 
in  diameter,  with  long  narrow  and  thick  wailed  necks. 
The  thin  walls  of  the  flask  were  brought  into  circuit  by 
'  filling  it  up  to  the  neck  with  mercury,  and  sinking  it  to 
the  same  level  in  a  bath  of  mercury,  then  joining  one 
terminal  of  the  batterj'  to  the  external  mercury  by  a 
Tire  passed  down  the  long  neck,  and  the  other  to  the 
mercury  in  the  bath  without.  This  mercury  bath  was 
iron  vessel  contained  in  a  sand  bath  which  could  be 
[leated  to  any  required  temperature.  A  well  insulated 
Ivanonieter  (constructed  by  aid  of  a  grant  from  the 
Government  Research  Fund  to  a  special  design  de- 
scribed in  VoL  II.)  of  high  resistance  and  great  sensi- 
tiveness was  included  in  the  current    A  battery  of  over 
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100  Darnell's  cells  was  used,  and  after  a  reading  of  the 
galvanometer  in  one  direction  had  been  taken  and 
recorded,  with  the  corresponding  temperature  of  the 
glass,  the  coatings  of  the  flask  were  connected  together 
until  the  next  reading  was  about  to  be  taken.  For  this 
the  current  was  reversed,  and  the  deflection  taken  as 
before,  and  so  on.  The  "electric  absorption"  (see  p.  435 
below)  was  thus  reversed  between  every  pair  of  readings, 
and  it  lasted  in  most  cases  about  three  minutes.  The 
resistances  were  therefore  those  existing  after  three 
minutes'  electrification.  The  result  for  the  glass  of 
highest  insulation  tested,  which  was  lead  glass  of 
density  3*14,  was  a  specific  resistance  at  100**  C.  of 
about  8400  x  10^®  ohms.  The  resistance  was  halved 
for  each  8  5°  or  9**  rise  of  temperature. 

A  modification  of  this  method  for  which  one  of 
Sir  W.  Thomson's  Graded  Potential  Galvanometers  or 
Voltmeters  (see  Vol.  II.)  is  very  suitable,  may  be  used 
for  the  determination  of  the  insulation  resistance  of  the 
conductors  in  an  electric  light  installation. 

The  conductors  are  disconnected  from  the  generator 
and  both  ends  from  one  another.  They  are  then  joined 
at  one  end  by  the  potential  galvanometer  in  series  with 
a  battery  of  as  many  cells  as  gives  a  readable  deflection 
with  the  magnetometer  in  the  position  of  the  greatest 
sensibility.  The  number  of  divisions  corresponding  to 
this  deflection  is  read  off",  and  the  number  of  divisions 
which  the  battery  gives  when  applied  to  the  galvano- 
meter alone  is  then  observed.  Call  the  latter  number  V 
and  the  former  V  \  and  let  E  divisions  be  the  total 
electromotive  force  of  the  battery.    Let  the  resistance 
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of  the  battery  whicli  may  be  determined  by  the  method  Deteroiin 
described  below  (p.  414)  be  B  ohms,  the  resistance  of  ..  iruuln- 
the  galvanometer  G  ohms,  and  the  insulation  resistance  •■"i  Ke-^ 
to  be  found  R  ohms  ;  we  have  plainly. 


EG 


EG 


If  B  be  small  in  comparison  with  G  we  may  put 


A  shunt-wound  generating  machine  giving  sufficient 
I  ilectromotive  force  may  be  used  instead  of  the  battery, 
vAnd  in  this  case  B  is  found  by  equation  (63). 

The  insulation  resistance  for  unit  of  length  is  found 
I  from  this  result  by  mnitiplying  by  the  length  of  either 
\ci  the  conductors. 

This  method  is  applicable  to  the  measurement  of  the 
I  insulation  resistance  of  cables  or  telegraph  lines,  but  for 
I  details  the  reader  is  referred  to  the  manuals  of  testing 
[.in  connection  with  these  special  subjects. 

In  the  case  of  insulating  substances  the  method  just 

f-  described  requires  the  use  of  so  powerful  a  battery  that 

it  is  quite  inapplicable  oxcept  when  the  sx>ecimen,  the 

resistance  of  which  is  to  be  measured,  can  be  made  to 

have  a  large  surface  perpendicular  to  the  direction  of  tbe 
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■  current  through  it,  and  of  very  small  dimensions  io  th*t 
direction.    Sut:h  a  case  is  that  of  the  insutatiug  coveniig 

.  of  a  submarine  cable  in  which  the  current  by  which 
tlie  insulation-resistance  is  measured  flows  atroas  the 
covering  between  the  copper  conductor  and  the  silt 
water  in  which  the  cable  Is  immersed. 

In   general,  therefore,  in  the  determination  of  "^ 
insulating  qualities  uf  sutetances  which  are  givetf 
comparatively  small  specimens  it  is  necessary  to  1 
recourse  to  the  electrometer  method  mention«d  ii 
(p.  395),  of  which  we  shall  givu  here  a  short  a 
The  most  convenient  instrument  for  this  pw 

'  Sir  William  Thomson's  Quadrant  Electrometer.     F4 

f  full   description   of   this  instrument,   and   a    deta 
account  of  the  mode  of  using  it,  see  Chap.  V.  k 
The  electrometer,  having  been  carefully  set  up  a 
to  the  most  sensitive  arrangement,  and  found  to^ 
otherwise  in  good  working  order,  is  tested  for  insula 
One  pair  of  quadrants  is  connected  to  the  case  a 
to  the  instructions  for  the  use  of  the  instmmentt  a 
charge  producing  a  potential  difference  exceeding  t 
greatest  to  be  used  in  the  experiments  is  given  to  l] 
insulated  pair  by  means  of  a  battery,  one  electrode' 
which  is  connected  for  an  instant  to  the  electroKt 
case,  the  other  at  the  same  time  to  the  electrode  ofv 
insulated  quadrants,  and  the  percentage  fall  of  p 
produced  in  thirty  minutes  or  an  hour  by  leakage  in  tj 
instrument  is  observed.     If  this  is  inappreciable,  ' 
instrument  is  in  perfect  order.     For  practical  pm 
the  insulation  is  sufficiently  good  when  tho  same  bafeb 
being  applied  to  charge  the  electronieter  alone  aaj 
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applied  to  charge  the  cahle,  or  condenser  formed  as 
descrihed  below,  there  is  not  a  more  rapid  fall  of 
potentials  without  the  cable  or  specimen  thuu  with  it ; 
for  there  can  then  be  no  error  due  to  leakage. 

An  air  condenser,  well  insulated  by  glass  stems  var- 
nished and  kept  dry  by  pumice  moistened  with  strong 
sulphuric  acid,  is  adjusted  to  have  a  considerable 
capacity,  and  its  insulated  plate  is  connected  to  the 
insulated  quadrants  of  the  electrometer  and  the  other 
to  the  electrometer-case  to  which  the  other  pair  of 
quadrants  is  also  connected.  A  charge  producing  as 
great  a  potential  as  in  the  former  case  is  given  to  the 
condenser  and  electrometer  thus  arranged,  and  the  fall  of 
potentials  observed  by  means  of  the  electrometer.  If 
the  loss  in  a  considerable  time  be  also  inappreciable, 
the  condenser  insulates  properly,  and  its  resistance  may 
be  taken  aa  infinite.* 

The  specimen  of  material  to  be  tested  is  now  placed  so 
as  to  connect  the  plates  of  the  condenser.  The  manner 
in  which  this  is  to  be  done  of  course  depends  on  the  form 
of  the  specimen.  If  it  is  a  flat  sheet,  it  may  be  covered 
on  each  side,  with  the  exception  of  a  wide  margin  all 
round,  with  tinfoil,  and  thus  made  to  form  itself  a  small 
condenser  which  is  to  be  joined  by  thin  wires  in  multiple 
arc  with  the  large  condenser.     The  edges  and  margins 

•  A  oondnnflcr  of  any  other  kitid,  Buoh  n»  those  used  id  cahle  lestinB, 
le  insulittiiig  materiul  bvtwwn  the  plates  of  irhich  is  generally  pup^r 
•ked  in  puraOin,  may  be  lusd  instead  of  an  air  condpUKr,  but  aa  thu 
Vsiatanci'  of  the  latter  may,  if  the  glum  slema  be  well  varnished  and 
(pt  dry,  be  taken  aa  infinite,  and  there  is  beaidea  no  diatarbanea  froni 
9  pheDomenon  eallud  tlatri/:  abxtrptim  (see  p.  42G  below),  it  ia 
nfnftbls  to  iiee  nn  air  condenser  if  posaiblo. 
VOL.  I.  D  D 
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Arrange-   of  the  sides  of  the  specimen  should  be  carefully  cleaned 
SplSmen  *^^  dried,  and  covered  with  a  thin  coating  of  paraffin 
with      to  prevent  conduction  along  the  surface  between  the  two 
'  tinfoil  coatings,  when  the  condenser  is  charged.     It  is 
advisable,  when  possible,  to  coat  the  whole  sur£EU>e  in- 
cluding the  tinfoil  with  parafBn,  and  to  make  the  con- 
tacts with  the  tinfoil  plates  by  means  of  thin  wires  also 
coated  with  paraffin  for  some  distance  along  their  length 
from   the  tinfoil.     The   plate   condenser  thus  fonned 
should  be  supported  in  a  horizontal  position  on  a  block 
at  the  middle  of  the  lower  surface.     The  upper  coating 
is  made  the  insulated  plate. 

If  the  specimen  be  cup-shaped,  as,  for  example,  if  it  be 
in  the  usual  form  of  an  insulator  for  telegraph  or  other 
wires,  the  hollow  may  be  partially  filled  with  mercury, 
and  the  cup  immersed  in  an  outer  vessel  containing 
mercury,  so  that  the  mercury  stands  at  nearly  the  same 
level  outside  and  inside.  The  lip  of  the  cup  down  to  the 
mercury  on  both  sides  is  to  be  cleaned  and  coated  with 
paraffin,  as  before,  to  prevent  leakage  across  the  surface. 
A  thin  wire  connected  with  the  insulated  plate  of  the 
condenser  is  made  to  dip  into  the  mercury  in  the  cup, 
and  a  similar  wire  connected  with  the  other  plate  of  the 
condenser  dips  into  the  mercury  in  the  outer  vessel. 
Strong  sulphuric  acid  may,  on  account  of  its  drying 
properties,  be  used  with  advantage  instead  of  mercurv' 
as  here  described,  when  the  substance  is  not  porous  and 
is  not  attacked  by  the  acid. 

In  every  case  in  which,  as  in  these,  the  insulating 
substance  and  the  conductors  making  contact  with  it 
form  a  condenser  of  unknown  capacity,  the  condenser 
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Vvsed  in  the  experiment  must  be  arranged  to  have  a 
pitftpacitj  so  great  tiiat  the  unknown  capacity  thua  added  i 
to  it,  together  with  the  capacity  of  the  electrometer, 
may  be  neglected  in  the  calculations. 

The  condenser,  if  it  has  been  disconnected,  is  again 
connected  as  before  to  the  electrometer.  One  electrode 
of  a  battery  of  from  six  to  ten  small  DanifU's  celLs  in 
good  order,  is  also  connected  with  the  electrometer 
36,  and  the  other  electrode  is  brought  for  a  short  time, 
thirty  seconds  say,  or  one  minute,  into  contact  with  the 
kinsulated  plate  of  the  condenser  at  any  convenient 
wint,  such  for  example  as  the  electrode  of  the  electro- 
Beter  connected  with  the  insulated  pair  of  quadrants. 
JThe  battery  electrode  is  then  removed,  and  the  condenser 
j^nd  electrometer  left  to  themselves. 

The  condenser  has  thus  been  charged  to  the  potential 
of  the  battery,  which  will  be  indicated  by  the  reading  on 
the  electrometer  scale  at  the  instant  when  the  battery  is 
removed.  The  deflection  of  the  electrometer  needle 
^■will  now  fall,  more  or  less  slowly  according  to  the  insu- 
lation resistance  of  the  condenser  with  its  plates  con- 
nected by  the  material  being  tested.  Readings  of  the 
wsition  of  the  spot  of  light  on  the  electrometer  scale 
s  taken  at  equal  intervals  of  time,  and  recorded,  and 
9  is  continued  until  the  condenser  has  lost  a  consider- 
iible  portion,  say  half,  of  its  potentiaL 
,  The  resistance  of  the  insulating  material  is  easily  Tl 
■Iculated  from  the  results  in  the  following  manner,    y 

V  be  the  difference   of    potentials    between    the 
■dates  of  the  condenser  at  any  instant,  Q  the  charge  of 
:  that  instant,  which  may  be  taken  as 
D  D   2 
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Theory  of  proportional  to  the  deflection  on  the  electrometer  scale, 
Method  and  C  its  capacity  (p.  46).  We  have  Q^  CV^  and 
therefore  dQjdt  =  Cd  V/dt .  But  -  dQ/dt  is  the  rate  of 
lo88  of  charge,  that  is,  the  current  flowing  from  one  plate 
to  the  other,  and  this  is  plainly  equal  by  Ohm's  law  to 
VIE.    Hence  -  dQ/dt  =  V/B,  and  therefore 


Integrating  we  get, 


t 


logr-r^  =  ^,      ....     (65) 


where  -4  is  a  constant.  If  V  be  the  potential  diflFer- 
ence  t  seconds  after  it  was  V^y  we  get  by  putting  ^  =  0 
in  (65)  A  =  log  Fj,.    Hence  (65)  becomes 


t        ,      V, 

=  log  It 


CB 


and 


,.-i 


log 


(66) 


If  r  =  J  r^,  we  have  B  =  t/log  h 
If  the  condenser  have  a  resistance  so  low  as  to  add 
materially  to  the  rate  of  discharge,  an  additional  experi- 

*  It  is  to  be  remembered  that  the  logarithms  to  be  here  used 
are  Naperian  logarithms.  The  Naperian  logarithm  of  any  number 
is  equal  to  the  ordinary  or  Brigg's  logarithm  multiplied  by 
2-802585. 
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ment  rauBt  be  made  id  the  aame  way  to  determine  the  Theory  of 
rTfisistance  of  the  condenser  alone,  with  ite  plates  coo-    Meth<^ 

nected  only  by  ita  own  dielectric.  Let  S^  denote  the 
[  Tcsiatanco  of  the  condenser,  determined  by  equation 
I  {66)  from  the  results  of  the  latter  experiment,  and 
[-S(  the  resistance  of  the  specimen;  by  equation  (10) 
L(p.  16)  1}R  =  1/iJ,  +  MB,,  and  therefore 


RR, 
~  X-Rt 


(67) 


If  G  has  been  obtained  in  C.G.S.  electrostatic  units 

■  of  capacity,  it  may  be  reduced  to  electromagnetic  units 

r  dividing   by  the  number  of  electrostatic  units  of 

opacity  equivalent  to  the  electromagnetic  unit,  that  is 

rCsee  Vol.  II.)  by  9  X  lO^"  nearly. 

When  an  air  condenser  is  used,  its  capacity  can  gene- 
rally be  obtained  approximately  by  calculation  from  the 
dimensions  and  area  of  the  plates,  For  example,  if 
two  parallel  plates  of  metal,  placed  at  a  distance  d 
apart,  very  small  in  comparison  with  any  dimension  of 
^cither  surface,  have  a  difference  of  potentials  V,  and 
Shere  be  no  other  conductor  or  electrified  body  near, 
:  haye  seen  above  (p.  .57)  that  the  capacity  on  a 
wrtion  of  area  A  near  the  centre  of  either  plate  is 
Ajiird.  Hence  in  the  example  below,  we  have  for  the 
Capacity  of  the  disk  of  area  A  the  value  A/i-rrd,  if  we 
^lect  the  non -uniformity  of  the  electrical  distribution 
r  the  edpe. 

'  If  C  has  been   taken   in   absolute   C.G.S.  electro- 
bagnetic  units  of  capacity  (see  Vol.  II.),  we  obtain  R 
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Theory  of  from  (66)  in  cms.  per  second,*  which  may  be  reduced 

MethoS!   ^  ohms  by  dividing  by  10*. 

When  a  condenser  such  as  one  of  those  used  in  sub- 
marine telegraph  work  is  used,  the  capacity  of  which  is 
known  in  microfarads,t  then  since  a  microfarad  is  1/10^ 
C.G.S.  electromagnetic  units  of  capacity,  we  have  for  JS 
in  ohms  the  formulii 

J?  =  10%-,-^ (68) 

E^ami^e       ^^^  following  are  results  actually  obtained  in  tests  ct 
of        a  specimen  of  insulating  material  made  in  the  form  of 

MethoVi  ft^  ordinary  telegraph  insulator.  An  air  condenser  con- 
sisting of  two  horizontal  brass  disks,  the  distance  of 
which  apart  could  be  regulated  by  means  of  a  micro- 
meter screw,  was  joined  with  the  insulator  made  into 
a  small  condenser  with  mercury  inside  and  outside, 
as  described  above.  The  lower  disk  was  of  considerably 
greater  diameter  than  the  upper,  which  had  a  diameter 
of  12*54  cms.,  and  the  distance  between  them  was  ad- 
justed to  be  1  cm.  The  upper  disk  was  connected  to 
the  insulated  pair  of  quadrants,  and  the  lower  to  the 
electrometer  case.  Calling  A  the  area  of  the  npper 
plate,  and  d  the  distance  between  them,  we  have, 
neglecting  the  effect  of  the  edges  of  the  upper  disk,  for 
the  capacity  of  this  condenser  the  value  Aj4rrrd  in 
C.G.S.  electrostatic  units.  Hence  in  the  actual  case 
C=  9*828.      The   interior  surface    of   the    insulator 

*  In  the  electromagnetic  system  of  units  a  resistance  has   the 
dimensions  of  velocity.     See  Vol.  II. 
t  See  VoL  II.,  also  the  XoU  in  the  Appendix  to  the  present  rolnma. 
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^^Byered  by  the  mercury  waa  so  small,  and  the  thickness  PrMtii 
^Hf  the  material  so  great,  that,  even  allowing  the  material  ~ 
Hvo  have  a  high  specific  inductive  capacity,  the  capacity 
H^  the  condenser  which  it  formed  was  small  in  com- 
^  pariaou  with  that  of  the  air  condenser.  The  experiment 
gave,  when  the  condenser  and  insulator  were  joined  as 
described,    V„  =  251,    F,  =  100.   (  =  5040   seconds! 


(  2303  X  Io< 


'ino 


1  seconds  per  centimetre  (C.G.S.  electrostatic  units  of 
wstance).     As  the  condenser  was  not  insulating  per- 
fectly, a  separate  test  was  made  for  it  alone,  with  the 
resulta  To  -  239,  V,  =  182,  (  =  6120.     Hence 

M. ?!?» ^,  =  2m, 

9-828  X  2303  x  log.  =^ 
and  therefore  by  (67) 
Jl,> 


228C 


2286 
-023' 


in  seconds  |)er  centimetre. 

Multiplying  this  result  by  9  x  10"  (the  approsimato  m. 
value  of  v",  see  Vol  11.),  to  reduce  to  electromagnetic  ^^  a^ttery 
units,  we  get  for  the  resistance  of  the  insulator  7712  x     Rssisi- 
10"  cms.  per  second,  or  771  x  10'^  ohms.  """*' 

The  determination  of  the  resistance  of  an  electrolytic  R™UtMn;i.- 
liquid  IB  attendod  with  serious  difficulty  in  continence  Kieotro- 
of  the  polarixntmi  in  general  produced  at  the  surfaces     lytM^ 


I 


408  COMPARISON  OF  BESISTANOES. 

Resistance  of  electrodes  in  contact  with  them.  This  polarizaticm 
Electro-  involves  in  certain  cases  what  has  been  called  a  transi- 
lytcs.  ^Jqjj  resistance  at  the  separating  surfaces  produced  by 
the  presence  of  the  ions  or  of  air,  or  of  both,  at  these 
surfaces,  and  an  alteration  of  the  resistance  of  part  of 
the  liquid  column  due  to  change  in  the  condition  of  the 
liquid  near  the  electrodes.  Further  it  involves  an 
electromotive  force  opposed  to  that  producing  the 
current,  which  must  be  taken  account  of  in  most  of 
the  ordinary  methods  of  comparing  resistances,  and 
this  cannot  in  general  be  done  with  accuracy.  For 
example,  if  F  be  the  difference  of  potentials  between  a 
pair  of  electrodes  in  contact  with  an  electrolyte,  7  the 
current  through  the  electrol}^e,  and  E  the  electromotive 
force  of  polarization,  we  have 

r  =  7^  +  2'. (69) 

Thus  we  cannot  find  R  (which  after  all  might  not  be 
the  true  rosi stance  of  the  electrolyte^  bv  finding:  F 
and  7  alone :  we  must  find  also  E.  But  the  value  of  J? 
dojxnuls  to  a  certain  extent  on  the  value  of  7.  and  on  a 
variotv  ot  other  oircumstanoes,  such  as  the  size  and 
natun.^  of  the  electrodes,  which  render  the  determination 
of  R  bv  any  prvvoss  of  this  kind  exceediugly  di£oult. 
IV^AT-.-i  Xhe  eUvtromotive  forvv  of  polarisation  consists  in  a 
Odir\4V:;v.  finite  viiiTereiice  of  potentials  at  oaoh  eleoti»ie.  This 
o:uis<^5  the  el-jvrrxie  to  ao:  as  the  plate  of  a  condenser, 
of  which  the  capaoity  may  be  c-alle-A  the  p>lari2ation 
cai>ac:tv  of  the  electnxie.  This  is  considerible  even  for 
an  eUctrvvio  of  verv  siuaI:  s-^irface,  on  acount  of  the 


V-  tliinness  of 
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a  of  the  stratum  at  the  surface  within  which  the 
difference  of  potentials  exists. 

The  disturbance  from  polarization  is  however  small  Hon-po!n- 
when  the  liquid  is  a  solution  of  a  metallic  salt,  and  the  ei^^^JJ.;^. 
electrodes  are  composed  of  the  metal  in  question.  The 
resistance  can  then  be  determined  with  fair  accuracy 
by  the  Wheatatone's  Bridge,  or  other  ordinary  method 
which  may  be  applicable,  if  precautions  are  taken  to 
eliminate  any  tranaition  resistance  which  there  may  be 
at  the  plates.  It  has  been  found  that  electrodes  of 
ordinary  zinc  amalgamated  with  mercury  produce  no  elec- 
tromotive force  of  polarization  when  placed  in  contact 
with  sulphate  of  copper  and  zinc  solution.  This  fact 
has  been  made  use  of  by  Beetz,*  Paalzow.t  and  others 
for  the  determination  of  the  resistance  of  zinc  sulphate 
solutions  of  various  strengths.  In  the  experiments  of 
Beetz  which  were  made  with  great  care,  the  liquid  was 
boiled  with  the  electrodes  in  position  to  expel  air  from 
the  plates  and  so  prevent  transitional  resistance. 

Paalzow  also  determined  the  resistances  of  solutions  of  Pnalznw'B 
Bother  salts  by  placing  the  liquid  to  be  experimented  on     j^tel 
lin  tubes  communicating  at  their  extremities  with  porous 
■clay  cylinders  filled  with  the  same  liquid  and  standing 
wide   glass    vessels    containing   amalgamated    zinc 
lectrodes  of  large  surface  immersed  in  zinc  sulphate 
idution.     The  polarization  lit  the  junctions  of  the  two 
[uids  was  slight,  and,  with  the  resistance  of  the  porous 
qflinders,  was  eliminated  by  observations  with  columns 
Et)f  different  lengths. 

?,  Jnn.  eivii.  (1S62),  p.  1. 
.  ctJtxvU.  (1868),  p.  489. 
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RESIBTANCE8  OF  ELECTROLYTES. 

I  Any  two  expei'imc-Dta.  la  WiudemtiDn's  DsperimeDts 
lithe  electrodes  were  silver  for  silver  solutions,  copper  for 
I'eopper  aolutioQB,  and  platinum  in  other  cases. 

A  method  preferable  to  any  of  these  consists  in  an  ^ 

Bj^plication  of  the  potential  method  deacribed  above 

W.toi  the   measuretncDt   of   wire   resistance.     Contact  is  ^ 

I  Blade  by  means  of  platinum  electrodes  at  two  crosa- 

l-flectiona  of  the   liquid  column  at  a  definite   distance 

l.»part,  while  a  steady  current  is  kept  flowing  along  the 

Efiolumn.     The  difference  of   potentials  between  these 

tslectrodes  is  measured  by  means  of  a  suitable  electro- 

Eoeter,  and  compared  with  llmt  between  two  points  in  a 

of   known   resistance  through   which   the    snme 

current  is  flowing.     The  effect   of   any  electromotive 

force  independent  of  the  current  may  he  eliminated 

by  taking  the  observations  for  both  directions  of  the 

f Trent. 
It  is  here  necessary  that  the  capacity  of  the  part 
the  electrometer  charged  by  the  contact  be  small  in 
niparison  with  the  polarization  capacity  {p.  408 above) 
the  electrodes,  otherwise  the  chaining  current  would 
vo  a.  sensible  polarization  effect  at  the  electrodes. 
The  capacity  of  the  quadrants  of  a  quad  rant- electro- 
meter is  sufficiently  small  to  avoid  any  serious  error 
from  this  cause  with  electrodes  of  ordinary  platinum 
wire. 

Since  the  value  of  the  electromotive  force  of  polariza- 
tion is  small  when  the  value  of  the  current  is  small  it 
ni  possible  to  use  a  high  resistance  galvanometer  instead 
an  electrometer  in  this  method.     It  is  necessary 
towever  to  have  the  current  exceedingly  small ;  and 
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BATTERY-BESISTAKCE. 

■^  potentials  by  means  of  a  quadrant  electrometer  or  a    Battery- 
potential  galvanometer.     If  we  call  ttiii  difference  of  ^^ 
potentials  V,  and  the  electromotive  force  of  the  battery 
when  on  open  circuit  £,  then  putting  E  for  the  external 
jieflistance  we  may  write 


(70) 


pi 


^Hrliere  r  is  a  quantity  the  definition  of  which  is  simply 
that  it  satisfies  this  equation.  If  the  battery  had  the 
same  electromotive  force  £,  when  generating  the  current 
C,  as  when  on  open  circuit,  then  r  would  be  the  effective 
resistance  of  the  battery ;  but,  although  this  is  not  the 
j  case,  we  may  without  being  led  into  error  still  speak  of 
Mt  as  the  resistance  of  the  battery  for  the  current  y.  In 
fact,  the  value  of  r,  thus  found  for  a  particular  value  of 
E,  does  actually  enable  us  to  calculate  from  the  known 
electromotive  force  for  open  circuit,  with  a  moderate 
degree  of  approximation  in  the  case  of  a  constant 
battery,  and  also,  but  less  surely,  in  the  case  of  a 
secondary  battery,  what  available  difference  of  potentials 
will  exist  between  the  terniinaJs  of  the  battery  when 
connected  by  other  and  somewhat  widely  differing 
values  of  E,  and  therefore  also  to  find  what  arrange- 
^Haoent  of  a  battery  it  will  be  best  to  adopt  in  any  given 
^^Kiixcumstances.  So  far  as  this  practical  result  is  con- 
^Hcerned,  the  numerous  methods  which  have  been  devised 
for  the  determination  of  the  resistance  of  a  batt«ry 
before  any  sensible  polarization  (which  requires  time  to 
^evelop)  has  been  set  up  ore,  though  interesting  in 


BATTEBY-BESISTANCE. 


re,  constructed  as  described  in  p,  367.  should  be  used  ^^ 
r  the  resistance  connecting  the  terminals,  and  if  the 
[current  passing  through  it  be  considerable  its  resistance 
I  should   be   determined   when   the   current   is  flowing. 
This  may  be  done  by  including  in  its  circuit  a  current- 
galvanometer,  and  determining  the  current  7  through 
the  wire  in  amperes,"  when  Fis  read  off  in  volts  *  on  the 
^Vpotential  instrument.     The  resistance  of  the  wire  with 
^Jbiat  of  the  current-galvanometer  is  in  ohms  Vjf,  and 
^Bbis  is  to  be  used  as  the  value  of  R  in  equation  (72). 
^H    If  a  galvanometer  of  high  resistance  he  not  available, 
^Hm  approximate  test  can  be  made  by  means  of  a  sensitive 
^^^Ivanonieter  of  low  resistance.     The  batt<?ry  and  gal- 
vanometfir  are  joined  in  series  with  a  resistance  R,  and 
again  with  a  resistance  R'.     Let  D  and  D'  be  the  de- 
flections, which  must  have  a  difference  comparable  with 
eillier.     Then,  supposing  E  and  ?•  to  be  the  same  in 
both  cases,  and  putting  G  for  the  resistance  of  the 
galvanometer  we  have 


f  where  m  is  a  eonstaiif. 
Therefore  we  6nd 


D-m 


«  +G+T 


(73) 


D'R  -Dn      „ 

\  Mance  has  shown  how  to  determine  the  resistance  of 

f  battery   by   means   of    Wbeatstonc's   Bridge.     The 

f  is  placed  in  the  position  £D  of  Fig.  70  above. 

i  a  key  is  connected  between  B  and  C.     The  resist- 

.,  iiLao  lli«  A'olc  in  ttio  Ajipendii:  (0  tlii:  present  volune. 
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ances  r,,  t^  r,  ore  aiijosted  aotil  the  depreanoD  a 
key  produces  no  alteiatioa  in  the  galTsnooietar  I 
flection.  The  galvanometer  and  the  key,  with  AoT 
respective  connecting  wires,  are  then  cnnjagftCe  «»- 
dnctors  (p.  159  above) ;  and  it  a  easy  to  afaow  tliat  tbe 
resistance  of  the  battery  is  then  r^^r,.  The  needle  ot 
the  galvanomet«r  is  kept  nearly  at  zero  by  means  of  a 
small  magnet  dnriDg  the  adjostment  of  the  resistaDcei, 
so  that  it  is  as  sensitiye  as  possible  to  any  aheratian  of 
current  produced  by  depressing  the  key. 

This  method  id  so  tronbtesome  as  to  be  practkally 
useless,  chiefly  on  account  of  the  variatton  <d  the 
effective  electromotive  force  of  the  cetl  prodaced  by 
alteration  of  the  current  through  the  cell  which  takes 
place  when  the  key  is  depressed.  Prof.  O.  J.  Lot^e* 
has  discussed  the  method,  and  shown  how  tt  may  be 
improved  by  inserting  a  condenser  in  series  with  ibib 
galvanomet«r  between  C  and  D.  Still  it  is  inconveoieiit 
and  gives  no  information  which  may  not  be  obtained 
more  easily  in  another  way,  and  ne  shall  therefore  not 
enter  into  further  detail  ret;arding  it. 

Sir  William  Thomson  f  has  however  shown  bow  the 
same  mode  of  operating  may  be  made  to  give  the 
resistance  of  a  galvanometer  when  there  is  no  other 
galvanometer  available.  The  arrangement  of  Fig.  70 
is  varied  by  placing  the  galvanometer  in  the  position 
BD  of  Fig.  70,  and  a  key  in  the  position  there  shown  as 
occupied  by  the  galvanometer.  The  deflection  of  the 
galvanometer  produced  by  depressing  the  battery  key  ts 
•  n$LS 
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meter. 


nearly  annulled  by  means  of  a  magnet,  and  the  resist-  '^°™^'^ 
ances  Vi,  r^,  r^  are  adjusted  until  no  alteration  of  the     for  the 
galvanometer  deflection  takes  place  when  the  key  in  ^si«^»>ice 
GJD  is  depressed.    When  this  is  the  case  C  and  D  are  at  Galvano- 
the  same  potential,  since  the  addition  of  the  conductor 
CD  does  not  disturb  the  current  distribution  in  the 
network ;   and   we   have  for  the  resistance  r^  of  the 
galvanometer 
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CHA1*TER  VIII. 

COMPARISON  OF  CAPACITIES  AND  MEASUREMENT  OF 
SPECIFIC  INDUCTIVE  CAPACITY. 

Section  I. 
COMPARISON  OF  CAPACITIES. 

Measure-        TiiE  determination  of  the  electrostatic  capacity  of  a 
Elcc\ro-^   condenser  is  effected  by  a  process  in  which  its  charge  at 
Htatio      a  given  potential  is  compared  with  that  required  to 
"P*^*^!  }•   eharge  a  standard  condenser  to   the   same    potential. 
Tlie  standard  condenser  is  generally  one  of  which  the 
capacity  can  be  found  by  calculation  from  the  dimen- 
sions and  arrangement  of  the  instrument,  or  which  has 
been  itself  compared  with  such  a  condenser. 
Diilrnnt        There  arc  three  forms  of  standard   condenser,  the 

KiiniiH  r»j    (.apjicity  of  which  can  be  determined  with  accuracy  bv 
SUmliml  ,  ^        p  ,  .     ,  m,     ' 

(%,ii       c:il(!ulat,i()n  from  the  geometrical  arrangement.     There 

1 .  Sj)herical  Condensers. 

2.  (hiartl-ring  Condensers. 
.S.  (Cylindrical  Condensers. 

I''nm.i.i.v'«       'p|„i  HimplcHt  form  of  spherical  condenser  consists  of 

r«iim  III  I       ■      I  1        .  v.**».o*w  V 

H|iliiii<iil   two  Hphorifiil  cnnduotmg  surfaces  concentric  with  one 
./imwi.    '"»"^ •»*'•' '""'  "«'Pi"»iUhI  by  a  dielectric.   Such  a  condenser 


FARADAY'S  SPHERICAL  CONDENSER. 

was  useJ  by  Faraday  in  his  experiments  on  Specific  ^^"^ 
Inductive  Capacity,  and  ia  shown  in  Fig,  86.    An  outer  p  ■ 
brass  shell  B  is  supported  on  a  base-piece  as  shown  in 
the  figure,  and  is  fitted  above  with  a  tubulure  r,  filled 
by  a  long  plug  of  shellac  b.     The  internal  brass  ball  A 
is  supported  in  a  position  concentric  with  the  outer 


sliell  by  a  thin  stem  passing  up  through  the  shellac 
plug  and  terminating  in  a  knob  «,  The  support  below 
is  perforated  so  as  to  form  a  tube  by  which  the  sjjace 
between  the  spheres  can  be  filled  with  dry  air  or  any 
gas.     A  stopcock  r  enables  Ihia  passage  to  be  closed. 
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This  condenser  was  not  used  by  Faraday  for  the 

measurement  of  capacities  in  absolute  measure,  but  two 

of  them  were  employed  in  the  manner  described  at 

p.  452  below  for  the  determination  of  specific  inductive 

ThomBon's  capacities.     An  absolute  condenser  on  this  principle 

Spherical  ^^  however  been  constructed  by  Sir  William  Thomson, 

Con-      and  is  shown  in  section  in  Fig.  87.     The  radius  of  the 

internal  sphere  was  4*511  centimetres,  of  the  inner  sur* 


Fig.  S:. 


face  of  the  external  shell  5  "857  centimetres.  The  inner 
shell  was  supportei.1  in  its  place  by  three  pieces  of 
\nilcanite,  of  which  one  is  shown  in  the  figure,  and 
commuuicatiou  was  made  with  the  interior  con- 
ductor by  a  ^"ire  passing  through  the  centre  of  a 
cianilar  orifice  cut  in  the  outer  shell  C^aJoulating 
the  capacity  of  this  condenser  by  oo'  Chap.  L  above 
we  c^t  k  =  63264  centimetres*    It  was  found  however 


GUARD-RING  CONDENSER 
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that  '255  centimetre  had  to  be  added  to  this  number  to 
correct  for  the  eflfect  of  the  support  and  the  conducting 
wire.  It  is  difficult  to  make  the  surfaces  of  such  a 
condenser  truly  spherical,  and  to  fix  them  so  accurately 
in  their  places  as  to  enable  the  capacity  to  be  calculated 
with  sufficient  exactness,  and  comparisons  of  this  con 
denser  with  others  showed  that  this  value  of  the 
capacity  was  probably  too  low.  A  preferable  condenser  Thomson's 
is  therefore  Sir  WiUiam  Thomson's  guard-ring  form  of 


Gaard- 
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the  parallel  plate  condenser.  This  is  shown  diagram- 
matically  in  section  in  Fig.  88.  (An  actual  instrument 
constructed  by  Dr.  J.  Hopkinson  is  shown  in  Figs.  101, 
102  below.)  The  guard-ring  J?  forms  as  it  were  part 
of  a  cylindrical  metal  box  nearly  closed  by  the  disc  D 
which  the  ring  surrounds.  This  box  and  disc  are  sup- 
ported  on  a  glass  stem  well  covered  with  clean  shellac, 
and  a  separate  glass  stem  within  the  box  insulates  the 
disc  D  from  the  ring.    A  wire  passing  through  a  hole 
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Tlwrnson's  in  the  cylindrical  wall  of  the  box  makes  contact  with 

ring  Con-  the  electrode  of  the  disc.  The  other  plate  of  tli6 
denser,  condenser  is  formed  by  the  large  disc  P  above.  Thii 
plate  is  carried  by  a  glass  stem  mounted  in  a  socket  al 
the  extremity  of  a  fine  screw  working  in  a  fixed  nut 
above.  By  turning  the  micrometer  head  of  this  screw, 
the  distance  of  P  from  the  opposite  disc  can  be  alteied 
by  any  required  amount.  The  condenser  and  its  sup* 
porting  framework  are  mounted  on  an  iron  sole- 
plate,  round  which  is  cut  a  circular  groove  to  receive 
a  protecting  glass  cover;  and  to  enable  a  dry  atmo- 
sphere to  be  maintained  about  the  insulating  stem8» 
fragments  of  pumice  moistened  with  strong  sulphuric 
acid  are  contained  in  a  lead  tray  placed  on  the 
sole-plate. 

Mode  of        The  manner  of  using  the  condenser  is  as  follows : 
GuaA-    The  guard-ring  and  disc  are  connected  together  and 

ring  Con-  charged  to  the  potential  required,  while  the  opposite 
plate  is  kept  at  zero  potential.  The  disc  is  next  dis- 
connected from  the  guard-ring,  which  is  then  brought 
also  to  zero  potential.  The  charge  which  was  formerly 
on  the  disc  remains  upon  it,  and  since  the  distribution 
was  very  nearly  uniform  the  capacity  can  be  calculated, 
and  therefore  the  charge  on  the  disc,  from  the  previously 
existing  potential.  The  effective  area  of  the  disc  may 
be  taken  as  the  arithmetic  mean  of  the  actual  area 
of  the  disc  and  that  of  the  opening  in  the  guard- 
ring.  If  S  be  this  mean  area  we  have  by  (61),  p.  57 
above, 

c-   ^ 
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and  therefore  for  the  charge  Q  upon  the  disc  when  the 
conJenser  is  chained  to  potential  V 


I 


A  cylindrical  condenser  of  variable  capacity  has  also  '^g^™?^'* 
been  invented  by  Sir  William  Thomson,  and  used  by  cjlindri- 
Ifessrs.  Gibson  and  Barclay  in  their  determinations  of  ■Jgn^SS* 
the   specific   inductive   capacity   of  paraffin   described 


Flo.  BO. 


Fto.  91. 


bolow.  The  instrument  is  represented  in  longitudinal 
section  in  Fig.  89,  and  in  cross-aection  through  0  and 
A  in  Figs.  90  and  91.  The  essential  parts  are  two 
circular  cylinders  of  brass  aa-,  Ih  of  the  same  diameter, 
supported,  with  their  axes  in  line  and  a  gap  between 
their  adjacent  ends,  on  vulcanite  pieces  cc,  dd,  attached 
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Thomson's  to  a  sole-plate  M.  The  lengths  of  these  cylinders  were 
Cylindri-  26*58  centimetres  and  35'3  centimetres  respectively,  and 
*deiwer  ^^^^  common  diameter  4*9674  centimetres.  These 
dimensions  were  determined  by  a  measurement  of  the 
volume  of  water  contained  by  the  tubes  and  an  accurate 
determination  of  their  lengths.  A  third  brass  cylinder  ee 
was  supported  coaxially  within  the  other  two,  on  four 
vulcanite  feet  near  one  end  resting  on  the  inner  surface 
of  the  outer  cylinder.  The  length  of  this  cylinder  was 
36*6  centimetres,  and  its  diameter  (found  by  winding 
fine  wire  round  the  cylinder,  measuring  the  length  of  a 
certain  number  of  turns,  and  allowing  for  the  thickness 
of  wire  and  the  spiral  arrangement)  was  2*303  centi- 
metres. This  last  cylinder  is  loaded  so  as  to  rest  stably 
on  its  supports,  and  can  be  slided  backwards  or  forwards 
in  the  direction  of  its  length  so  as  to  alter  the  relative 
lengths  of  it  enclosed  within  the  two  tubes  aa,  bb.  A 
vertical  arm  g  projects  upwards  through  a  slot  cut  in 
the  tube  bb,  and  carries  an  index  which  moves  along  a 
graduated  scale  kk.  This  scale  was  graduated  into 
360  divisions,  each  1/40  inch  or  '0635  centimeti*e 
nearly. 

A  cylinder  of  metal  II  fastened  to  the  base  of  the 
instrument  surrounds  the  other  tube  aa,  to  protect  it 
from  external  influence,  and  the  whole  is  enclosed 
within  an  outer  case  mm. 

In  the  use  of  the  instrument  the  tube  bb,  the  internal 
cylinder  ee^  and  the  outer  cylinders  II,  mm  were  connected 
to  earth,  while  aa  was  insulated  and  charged.  The 
theory  of  the  instrument  is  given  at  p.  61  above. 
According  as  the  capacity  of  the  condenser  was  to  be 
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[_  increased  or  diminished,  ec  was  slided  towards  the  left 
•  right,  and  the  amount  of  change  of  capacity  was 
fiven  by  using  the  displacement  /,  measured  on  the 
e  kk,  in  the  formula 


CyUu.lii. 
cal  CoQ- 


c-j 


( 


(1) 


firhere  /=  24837,  r  =  11515.  The  capacity  when  I  =  one 

)  division  =  "0635  centimetre,  was  therefore  "0413 

Sen  time  tre. 

This  instrument  has  been  modified  so  as  to  give  it 

■  ■greater  range  by  adopting  the  arrangement  shown  in 

I  Fig.  92.     Here  both  et-  and  U,  {b  and  c  of  the  figure)  are 

novable,  so  as  to  alter  the  capacity  of  aa. 


■^^ 


^ 


\ 


Except  when  the  dielectric  is  a  gas,  the  phei 
of  chaise  and  di-i^charge  are  complicated,  and  the 
results  of  experimental  comparisons  of  the  capacities 
of  condensers  more  or  leas  affected,  by  what  ia  generally 
called  Ekclrir,  AhsarpCion.  If  a  condenser  Jiaving 
ft  solid  or  hquid  dielectric  be  charged  by  applying  a 
battery  for  a  time  sufficient  to  give  a  uniform  potential 
throughout  the  charged  plate  of  the  condenser 
and  then  be  left  to  itself,  its  potential  will  be  found 
B  lapse  of  a  short,  time  to' have  considerably 


GCtllB^I 
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diminished.  This  diminutioii  of  potential  is  oil; 
partly  due  to  conJDction  through  the  dielectric  or 
to  want  of  proper  insulation.  Part  of  it  is  due  to  a 
change  produced  in  the  dielectric  medium  when  the 
condenser  is  charged,  which  requires  time  to  bring 
it  about,  and  ia  called  electric  absorption  from  the 
original  idea  that  it  was  caused  by  the  penetration  of 
part  of  the  electric  charge  into  the  substance  of  the 
dielectric.  A  further  charge  is  necessary  to  restore  the 
former  potential,  and  if  this  be  given  by  a  second  short 
application  of  the  original  charging  battery,  a  second 
fall  of  potential  not  so  great  as  the  first  will  be  produced 
from  this  cause,  and  so  on  for  a  third,  fourth,  fifth.  &c^ 
short  application.  Thus  if  the  condenser  be  charged 
by  a  toDg-coDtinued  application  of  the  battery,  it  will 
take  a  considerably  greater  charge  than  if  the  same 
potential  had  been  produced  by  an  instantaneous  or 
short-continued  application.  Similar  results  are  ob- 
tained when  a  condenser  is  discharged.  If  it  has  been 
charged  by  a  long  contact  with  the  charging  battery,  or 
has  been  left  to  itself  for  some  time  after  chaise  by  a 
short  contact,  and  is  then  discharged  by  a  short  con- 
tact, it  will  be  found  immediately  after  to  be  at  zeru 
potential,  but  after  some  tittle  time  it  will  be  fouod 
again  to  have  acquired  a  potential  of  the  same  sign  as 
before,  and  can  be  again  discharged.  In  this  way  three 
or  four  or  more  discharges  can  be  obtained  before  its 
plates  are  permanently  reduced  to  zero  potential.  These 
discharges  after  the  first  constitute  what  is  called  the 
residual  charge  of  the  condenser. 

The  phenomena  of  residual  charge  have  been  a  go^^ 


I" 

^Hbden]   investigated 


I 
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investigated   of   lale   years.      Kohlrausch*   first    Rsaidnul 
pointed  out  the  dose  connection  between  the  pheno-  — 

mena  of  residual  charge  and  the  slow  working  out  of 
subpermanent  strain  shown  by  many  elastic  substances, 
and  called  by  Oermau  physicists  Ulastische  Narh- 
wirhi7hff,\  It  has  been  found  for  example  by  Dr. 
Hopkinson  that  if  a  Leyden  jar  be  charged  positively 
by  an  application  of  a  battery  continued  for  a  long 
■tinie,  say  a  week,  then  negatively  for  a  shorter  time, 
aay  a  day,  then  positively  for  a  very  much  shorter  time, 
say  a  few  minutes,  the  residual  discharge  will  be  alter- 
nately positive  and  negative.  This  behaviour  is  cloaeiy 
analo.nous  to  that  of  a  wire  which  has  been  held  twisled 
for  different  intervals  in  successively  opposite  directions. 
Dr.  Hopkinson  has  also  found  that  mechanical  agitation 
if  the  dielectric  such  as  that  produced  by  tapping  the 
jar  has  a  marked  effect  in  accelerating  the  residual 


Attempts  have  been  made  with  fair  success,  notably 
by  Clerk-Maxwell,  to  account  for  electric  absorption  by 
imagining  the  dielectric  to  be  heterogeneous,  in  the 
sense  of  being  made  up  of  different  imperfectly  insu- 
lating substances,  such  that  the  ratio  of  the  specific 
Knduotivc  capacity  to  the  specific  conductivity  is  not  the 
lame  for  the  different  media. 

*  Kolilmu^Qh  )ita  Bhowii  thnt  the  iuBtnotaneous  diachnrfce  ia  indrpen- 
Sent  of  the  rpsidnil  charge,  and  thnl  for  a  given  jar  left  to  itwlf  for  a 
l^vea  tlmn  nftnr  charging,  the  residual  charge  U  jiroportion&l  to  tbe 
litiol  potential. 

t  Fogg.  Ann.  SI,  1S54.  See  also  on  thU  subject  Enf-j/f-  Brit.  Art. 
BEleolririlf,'  by  Prof.  CliiyBtal:  Ayrlon  uid  Perfj,  t'ueotUy  1/ 
^Uhetrtts,  Proc  fi-S.  18(8. 
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^NjMiiu<a  i^  might  appear  from  the  preceding  that  owing  to  the 
existence  of  electric  absorption  the  capacity  of  a  con- 
douser  is  an  indefinite  quantity,  depending  on  the  time 
of  charge  or  discharge.  This  is  not  the  case  however, 
as  it  has  been  found  by  several  experimenters  that  for 
i>rdinary  condensers,  provided  the  time  of  charge  or 
discharge  do  not  exceed  an  interval  of  a  quarter  or 
half  a  second,  the  charge  required  to  produce  a 
potential  V,  or  which  is  withdrawn  in  annulling  a 
potential  V,  are  sensibly  the  same  and  independent 
of  the  duration  of  the  contact.  This  is  called  the 
instantaneous  charge  of  the  condenser,  and  the  capacity 
of  a  condenser  is  defined  as  the  amount  of  the  instan- 
taneous charge  required  to  produce  unit  potential  at  its 
insulated  coating,  while  the  other  is  at  zero.  The 
methods  of  comparing  capacities  described  below  will 
not  therefore  (except  in  the  case  of  cables  which 
require  a  sensible  time  to  acquire  throughout  the  same 
potential)  involve  any  ambiguity. 

In  the  investigation  of  the  specific  inductive  capacity 
of  paraffin  referred  to  above,  the  capacities  of  two  con- 
densers were  compared  by  an  instrument  invented  by 

Thomson's  Sir  William  Thomson,  and  called  by  him  a  platymeter. 
mote'r!  "^^^^  instrument  is  represented  in  Fig.  93.  A  brass 
cylinder  cc,  22*94  centimetres  long,  and  51  centimetres 
in  diameter,  is  supported  by  vulcanite  pieces  dd,  and 
coaxial  with  it  are  placed  in  symmetrical  positions,  and 
insulatod  by  the  vulcanite  supports  ce,  two  equal  shorter 
cylimlors  of  thin  brass,  each  7*68  centimetres  in  length 
and  8*6  centimetres  in  diameter.  p,p'  thus  form  corre- 
sponding plates  of  two  nearly  equal  cylindrical  con- 
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msors,  of  which  the  opposite  plates  are  furaishod  by 
^e  cylinder  cc.  The  whole  is  enclosed  within  a  metal 
m,  through  which  paES  insulated  by  plugs  of 
u-affin  the  electrodes  ^j  of  p,  p',  and  the  electrode  n 

The  plafrymeter  waa  used  with  the  sliding  condenser  Compari- 

1  the  following  manner  for  the  determination  of  the  ^™''.?f 
°  LajiBcities. 

apacities  of  other  condensers.  The  cyUnder  aa  of  the  i.  Method 
Ktilicling  condenser  was  connected  to  p',  the  insulated  ^et«r5' 
■jtlatc  of  the  condenser  to  be  measured  to  p,  and  the 
rother  plate  and  cylinders  bb,  cc  to  the  case  of  a  quadrant 


lectrometer  arranged  for  heterostatic  use.  The  inner 
^linder  cc  of  the  platymeter  was  connected  to  the 
electrode  of  the  insulated  pair  of  quadrants.  We  shall 
denote  the  condenser  to  he  measured  and  the  sliding 
condenser  by  A  and  B,  their  respective  capacities  by 
p,  C,  and  the  nearly  equal  capacities  ofp.p'  respectively 
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Coinimri    hv  r»  t\    Now  suppose  a  positive  charge  given  to  A,  and 
('ii|i"iU»w.  ♦'l^^^  t^lecirodes  of  the  electrometer  connected  for  an 

1.  MmUihI  )||{(t4Uit  to  re<luce  the  potential  of  the  cylinder  cc  to  zero, 
by  iMnly* 
motor,     luul  j'  and  p^  then  connected  so  as  to  share  the  charge 

on  A  and  p  with  j5  and  p'.    Assuming  the  action  be- 

twiion  p  and  cc  to  be  equal  to  that  between  p'  and  ce, 

that  is,  the  two  sides  of  the  platymeter  to  be  precisely 

oqual,  it  is  plain  that  the  resulting  potential  of  cc  must 

bo  jwsitive,  zero,  or  negative  according  as  the  capacity 

f  +  c  is  greater  than,  equal  to,  or  less  than  (7  +  c.     It 

is  plain  also  that,  under    the    same  conditions,    the 

.   potential  of  cc  must  be  negative,  zero,  or  positive  when 

7/  ia  the  positively  charged  conductor,  or  positive,  zero, 

or  lu^gative,  if  i?  be  negatively  charged.     In  Gibson 

and  Barclay's  experiments  one  conductor  was  positively, 

the  other  negatively  charged,  as  this  gave  more  marked 

eflects   without   increased   risk   of   breaking   down   of 

insulation. 

The  capacity  of  the  sliding  condenser  was  adjusted 

80  that  when  A  was  connected  to  p'  no  alteration  in  the 

potential  of  ce  was  produced  by  putting  pp'  in  contact 

after  charging.     On  the  assumption  that  c  =  c',  this 

gave  C  =  (7. 

ComjMiri-       It   was  found   however  that  when  A  and  £  were 

ST    iiU^°  interchanged  without  alteration  of  their  capacities  the 

by       connection  of  p  with  p   disturbed  the  potential  of  cc. 

"jjj^^y^.^    The  two  sides  of  the  platymeter  were  therefore  not 

meter,     exactly  equal.     But  in  order  that  the  potential  of  cc 

should  be  unaltered  after  the  two  condensers  are  put 

into  contact,  it  is  only  necessary  that  their  capacities 

should  be  adjusted  so  as  to  be  in  the  ratio  of  the 
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I  capacities  of  the  sides  of  the  platymeter  with  which 
they  are  respectively  in  contact.  The  capacity  of  the 
sliding  condenser  in  tlie  interchanged  arrangement  waa 
therefore  altered  until  the  eflect  of  making  contact  was 
rendered  zero.  Calling  the  new  capacity  C^,,  we  have 
■  the  two  equations 


Capacitipa 

by 

Imperfect 

Platy. 


c  =  -J  a  v\ 


I 


Aa  an  example  we  may  take  the  measurement  of  the  i 
BcBpacity  of  the  sliding  condenser  when  the  index  was 
Kftt  a  given  position  of  the  scale.     This  was  done  by 
I 'Comparing  it  with  the  spherical  condenser  already  de- 
*8oribed.     The  sliding  condenser  was  adjusted  so  that 
when  connected  to  tlje  side  p  of  the  platymeter,  and 
the  spherical  condenser  to  f',  the  potential  of  cc  remained 
unchanged  when  after  the  system  was  charged  as  de- 
scribed,^ andy  were  put  into  contact.    The  reading  on 
the  scale  of  the  sliding  condenser  was  then  211.     The 
condensers  were  then  interchanged  and  the  same  opera- 
tions repeated,  and  the  reading  183  was  obtained  on  the 
sliding  condenser,     A  second  pair  of  experiments  gave 
211  and  186  as  the  readings. 

Now  the  capacity  of  the  sliding  condenser  per  scale 
division  was  found,  p.  425,  to  be  "0413  centimetre. 
Hence  taking  the  value  63'519  centimetres  for  the 
capacity  of  the  spherical  condenser,  its  cajiacity  in 
terms  of  that  corresponding  to  a  scale  division  of  tlie 
Bliding  condenser  taken  as  unit  was  1533.     Calling  the 


Sliding 
S|>licrical 
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Rnmple:  capacity  of  the  sliding  condenser  when  the  slide  was  at 

Oomptri-  ^^j^^^  j^^  ^Q  have  for  the  total  capacities  of  the  sliding 

swing    condenser  in  the  first  pair  of  experiments  -4  -f  211  and 

iT^flil  A  +  1S3>  ^'^^  ^^  *^^  second  pair  -4  +  211  and  A  +  186. 

(VindenMr.  Qence  taking  the   arithmetic    mean    instead   of    the 

geometric  we  have  approximately 

A  =  1538  -  198  =  1340, 

and  for  the  capacity  C  in  C.G.S.  units 

C  =  1340  X  -0413  =  1404. 


%  CftT«B< 


The  following   method   given   by  Maxwell   for   the 
<^**     comparison  of  the  capacities  of   two  guard-ring  con- 
'  densers,  is  a  modification  of  a  method  used  by  Cavendish 
for  the  approximate  comparison  of  two  parallel  plate 
condensers  of  the  simpler  form.     The  reader  can  easily 
make   a  diagram   for   himself    by   drawing    diagram- 
CVMnpari-  matically  two  guard-ring  condensers  side  by  side.     Let 
jKmof  Two  ^^  ^^  Q  denote  respectively  the  small  disc,  guard-ring 
ring  Con-  with  metal  backing,  and  large  disc  of  one  condenser, 
^^^'^'^'^    A\  B',  C  the  corresponding  parts  of  the  other  con- 
denser.    The  following  operations  are  performed  while 
B  is  kept  connected  to  C ,  and  B'  to  (7,  all  connections 
being  made  with  wires  of  negligible  capacity. 

1.  -4  is  connected  to  B  and  G\  and  with  the  electrode 
J^  of  a  Leyden  jar  or  a  large  battery,  and  A'  is  connected 
to  B'  and  C,  and  with  the  earth. 

2.  Ay  By  C  are  insulated  from  J. 

3.  A  is  insulated  from  B  and  C",  and  A'  from  B' 
and  C. 

4.  B  and  C"  are  connected  with  B'  and  C  and  with 
the  earth. 


f 
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B.  A  is  connected  with  A'. 

6.  A  and  A'  are  counected  with  the  electrode  of  tbe 
insulated  qua:draDts  of  an  electrometer  or  with  a  sei 
tive  electroscope. 

By  tliia  process  A  and  A'  are  chained  to  equal  and 
ipposite  potentials,  and  if  their  capacitiea  are  equal  the 

lulling  potential  after  operation  5  ia  performed  will 
ibe  zero,  and  the  electroscope  will  show  no  deflection. 
!3y  adjusting  therefore  one  of  the  condensers  until  this 
.lesult  is  obtained  the  capacity  of  the  other  condenser 
be  found  in  terms  of  that  of  the  first.     Tlius  the 

feet  of  putting  a  slab  of  some  insulating  substance 
between  the  plates  of  one  of  the  condensers  can  be 
determined  by  performing  this  process  before  and  after 
the  introduction  of  the  slab.  All  the  operations  here 
described  can  be  performed  in  rapid  succession  by  a 
properly  arranged  and  well  insulated  key. 

If  the  condensers  be  not  guard-ring  condensers  this 
method  can  yet  be  applied  with  accuracy  in  any  case  in 
which  A  and  A'  may  be  regarded  as  surrounded  by  the 
other  plates  0  and  C.  For  example  A  may  be  the 
insulated  cylinder  aa  of  a  sliding  condenser,  and  A' 
tbe  internal  surface  of  a  spherical  condenser,  or  with 
euflScient  accuracy  the  interior  coating  of  a  Leyden  jar. 
It  is  only  necessary  in  the  above  operations  to  regai-d  B 
as  coincident  with  C,  and  B'  with  C, 

The  following  method  is  practically  that  used  by 
S'araday  in  bis  determination  of  specific  indnoUve 
kpacity.  Two  condensers  have  their  plates,  which  are 
■Bually  uninsulated,  connected  to  earth,  and  one  of  the 
Mber  plates  is  charged  to  a  potential  which  is  observed 
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the  condenser  of  capacity  C,  so  as  to  give  a  poteotial 
V.    This  gives 

vc  =  b'(6',  +  c). 

Hence  substituting  in  (3)  above  we  get 

^  _    ^-  ^'        ^ 

Ci~        v'       ■  v-v'     •    •     - 

We  shall  now  describe  some  methods  of  comparing  : 
capacities  which  are  useful  in  cable  testing,  and  in  the  * 
determination  of  the  capacities  of  condensers  in  cable 
work  generally. 

The  first  of  these  methods,  which  is  due  to  Sir 
William  Thomson,  requires  three  condensers  of  known, 
one  of  them  of  variable,  capacity,  besides  the  condenser 
the  capacity  of  which  is  to  be  measured.  Let  the  four 
condensers  be  called  A,  B,  C,  D,  their  capacities  be 
denoted  by  C,,  C\,  Cj,  C"j,  and  let  0  be  the  variable 
condenser  and  D  that  of  which  the  capacity  C^  is  to  be 
found.  (A  figure  may  be  made  by  the  reader.)  The 
insulated  plates  of  A,  G  are  first  connected  together 
and  brought  to  some  convenient  potential  by  giving 
them  a  charge  from  a  Leyden  jar,  or  by  applying  one 
terminal  of  a  battery  the  other  terminal  of  which  is 
connected  to  the  earth.  They  are  then  disconnected, 
the  chained  plate  of  A  put  in  contact  with  the  insulated 
plate  of  B,  and  that  of  0  with  the  insulated  plate  of  D. 
An  electrometer  of  which  both  pairs  of  quadrants  are 
insulated,  has  one  electrode  connected  to  A  and  B,  and 
the  other  to  C  and  J),  and  C  is  varied  in  cajMicity,  if 
need  be,  until  both  pairs  of  condensers  are  brought  to 
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ThomsonV,  the  same  potential,  which  will  of  course  be  the  case 
^Jufthod "  when  the  deflection  of  the  electrometer  has  been,  re- 
duced to  zero.    We  have  if  F  be  the  potential  of  A  and 
C  before  contact  with  B  and  D,  and  V  the  common 
potential  after  the  adjustment  has  been  made 


r 


=  -Z^i-  = 


va 


2 


Ci  4-  (7\      Cg  +  C  2 
or 

cr^^^'f^ (6) 

A  well  insulated  and  sensitive  galvanometer  with 
insulated  key  may  be  arranged  instead  of  an  electro- 
meter between  the  pairs  of  charged  plates,  and  the 
criterion  of  equality  of  potentials  will  then  be  zero 
deflection  of  the  galvanometer  needle  when  the  key, 
previously  kept  raised,  is  tapped  down  after  the  opera- 
tion described  above.  The  use  of  a  galvanometer  has 
however  the  disadvantage  that  the  whole  series  of 
operations  must  be  gone  through  at  each  discharge. 
This  is  not  necessary  when  an  electrometer  is  used,  as 
then  only  potentials  are  compared  without  discharge. 

If  2?  be  a  condenser  of  great  capacity,  such  as  a  long 
cable  with  the  further  end  insulated  in  air,  time  must 
be  given  for  the  condenser  to  become  charged  through- 
out to  the  same  potential,  and  a  corresponding  time  for 
the  equalization  of  the  potential  of  D  with  that  of  G 
when  these  condensers  are  put  in  contact.  The  time 
generally  allowed  for  a  long  cable  is  twenty  to  thirty 
seconds  and  about  the  same  for  equalization. 

In  order  to  ensure  accuracy  the  condensers  C^,  C^ 
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I  any  ^H 


K  Cj,  C'j  should  be  all,  if  possible,  nearly  equal.     In  any 

^Lcasc  C\  ehould  not  be  small  in  comparisoQ  with  £7",,  nor 

^BCj  in  comparison  with  C^ 

^P      The  next  method  is  aUo  due  to  Sir  William  Thomson  6.  Thom. 

and  is  much  used  in  cable  testing.     The  arrangement     semvi 

of  apparatus  is  shown  ia  Fig.  9*.  Method 

A  battery  of,  say,  twenty  Daniell's  cells,  insulated  by 

J  having  for  the  outer  containing  vessel  dry  vulcanite  or 

Inearth  en  wore  pots  supported  on  a  dry  table  or  board,  has 


[ito  terminals  connected  through  the  reversing  key  JT,  to 
the  extremities  of  the  series  of  resistances  a,  b.  These 
resistances  are  connected  at  equal  intervals  as  shown 
diagrararaatically  with  pieces  of  metal,  which  form  a 
set  of  contact  pieces,  along  which  a  slider  carrying  a 
binding-screw  can  be  moved  as  in  the  instrument 
described  above  (p.  322),  and  so  the  resistance  between 
the  slider  and  the  extremities  of  a,  h,  varied.  A 
wire  attached  to  the  slider  is  connected  to  earth,  to 

-which  are  sJso  connected  the  uninsulated  coatings  of 


izii  COXPABI8QS  or  CAPACimS. 

Thmamm't  ibe  cooAeoaen  C  and  Z  to  be  compMedL    C  m 
^^X      supposed  to  be  tbe  staodaiid  or  known  iwMJiMni,  L  m 

M«tlMML  caUe  villi  its  remote  end  free  in  air.  Tbe  tenundl  m 
of  tbe  resistaoce  slide  is  connected  with  tbe  hwlitfd 
ooftting  of  the  cotAeoser  Z,  the  terminal  i  viA  die 
insulated  coating  <3t  C  through  the  in*ntatfd  kej  JT. 
This  key  besides  being  capable  of  givii^  tbeae  con- 
nections, can  also  be  made  to  disconnect  tbe  resistaikce 
slide  from  the  condensers,  and  to  pat  the  insolafed 
coating  of  the  condensers  into  contact  By  being 
brought  into  contact  with  a  and  h  the  respective  con- 
densers are  charged  to  the  potentials  of  those  points. 
Xow  «iiic^.'  the  sli^Je  is  at  zero  potential,  if  F^  be  the 
pr^tential  of  A,  R^  the  resistance  between  A  and  the 
slider,  and  li^  the  resistance  between  the  slider  and  h^ 
the  potential  at  h  will  be  —  Fg  where 

Hence  the  potential  of  the  condenser  Z  is  —  F^  and 
that  of  C  is  Fj,  and  these  potentials  are  proportional  to 
the  respective  resistances  E^,  R^  By  means  of  the  key 
K  the  condensers  are  brought  to  one  potential,  and 
this  is  zero  if  F^Cj  =  —  V^C^  To  test  whether  the 
potential  is  zero,  the  key  ATg  is  depressed  and  connects 
the  insulated  coatings  of  the  condensers  to  earth 
through  a  sensitive  galvanometer  G,  Any  diflference 
of  potentials  between  the  coatings  and  the  earth  is 
thus  annulled  and  gives  rise  to  a  current  through  the 
galvanometer.     The  slider  is  adjusted  until  no  current 
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is  thus  produced  through  the  galvanometer.     We  have 
then 

or 

<7,  =  §C', (8) 

For  accuracy  R^  and  R^  should  be  somewhat  high 
resistances  so  ad  to  ensure  an  exact  knowledge  of  their 
ratio,  and  C-^  should  be  as  nearly  as  possible  equal 
to  Cg. 

When  a  cable  is  tested  sufficient  time  must  be  given  Applica- 
in  charging  to  enable  it  to  acquire  the  same  potential  Cable, 
throughout,  and  for  the  discharge  of  one  condenser 
into  the  other;  and  the  tests  are  repeated  with  the 
battery  reversed  on  the  slide  to  eliminate  the  effect  of 
any  existing  charge  in  the  cable.  It  is  usual  also  to 
make  a  number  of  tests  and  take  the  mean  result. 

Instead  of  a  more  or  less  elaborate  key  K  arranged 
to  perform  all  the  operations  quickly  and  conveniently, 
a  system  of  two  pairs  of  cups  1,  2,  3,  4  arranged  in  the 
square  order 

1         2 


may  be  cut  in  a  slab  of  paraffin  and  filled  with  mercury. 
The  terminals  of  a,  6  are  connected  to  1,  2,  the  insulated 
plate  of  the  condenser  to  4,  and  that  of  C  to  3.  By  a 
connecting  bridge  of  wire  held  by  an  insulating  handle, 
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ApplIcA-  1  and  3  are  connected^  and  in  the  same  wmj  2  and  4,  so 
Ciible.  ^  ^  charge  the  condensers.  These  coimeclioiis  aie 
then  removed,  and  3  and  4  connected  so  as  to  diaduoge 
one  condenser  into  the  other.  Then  bj  means  of  the 
key  K^  or  by  another  mercury  cup,  connected  by  a 
wire  bridge  with  3  or  4,  the  condenser  coatii^  are 
connected  with  earth  through  the  galvanomet^-. 

Plainly  in  this  case  also  an  electrometer  may  be  naed 

instead  of  the  galvanometer.     One  pair  of  quadrants  is 

connected  to  earth,  the  other  pair  through  the  key  K^ 

to  the  condensers. 

6.  De         The  following  method  of  comparing  capacities,  which 

M^thJd.  ^  ^^®  ^  *^'  ^®  ^^*y  ^f  *^^  Eastern  Telegraph 
Company,  is  convenient  for  the  comparison  of  the 
capacities  of  condensers  in  which  electric  absorption 
does  not  come  into  play.  The  arrangement  of  the 
apparatus  is  shown  in  the  diagram.  Fig.  95.  f  is  a 
key  which  when  depressed  puts  into  contact  with  the 
point  of  junction  of  two  variable  resistances  -Bp  -Rg,  one 
terminal  a  of  a  battery,  the  other  terminal  h  of  which  is 
connected  to  the  earth.  The  other  extremities  C,  2),  of 
these  resistances  are  connected  to  the  insulated  coatings 
of  the  condensers  Cj,  Cg,  which  are  to  be  compared. 
The  other  coatings  of  these  condensers  are  connected  to 
earth.  C  and  D  are  connected  likewise  through  a 
sensitive  galvanometer  G,  When  the  key  K  is  not 
depressed  it  joins  A  directly  through  a  wire  to  the 
earth.  -B^,  H^  are  adjusted  so  that  neither  in  charging 
the  condensers  by  applying  the  battery  to  -4,  nor  in 
lischarging  by  allowing  the  key  to  connect  A  directly 
to  earth,  does  any  current  pass  through  the  galvano- 


tj^. 
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meter.  (K  any  influence  of  electric  absorption  is  De  Sauty* 
sensible,  the  ratio  of  resistances  which  gives  zero 
galvanometer  current  when  charging  wiU  not  generally 
be  the  same  for  charge  as  for  discharge.)  When  no 
deflection  of  the  galvanometer  needle  takes  place,  the 
potential  at  0  and  D  must  throughout  the  discharge 
have  been  the  same  at  each  instant,  for  the  condensers 


B_= 


C2. 


Fio.  95. 


could  not  discharge  in  such  a  way  as  to  give  a  current, 
first  in  one  direction,  then  in  the  other,  through  the 
galvanometer,  and  so  keep  the  needle  at  rest.  But  if 
7i  be  the  current  through  R^  and  7^  the  current  through 
iZg,  ^  the  common  potential  of  C  and  D,  C^,  0^  the 
capacities  of  the  condensers  connected  with  JS^,  B^ 
respectively,  we  have 


'8 


dt 
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De  S«^*  and  therefore 

that  is  the  products  of  B^,  B^  into  the  time  rates  of 
variation  of  the  charges  of  the  corresponding  condensers 
are  equal  at  each  instant.  This  can  only  be  the 
case  if 

or 

^,  =  §^C'x (9) 

This  result  may  be  seen  more  easily  as  follows.  Let 
n  equal  condensers  have  their  insulated  coatings  joined 
to  -4  by  wires  of  equal  resistance  in  the  manner  shown 
for  two  condensers  in  Fig.  93.  Then  plainly  the 
charging  or  discharging  current  in  each  wire  will  be  the 
same  at  each  instant,  and  the  insulated  plates  will 
always  be  at  one  potential.  No  change  will  be  caused 
by  joining  the  insulated  coatings  in  two  groups  by 
wires  of  zero  capacity,  so  as  to  make  the  groups  virtually 
two  condensers,  of  capacities  equal  in  each  case  to  the 
sum  of  the  capacities  of  the  separate  condensers  of  the 
group,  and  connected  to  -4  by  wires  of  resistances  in- 
versely as  the  capacities.  By  making  n  sufficiently 
large,  and  the  capacity  of  each  condenser  sufficiently 
small,  the  capacities  of  the  groups  may  be  made  of 
any  required  value  and  nearly  enough  in  any  ratio 
commensurable  or  incommensurable. 
7.  Direct  Another  method,  which  we  shall  again  refer  to  later 
Method,    as  a  method  of  obtaining  the  capacity  of  a  condenser 
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in  absolute  units,  is  frequently  employed  to  obtain  Dimct 
rapidJy  a  companson  of  the  capacities  oi  two  con- 
densers. It  is  called  the  Direct  Deflection  Method. 
One  of  the  condensers  is  charged  to  a  measured  poten- 
tial and  then  discharged  by  connecting  it  to  earth 
through  a  "  ballistic  "  galvanometer,  that  is  a  galvano- 
meter (see  Vol.  II.)  the  needle  system  of  which  haa  a 
f  considerable  moment  of   inertia.     Fig.   96   shows   the 


Mrrangement  of  apparatus  with  a  form  of  charge  and 

discharge  key,  the  contact  pieces  of  which  are  mounted 

Q  ebonite  pillars  to  ensure  high  insulation.    The  spring 

lever  L  is  provided  with  two  platinum  contacts  opposite 

D  the  platinum  pieces  <S,,  S^.    When  depressed  it  makes 

»ntact  for  charge,  when  released  it  connects  the  plates 

the  condenser  through  the  galvanometer.     If  the 

Hiiration  of  discharge  is,  as  it  generally  is,  short,  and 

1  are  taken,  for  example,  by  depressing  the  key 
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DirrA     immediately  after  the  discharge  contact,  to  < 
I  Method,    the  galvanometer  immediately  after  the  first  discharge 

■  HO  as  to  avoid  any  effect  of  residual  discharge  due  to 
I  electric  absorption,  the  discharge  may  be  regarded  as 
B  Iiaving  wholly  taken  place  before  the  galvanometer 
B  needle  has  moved  from  zero.  The  total  deQection  of 
I  the  needle  from  zero  is  observed.  By  placing  the 
I  galvanometer  between  the  batteiy  and  S^,  the  deflection 
I  produced  by  charging  can  be  observed.  If  there  is 
I  leakage  this  latter  deflection  will  obviously  be  greater 
I  than  the  former ;  and  if  the  leakage  be  not  too  great 
I  the  mean  of  the  two  deflections  with  the  same  battery 
I  may  be  taken  as  giving  the  capacity  of  the  condenser. 

■  The  other  condenser  is  now  charged  to  a  potential  V 
I  and  discharged  in  the  same  manner  through  the  gal- 
I  vanometer  and  the  deflection  again  observed.  V  and 
H  V  should  if  possible  be  chosen  so  as  to  make  the  two 
H  deflections  nearly  equal,  in  order  to  eliminate  the 
H  damping  effect  which  the  needle  experiences  to  dif- 
B  ferent  degrees  in  deflections  of  diflerent  amounts.  If 
H  an  instrument  for  comparing  the  potentials  V,  V  is  not 
^k  available,  they  may  he  produced  by  applying  to  the 
^M  condensers  one  terminal  of  a  well-insulated  battery,  the 
^1  other  terminal  of  which  is  connected  to  the  earth,  and 
^H  varying  the  number  of  cells  until  equality  of  deflections 
^P  is  nearly  obtained.  If  the  battery  be  composed  of 
^M  similar  cells  in  good  order,  the  potentials  may  be  taken 
^M  as  proportional  to  the  number  of  cells  applied  to 
^M  produce  them.  For  a  rough  determination  it  is  con- 
^M  venient  of  course  to  charge  both  condensers  by  the 
^H  same  battery,  and  thus  to  the  same  potential,  and  |^^ 
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take  the  capacities  as  proportional  to  the  galTaaometer 
deflections  produced. 

The  capacity  of  a  large  condenser,  such  aa  a  long 
submarine  cable  with  its  conductor  insulated,  may  be 
compared  with  that  of  a  relatively  small  condenser  by 
the  following  method,  which  is  due  to  the  late  Sir  W. 
Siemens.  Let  the  large  condenser  be  charged  to  any 
convenient  potential  V  by  means  of  a  battery.  If  the 
capacity  be  C  the  charge  is  VC.  Now  let  the  large 
condenser  be  connected  to  the  insulated  coating  of  the 
small  condenser,  the  capacity  of  which  we  shall  suppose 
to  be  c.  The  common  potential  of  the  two  condensers 
will  now  be  VCj{C  +  c).  Now  disconnect  the  small 
condenser  and  discharge  it,  and  again  connect  it  to  the 
large  condenser,  disconnect  and  dischai^e  as  before. 
The  potential  will  now  be  VCJiC  -+  c)".  Thus  after 
n  applications  in  this  manner  of  the  small  condenser  to 
the  large,  the  potential  of  the  huge  condenser  will  be 
VC*j{d  +  c)".  The  deflection  on  a  ballistic  galvano- 
meter produced  by  the  wth  discharge  of  the  small 
condenser  is  now  noted.  The  small  condenser  is  then 
charged,  by  the  same  battery  as  that  used  to  charge  the 
large  condenser,  and  therefore  to  the  same  potential  V, 
discharged,  and  the  defiection  noted.  If  D^,  D  be  these 
deflections  we  have 

D        (P  +  fl)" 
-0»  "*       (?"     ' 
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and  end  of  an  interval  of  (  seconds,  C  the  capacity  of    Sir  w.  _ 

the  condenser,  and  R  the   resistance  connecting   the  Metliiwl 

coatings,  we  have  ^^^flow 

1  throOBli 


r  -■  -  — ^ 


(11)    HiRhEe. 


Values  of  V^,  V,  for  different  values  of  (  are  given  by 
the  observations,  and  enable  a  mean  value  of  C  to  be 
obtained  &ee  to  some  extent  from  errors  of  obser- 
vation. 

The  resistance  R  must  of  course  be  very  great  in 
order  that  the  whole  charge  may  not  be  so  quickly  lost 
as  to  prevent  the  potentials  from  being  observed  before 
and  after  a  sufficiently  long  interval  of  time.  If  the 
condenser  be  not  a  perfectly  insulated  air  condenser, 
the  actual  resistance  of  the  dielectric  layer  between  its 
coatings  may  be  taken  advantage  of,  and  will  in  general 
be  convenient  for  the  purpose.  To  determine  it  we  use 
an  auxiliary  condenser  of  known  capacity  C,  and  re- 
sistance R',  which  has  been  determined  by  some  method, 
for  example,  the  method  of  p.  iOo  above.  The  insulated 
coating  of  this  condenser  is  joined  to  that  of  the  con- 
denser to  be  measured,  so  that  the  capacity  of  the  joint 
condenser  becomes  the  sum  of  their  separate  capacities, 
and  the  resistance  between  their  coatings  RR'j{R  +  R). 
The  condenser  thus  formed  is  charged  and  the  potential 
at  different  instants  of  time  observed  as  before.  Tlius 
if  F'd',  V  be  the  potentials  before  and  after  an  interval 
of  t'  seconds,  we  have 
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Sir  W,  The  compmaon  hy  this  method  most  be 
Methoi^of  »pMUy  **  possiMe  in  OTder  that  the  eflfed  of 
Com|Hring  ^g^  q[  the  large  condenser  may  be  made  as 

\^S^  posibl&  On  the  other  hand  the  theoij  of  tiie  medtod 
c^^^  proceeds  on  the  assamption  that  the  potential  of  the 
condenser  at  each  discharge  is  broogfat  thuwiglMmt  to 
the  same  valae,  and  this  cannot  be  done  in  a  loi^  cable 
unless  a  sufficient  time  of  contact  is  giTen  at  eadi  dis- 
charge. There  is  farther  the  difficulty  of  coRectmg  the 
deflections  for  air  damping,  &c.  The  method  thciefuie 
cannot  be  regarded  as  an  accurate  one  for  the  caUe 
application. 

It   is  easy,   when    the    ratio   C'e   is  approxiinately 
known,  to  investigate  the  best  value  of  n  to  use  to  give 
results  as  little  as  possible  affected  by  errors  in  the 
observation  of  i>,  D^y  but  on  account  of  the  inaccuracies 
inherent  in  the  method  for  most  practical  purposes,  it  is 
of  little  importance  to  use  that  value. 
9.  Sir  w.       The  arrangement  described  above  (p.  400)  for  the  de- 
Method    termination  of  a  high  resistance  gives  also  a  means  of 
b^  Slow    determining  the  capacity  of  a  condenser.     For  let  the 
through    coatings  of  the  condenser  be  connected  by  a  very  high 
idHam-e    '^^^^'^^  resistance  R  as  described,  and  let  a  difference  of 
potential  V  between  the  coatings  be  produced  by  apply- 
ing a  battery.      Let  V  be  observed  by  means  of  an 
electrometer,  the  insulated  quadrants  of  which  are  kept 
connected  to  the  insulated  coating  of  the  condenser. 
As  the  charge  diminishes  by  conduction  through  the 
resistance,  the  electrometer  shows  a  diminishing  de- 
flection which  is  observed  at  accurately  noted  instants 
of  time.     If  Fjj,  F  be  the  potentials  at  the  beginning 


MKTHOD  BY  SLOW  DISCHARGE. 


i 


and  end  of  an  intorval  of  (  seconds,  C  the  capacity  of    Sir  w 
the  condenser,  and  R  the   resistance  connecting  the 
coatings,  we  have 


C  = 


C") 


'  R  log^    ■     * 

Values  of  V^,  V,  for  different  values  of  t  are  given  ty 
the  observations,  and  enable  a  mean  value  of  C  to  be 
obtained  free  to  some  extent  from  errors  of  obser- 
vation. 

The  resistance  R  must  of  course  be  very  great  in 
order  that  the  whole  charge  may  not  be  so  quickly  lost 
as  to  prevent  the  potentials  from  being  observed  before 
and  after  a  sufficiently  long  interval  of  time.  If  the 
condenser  be  not  a  perfectly  insulated  air  condenser, 
the  actual  resistance  of  the  dielectric  layer  between  its 
coatings  may  be  taken  advantage  of,and  will  in  general 
be  convenient  for  the  purpose.  To  determine  it  we  use 
an  auxiliary  condenser  of  known  capacity  C,  and  re- 
sistance B',  which  has  been  determined  by  some  method, 
for  example,  the  method  of  p.  405  above.  The  insulated 
coating  of  this  condenser  is  joined  to  that  of  the  con- 
denser to  be  measured,  so  that  the  capacity  of  the  joint 
condenser  becomes  the  sum  of  their  separate  capacities, 
and  tbe  resistance  between  their  coatings  RR'i{R  4-  K). 
I  The  condenser  thus  formed  Is  charged  and  tbe  potential 
\aX  different  instants  of  time  observed  as  before.  Thus 
'  ''o'.  y^'  be  the  potentials  before  and  after  an  interval 
fof  t'  seconds,  we  have 

_f{R-\-R')  1 

ns~  logtyr 
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lively.  If  C  be  the  mean  of  Uie  t«o  i 
the  coodeiueT  has,  acconUng  as  one  or  the  c 
is  made  the  aninaulatied  coatiiig,  we  have,  pattiiig  ■  tu 
the  n/itmber  of  revenaU  per  seooiul,  ijkS'C  fbr  liie  wbok 
(quantity  of  electricity  which  Sows  throo^  tLe  gmlvmao- 
meter  va  a  seco&d,  that  is.  tiie  mean  eimeiit.  Hews 
if  a  and  0  have  the  same  meaniDgs  as  fae&JRi  we 
have 


ThvsL-  values  of  the  carrent,  it  is  to  be  remarfcai 
obtained  od  the  assumption  that  the  tiises  of  c 
I  ikre  miSciently  long  to  allow  the  condenser  to  be  f 
I  dtaigcd  to  potential  £,  and  the  time  of  discharj^  also 
long  enough  to  allow  the  condenser  to  be  oompletdj 
djM:hart{oJ.  The  results  of  experiments  made  with 
differeul  lime-intervaU  have  justified  this  i 
ibr  small  condensers  even  for  time  intervals  so  i 
**  joicij  of  a  second. 

The  methods  of  comparing  capacities  which  depead 
more  or  leu  on  electromagnetic  principles  wiU  t» 
deacribe'l  in  Vol.  II,  ' 


451 


Sbotion  II. 

MEASUREMENTS  OF  SPECIFIC  INDUCTIVE 

CAPACITY, 

All  measurements  of  Specific  Inductive  Capacity 
involve  in  practice  a  comparison  of  the  capacity  of  a 
condenser  with  air  as  the  dielectric  with  that  of  the 
same  condenser  with  the  whole  or  part  of  the  space 
between  the  plates  occupied  by  the  substance  of  which 
the  specific  inductive  capacity  is  to  be  found.  For 
practical  purposes  the  specific  inductive  capacity  of  air 
(which  is  nearly  the  same  at  all  ordinarily  attainable 
temperatures  and  pressures)  at  (f  and  under  standard 
atmospheric  pressure  (760  mm.  of  mercury)  is  usually 
taken  as  unity,  and  it  will  be  convenient  at  present  to 
follow  this  custom. 

According  to  the  Electro  Magnetic  Theory  of  Light  Relation  of 
(see  Vol.  II.),  the  specific  inductive  capacity  of  a  Gip.  to 
dielectric  should  be  equal  to  the  square  of  the  index 
of  refraction  fi^  of  the  medium  for  light  waves  of  in- 
finite length.*  This  index  is  usually  calculated  from  the 
measured  values  of  the  index  for  known  wave  lengths 
by  the  formula  /i^  =  -4  +  BjTs?,  where  X  is  the  wave 
length.    It  is  however  to  be  noted  that  this  is  a  formula 

*  Strictly  y?^  =  k  x  magnetic  permeability,  or  magnetic  inductive 
capacity,  of  the  medium.  But  there  is  no  transparent  dielectric  for 
which  the  magnetic  permeability  differs  much  from  that  for  air,  which 
is  here  taken  as  unity  (see  YoL  II.). 

G  G  2 
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of  extrapolation,  and  that  the  value  which  it  gives  may 
very  frequently  be  seriously  in  error.  The  valaes  of 
fjk^  thus  calculated  are  given  below  in  some  cases  Cor 
comparison;  in  others  the  value  of  /jl  for  the  line  D 
is  given, 
i^irvn-        The  first  measurements  of  this  kind  were  made  by 

t^rim«^  Cavendish,*  by  a  method  the  same  in  principle  as  that 
described  above,  p.  432.  He  found  for  glass  a  mean 
value  of  about  8*22,  for  shellac  447,  and  for  wax  4*04. 
These  values  later  experiments  have  shown  to  be  too 
great,  no  doubt  in  great  measure  from  the  effects  of 
electric  absorption. 

Faimday's  Faraday's  experiments  were  made  by  the  method  and 
wunTts  apparatus  sketched  at  pp.  433  and  419  above.  Two 
condensers  of  the  form  shown  at  p.  419,  and  as  nearly 
equal  as  possible,  were  constructed.  The  inner  surface 
of  each  had  a  diameter  of  233  inches,  and  the  outer 
shell  of  each  an  internal  diameter  of  3*57  inches.  To 
test  the  equaUty  of  the  condensers  the  following  process 
was  employed.  The  condensers  were  set  at  some  little 
distance  apart,  so  that  the  inductive  influence  of  one  on 
the  other  might  be  neglected,  and  in  positions  such  that 
they  were  as  nearly  as  possible  similarly  placed  with 
respect  to  all  external  conductors,  including  the  observer. 
The  external  coatings  were  then  connected  once  for  all 
to  the  earth.  The  interior  coating  A  of  one  condenser 
was  then  charged,  while  that  of  the  other,  B,  remained 
uncharged.  The  potential  of  A  was  then  tested  by 
bringing  a  small  carrier  ball  into  contact  with  the  knob, 
and  observing  the  force  produced  at  a  given  distance  on 

*  Elect.  lies.  p.  144,  et  scq. 
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the  suspended  ball  of  a  torsion  balance.     To  observe    Vorifica- 
the  rate  of  loss  of  charge  the  observations  were  repeated    Eq^uty 

T  a.   sh nrt  interval,    and    thft  rfisnlt   shnived   nnW  a     of  Two 


Con- 


after  a  short  interval,  and  the  result  showed  only  a 
slight  dissipation.  The  charge  of  A  was  then  shared  densera. 
with  B  by  bringing  A  and  B  symmetrically  into  contact 
by  their  knobs.  The  potentials  of  B  and  A  thus  pro- 
duced were  then  tested  by  the  carrier  ball  as  before,  the 
charge  from  B  being  taken  by  the  ball  at  the  instant  of 
contact  with  A.  The  following  are  two  sets  of  results. 
The  numbers  are  degrees  of  torsion  of  the  glass  thread 
of  the  balance  and  may  be  taken  as  proportional  to 
the  charges. 


I. 


II. 


Centres  of  Balls  in  Balance 

Centres  of  Balls  in  Balance 

160°  apart. 

150®  apart. 

A                       B 

A                      B 

0 

1.52 

254 

148 

250 

Charge  divided. 

Charge  divided. 

122 

70 

124 

78 

Both  discharged. 

'Both  discharged. 

1 

5 

2 

0 

Thus,  taking  the  experiment  I.,  the  charge  divisible 
between  A  and  B  may  be  taken  as  249.  As  B  was 
found  immediately  after  discharge  with  122  it  may  be 
taken  as  having  received  that  amount  at  least.    The 


Knuallly 
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(ir,liiir  may  be  taken  as  baving  rebuned  1S4.  TWai 
nuniWi'H  do  Qot  differ  much  from  li*-&,  the  hmM  it  tfe 
iliNiJii.vil>]o  charge.  Again  taking  ezpenaeaA  IL.  tfe 
i)i«{HMiitile  charge  on  B  may  be  taken  as  14S,  sad  tfe 

nnioiiiil  of  thia  given  to  .^  is  70,  and  the  wmmmKl 
rotninbd  78.  ThoBo  numbers  are  again  neuij'  eqpal  1o 
half  tliu  diNjioaHble  charge  71'5,  and  the  dimsefmmef* 
In  the  opposite  direction.  Hence  tbe  capneslue  «l  A 
And  /I  may  bo  regarded  aa  very  nearly  equaL 

To  innko  sure  that  the  instrument  would  {dainljr  Aaw 
t^hnnnon  ut  capacity,  Faraday  put  a  metallic  lining  into 
l.liii  I[)Wer  hnmiaphere  of  oDe~*of  the  instrumentB  so  » 
bring  down  tlto  distance  between  the  internal  ball  aod 
Mm  iMitur  coating  to  '435  inch.  A  comparison  of  the 
itHimoitieii  of  tbe  condensers  made  by  the  same  prooaa 
iM  Ud'orii  gavo  lOM/l  na  tbe  ratio  in  which  the  capndtf 
<i(  lht>  combinser  had  been  iucreased.  The  true  ratio 
WM  nitiro  nearly  I'S/l.  But  the  result  showed  that  a 
ruiil  altorrition  of  capacity  of  the  condenser  could  be 
iininitUkably  mcognized  in  spite  of  the  unavoidable 
(irrors  of  uxpcrimont. 

Having  thus  satisfied  himself  of  the  sensibility  of  his 
appnratiiH.   Friraday  introduced  a  thick   hemispherical 
cup  iif  nhnllftc  into  the  lower  hemisphere  of  one  of  the     ' 
uipiul  CO  ij  dun  HITS,  and  compared  the  capacities  in  tht     I 
niunnur  duicribud  above,  by  first  charging  one  and  then      I 
Mhoriug  th«  charge  with  tbe  other  and  observing  ths      I 
rodiic^l   potential   immediately   after.      Each   of    the 
apparatiiM  wris  miulc  in  turn  the  condenser  to  be  first 
charged,     The   following   are   tlie  results  of  such  an 
experiment : 
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I. 

A  (Shellac).        B  (Air). 
0 

ao4 

297 

Charge  divided. 

113 

121 

Both  discharged. 
0 


IL 

A  (Shellac).       B  (Air). 

0 
215 
204 

Charge  divided. 

118 
118 

Both  discharged. 


0 


0 


Calling  C"  the  capacity  of  the  shellac  condenser,  C 
that  of  the  air  condenser,  V  the  potential  before  and 
V  the  potential  after  the  sharing  of  the  charge,  we 
have  by  (4)  above 


G'  = 


r 


V 


a 


Hence  from  experiment  I.  we  get 

290  -  113-5 


C  =  ''^\j^.^^  ^  0  =  1-55  C  nearly, 
and  from  experiment  II. 

The  much  smaller  result  in  the  second  case  is  due  to 
dissipation  and  absorption  in  the  shellac  condensers 
between  the  instant  at  which  the  reading  204  was 
obtained  and  that  of  the  division  of  the  charges. 
Faraday    estimated    the    corrected    result    as    nearly 

1-47  a 


Determi- 
nation of 
Sp.  Ind. 
Cap.  of 
Shellac. 
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IV<mM-  From  four  experiments  made  by  this  method  Faraday 
^^^iJ^^  obtained  a  mean  result  of  1*5  C  for  the  capacity  of  the 
iW^rf  shellac  condenser.  Now  plainly,  if  we  regard  the 
direction  of  the  lines  of  force  in  the  space  between  the 
coatings  as  everywhere  radial,  that  is,  neglect  the 
curving  down  towards  the  shellac  of  lines  starting 
fipom  the  lower  part  of  the  upper  hemisphere  of  the 
inner  ball,  we  have  denoting  by  iLthe  specific  inductive 
capacity  of  shellac  relatively  to  air 


n    =   7y    =  1"5, 


or 


1  -f  1       0 


K=2, 


Sjv  Ind.  In  the  same  way  Faraday  found  for  flint  glass 
oui^  &c.  ^  =  l''^6,  for  sulphur  K  =  224,  and  for  spermaceti 
that  K  was  between  1*3  and  1*6.  For  oil  of  turpentine 
and  naphtha  he  obtained  results  which  indicated  a 
higher  specific  inductive  capacity  than  that  of  air. 
though  here  the  results  were  rendered  uncertain  by 
the  influence  of  conduction. 

A  long  series  of  experiments  was  also  made  by 
Faraday  on  diflferenb  gases,  and  it  was  found  that  so  far 
as  the  means  of  measurement  went  all  had  the  same 
specific  inductive  capacity,  and  that  this  was  inde- 
pendent of  temperature  and  pressure. 

For  further  information  as  to  Faraday's  experiments 
the  reader  is  referred  to  the  original  memoirs.* 

•  Exp,  Res.  Series  XL  p.  371,  et  seq. 
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The  specific  inductive  capacity  of  paraffin  was  deter-  Gibson 

mined  by  Messrs.  Gibson  and  Barclay*  in  1870,  using  Barclay's 

the  platymeter  and  sliding  condenser  described  above.  Experi- 

°  .         .  ments  on 

The  paraffin  condenser  compared  is  shown  in  Fig.  98.  Paraffin, 
oa  is  a  cylindrical  brass  vessel  15*5  centimetres  deep, 
and  8*61  centimetres  in  diameter.     At  the  bottom  of 


Fig.  98. 


this  cylinder  is  a  layer  of  paraffin  1  centimetre  thick. 
On  this  layer  rests  coaxial  with  the  outer  cylinder,  a 
brass  tube  JJ,  4*3  centimetres  long,  7*2  centimetres  in 
internal  diameter,  and  'llS  centimetres  thick.  Inside 
hb  and  coaxial  with  it  is  a  cylinder  cc,  13'1  centimetres 

♦  PhU.  Trana.  1871,  p.  678. 
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Gibson  long  and  61  centimetres  in  eitemal  diameter.  The 
Barclay's  space  between  aa  and  co  was  filled  up  with  paraffin, 
Experi-    and  from  the  imbedded  tube  66  an  electrode  dd  of  fine 

ments  on       .  i    i  *     .  t  ,   •  j 

Paraffin.    Wire  was  led  to  the  outside. 

The  condenser  thus  formed  was  placed  in  an  outer 
vessel  containing  water  of  which  the  temperature  was 
given  by  a  thermometer.  A  second  thermometer  fixed 
in  a  paraffin  plug^,  resting  on  cc,  gave  the  temperature 
of  the  interior.  The  paraffin  plug  gg  inserted  at  the 
level  of  the  top  of  66,  together  with  ff,  prevented  the 
passage  of  heat  between  the  interior  of  66  and  the  air 
above  the  coijdenser. 

The  outer  vessel  aa,  and  the  tube  cc  were  connected 
with  the  earth,  and  the  inner  tube  66  to  one  side  of  the 
platymeter,  and  balance  obtained  against  the  sliding 
condenser  as  described  above,  p.  429.  Taking  the 
capacity  of  the  sliding  condenser  as  1384  times  that 
for  each  scale  division,  which  it  now  was  in  consequence 
of  a  small  addition  which  had  been  made  to  its  value 
at  zero,  the  mean  of  a  large  number  of  experiments 
gave  for  the  value  of  that  of  the  paraffin  condenser 
1684  times  the  same  unit,  or  an  absolute  capacity  of 
69*552  C.G.S.  electrostatic  units.  These  experiments, 
which  were  made  at  dififerent  temperatures,  showed  no 
alteration  of  specific  inductive  capacity  with  change  of 
Sp.  Ind.  temperature.  The  capacity  of  the  same  condenser  with 
Paraffin.  ^^^  paraffin  between  the  cylindrical  plates  removed  was 
found  in  the  same  way  to  be  35*394  C.G.S.  units,  but 
this  was  subject  to  a  correction  for  the  cake  of  paraffin 
which  was  left  at  the  bottom  to  support  66  and  cc.  The 
final  result  was  that  for  paraffin  K  =  1*977. 
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Some    very    important    determinations    of   specific 


Boltz- 
inanxi's 


inductive  capacities  have  been  made  by  Boltzmann.*    Experi- 
In  his  first  series  of  experiments  he  determined  the  ^UdR? 
value  of  K  for  ebonite,  paraffin,  sulphur,  and   rosin,  i.  Method 
The  method  was  a  modification  of  that  of  Cavendish    denser.  . 
referred  to  above.    A  parallel-plate  air  condenser,  the 
plates  of  which  were  supported   on   insulated   stems 
carried  by  sliding  pieces  movable  along  a  graduated 
horizontal  bar,  and  so   could   be  placed   at  different 
measurable   distances  apart,  had  one  plate  connected 
to  earth  while  the  other  plate  was  charged  by  means  of 
a  battery.     Different  battery-powers  of  from  6  to  18 
Danieirs  cells  were  used  in  the  experiments.    After  the 
condenser  had   been    thus    charged,   the   charge   was 
shared  with  the .  insulated  quadrants  (formerly  at  po- 
tential zero)  of  a  Thomson's  electrometer,  the  capacity 
of  which   had   been  increased  by  means  of  a   small 
air  condenser. 

The  potential  after  the  charge  was  thus  shared,  and 
while  the  condenser  was  still  connected,  was  observed. 
A  direct  application  of  the  battery  to  the  electrometer 
gave  in  the  same  way  the  previous  potential  of  the 
condenser. 

The  addition  of  the  small  condenser  to  the  electro- 
meter rendered  the  united  capacities  of  the  electrometer 
and  small  condenser  nearly  the  same  for  all  deflections, 
leaving  only  an  increase  of  capacity  of  about  1/5  per 
cent,  for  each  100  divisions  of  deflection  from  zero. 
This  was  to  some  extent  eliminated  by  a  double  set  of 
observations,  first  as  just  described,  then  by  connecting 

♦  Wim,  Btr,  66,  67  (1872,  8.) 
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tho  condenser  for  the  shEirii^  of  the  charge,  and  the 
battoiy  when  applied  direct,  for  so  short  a  time  that 
tlio  charging  waa  over  before  the  needle  had  appreci- 
ably moved.  As  however  the  error  from  this  scarce 
GOtild  hardly  be  greater  than  the  inevitable  inaccura- 
cies in  a  determination  of  this  kind,  we  shall  here 
nctflect  it. 

If  c  be  the  capacity,  assumed  constant,  of  the  elecbt>- 
meter  and  added  condenser,  Ci  that  of  the  sliding 
condenser,  K,  the  potential  before,  and  V^  the  potential 
after  the  charge  was  shared,  d,  the  distance  between 
tho  plates,  supposed  so  close  that  the  effect  of  the  edges 
may  he  neglected,  we  have  by  (4)  above 


^1  = 


lij  = 


(15) 


where  m  is  a  constant. 

In  order  to  make  the  results  depend  not  on  the 
absolute  distance  between  the  plates,  but  on  the  much 
more  accurately  measurable  difference  of  two  distances' 
a  similar  set  of  observations  was  made,  still  with  air 
only  between  the  coatings,  but  with  another  distance 
rfj.  Calling  the  capacity  Cj,  the  potentials  V^,  V^  in 
this  case,  we  have 

V  —  V        m 

"'"-'rv'-i  ■   ■   ■   ■    (") 

A  disc  of  the  substance,  the  value  of  K  for  which 
was  to  be  found,  somewhat  larger  than  the  plates  of 
the  condenser,  was  placed  in  a  parallel  position  between 
them,  so  that  the  induction  between  the  plates  took 
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place  everywhere  across  the  disc.    The  same  process     Boltz- 

was  followed,  and  gave  potentials  V^  V^  for  a  distance    ^^^. 

dg,  and  a  thickness  of  disc  e.     Hence  if  Cg  be   the  me^te  on 

capacity  of  the  condenser  i.  Method 

bvCon- 


Os-c'^^ ^.     .    .     (17) 

Putting  Cj  =»  l/Xj,  G^  =»  l/Xj,  Cg  =  l/Xj,  we  get  from 
equations  (15)  and  (16)  m  =  (d^  -  d^/(\^  —  Xg)  and  hence 
from  (17)  Xj  =  (Xj  -  X2)  (dg  -  e  +  elK)l{d^  -  dg).  Hence 
remembering  that  Xj(dj  —  d^l(^^  —  Xj)  =  mX^  =  dj,  we 
have  finally 

^  =  ^^— ^- ^ .     .     (18) 

^ ^(d^-d2)-rf3+^l     +« 

A^  —  A,2 

which  involves  besides  e  only  differences  of  distances, 
and  the  ratio  (Xg  —  Xi)/(Xi  —  Xg),  which  can  be  cal- 
culated without  any  knowledge  of  G  from  the  observa- 
tions of  potential,  and  for  these  of  course  the  properly 
corrected  deflections  may  be  taken. 

Boltzmann  found  that  no  sensible  difference  in  the 
values  of  K  for  ebonite,  paraffin,  sulphur,  and  rosin,  was 
produced  in  the  values  of  K  by  varying  the  time  of 
charging  or  the  amount  of  the  charging  battery.  He 
also  in  one  set  of  experiments  tried  the  effect  of  exclud- 
ing air  from  between  the  discs  and  the  coatings  of  the 
condenser,  by  laying  the  discs  on  a  mercury  surfSstce,  and 
pouring  a  thin  coating  of  mercury  on  a  portion  of  the 
upper  surface  surrounded  by  an  edging  of  paper. 


7 

de 


ensor. 
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Sp.  Ind.        The  results  are  given  in  the  following  table,  in  which 
Ebonite    *^®  main  columns  I.,  II.,  III.  give  the  results  of  expen- 
se,      ments  made  with  different  distances  between  the  plates. 
The  first  of  the  two  sub-columns  in  each  case  gives  the 
result  for  air  between  the  disc  and  armatures,  the  second 
the  result  for  mercury  armatures. 


Substance. 

Values  of  K.                                            | 

I. 

II. 

III. 

Ke&n. 

1 

Ebonite  .    . 
Paraffin  .    . 
Sulplmr  .    . 
Rosin  .    .    . 

3-17 
2-28 
3-85 
2-57 

3-07 
2-30 

3-11 
2-34 
3  83 
2-53 

3-10 
2-33 

3-20 
2-31 

3-24 

315  ; 
2-32 

3-84 
2-.05 

Z  Method  Boltzmann  also  determined  the  specific  inductive 
Susi^nded  ^^P^^i^^^s  of  the  same  substances  by  comparing  the 
Ball.  force  on  a  small  ball  of  the  dielectric  placed  in  a  field 
of  electric  force  of  known  intensity  with  the  force  on  a 
conducting  ball  of  equal  size  placed  in  the  same  field. 
This  he  did  by  hanging  the  ball  as  shown  at  s  in 
Fig.  99,  by  a  double  thread  from  one  end  of  a  light 
rod,  itself  hung  by  a  bifilar  and  forming  therefore 
an  arrangement  akin  to  a  torsion  balance.  The  other 
end  of  the  rod  carried  a  mirror  M  by  which  the  de- 
flection of  the  balance  could  be  obtained  by  means  of 
a  telescope  and  scale.  The  field  was  produced  by  a 
larger  ball  which  was  kept  charged  by  means  of  a 
Leyden  jar  connected  to  its  supporting  rod. 
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Experiments  were  made  for  electrifications  of  the  large  2.  Method 
ball  of  diflferent  durations, — (a)  for  a  constant  electrifica-  suspended 
tion  of  considerable  duration,  (J)  for  a  comparatively      ^*^^- 
short  electrification,  (c)  for  a  rapidly  alternating  positive 
and  negative  electrification.     The  electrification  (6)  was 
obtained   by   making    the    charging    and    discharging 
contacts  by  the  pendulum  of  a  metronome,  the  electri- 
fication (c)  by  means  of  a  vibrating  tuning  fork,  one 


Fig.  99, 


prong  of  which  connected  B  alternately  to  each  of  two 
Leyden  jars  oppositely  charged.  By  the  result  of  p. 
129  above,  if  we  put  -ffj  =  1,  and  write  K  for  K^,  and 
r  denote  the  ratio  of  the  force  on  the  dielectric  sphere 
to  that  on  the  conducting  sphere,  we  have 

JT-l  _ 
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or 


K= 


2r  +  l 
i-r 


(19) 


For  a  sulphur  ball,  as  will  be  seen  from  the  table 
below,  the  force  was  practically  the  same  for  an  alter- 
nating electrification  of  about  ^^  sec.  duration  as  for 
a  long-continued  electrification.     Hence  in  this  short 
interval  the  polarization   of  the   dielectric   was   fully 
set  up. 
S|).  Ind.        The  following  are  some  of  the  results  obtained,  with 
Ebwiite,    ^'^  duration  of  electrification  noted.     For  reference  the 
*c.       mean  value  obtained  with  the  condenser  is  added. 


Substance. 

K. 

Value  of  K 

by 
Condenser. 

ji^o  8««-  to  A  sec. 

45  sees. 

90  sees. 

«  «  • 

•  •  • 

•  •  • 

5-61 

Ebonite  .    .    . 
Paraffin  .    .    . 
Sulphur  .    .    . 
Rosin  .... 

3-48 
2-32 
3-90 
2-48 

3-74 
8-12 
370 
5-28 

315 
2-32 
3-84 
2-55 

The  eflFect  of  increasing  the  duration  of  charge  is 
therefore  apparently  to  increase  the  specific  inductive 
capacity,  but  in  the  cases  of  sulphur  and  ebonite  to  a 
much  smaller  extent  than  for  the  other  two  substances. 
Suspending  a  ball  of  crystallized  sulphur  with  dif- 
ferent diameters  successively  in  the  direction  of  the 
directions  force  of  the  field,  Boltzmann  found  that  the  specific 
Crystals,   inductive   capacity  had   diiOferent   values  in    diflferent 


Sp.  Ind. 

Cap.  in 

different 
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directions.     For  the  greatest  mean  and  least  axes  he    Sp.  Ind. 
found  the  following  values : —  different 

directions 


Greatest  Axis. 

K        4-773 


Mean  Axis. 

3-970 


Least  Axis. 

3-811 


Experiments  have  been  made  by  this  method  under 
Boltzmann's  direction  by  Messrs.  Romich  and  Nowak.* 
Results  were  obtained  for  (a)  permanent  electrification, 
and  (/8)  for  electrification  reversed  64  times  per  minute. 
The  values  of  K  are  given  in  the  following  table : — 


m 
Crystals. 


Glass 

K 

fi 

a 

7-5 
6-7 
4-6 

7-7 
7-6 
10-2 
4 

159 

Fluorspar 

Quartz 

Calc  Spar,  perp.  to  axis      .     . 

„           parallel  to  axis  .     . 

Selenium,  freshly  melted    .     . 

Sulphur,  mixed  with  Graphite 

71 

>1000 
9-9 
8-5 
151 
4-4 

The  difierence  between  the  results  for  permanent  and 
for  short  continued  electrification  seem  surprisingly 
gieat  in  some  cases. 

Klemencie  has  quite  recently  experimented  on  the 
specific  inductive  capacity  of  mica,  and  found  it  in- 
dependent of  the  potential  to  which  the  condenser  in    on  Mica, 

•   Wien,  Ber.   70  (1874).     See  also   Wiedemann,   Lehre  von  dr 
EUcUriciUU,  Bd.  ii.  p.  84. 
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which  the  substance  formed  the  dielectric,  and  prac- 
tically independent  of  the  duration  of  charge.  K  for 
the  specimens  used  was  6*64  *  So  long  as  the  con- 
denser was  kept  thoroughly  dry,  the  mica  was  found  to 
insulate  well  and  give  constant  results.t 

By  freezing  distilled  water  in  a  shallow  copper  vessel 
in  which  was  supported  on  three  insulating  feet  a 
horizontal  plate  of  copper  in  contact  with  the  water 
surface,  Professors  Ayrton  and  Perry  J  made  a  condenser 
with  ice  as  the  dielectric.  They  then  determined  the 
capacity  of  this  condenser  and  found  from  its  dimensions 
the  specific  inductive  capacity  of  ice.  At  —  13o°  C. 
the  value  of  K  thus  obtained  was  221 68.  It  is  of 
course  to  be  remembered  that  the  insulating  power  of 
ice  is  comparatively  slight.  Professors  Ayrton  and 
Perry  found  2240  x  10**  ohms  for  its  specific  resistance 
at- 12-4°  C. 

An  extended  series  of  experiments  on  solids  has  been 
made  by  Mr.  J.  E.  H.  Gordon,§  using  a  form  of  induc- 
tion balance  the  idea  of  which  is  due  to  Sir  William 
Thomson  and  Prof  Clerk-Maxwell.  It  is  represented 
diagrammatical ly  in  Fig.  100.  A,  By  (7,  D,  E  are  five 
parallel  coaxial  discs  separated  by  intervals  about  an 
inch  wide,  of  which  the  three  A,  C,  E  are  six  inches 
in  diameter  and  the  two  B,  D  four  inches  in  diameter. 
A  and  E  are  connected  by  a  wire,  the  middle  plate 


•  The  value  of  K  for  mica  is  given  as  5  in  Jenkin's  ElcetrieUy  mtd 
Magnetism,  but  it  is  not  stated  on  what  authority. 
t  BHbldlter,  vol.  xii.     No.  1.     1888. 
}  Phil.  Mag.  1878,  p.  48. 
§  Phil.  Trans.  1879,  p.  417. 


GORDON'S  EXrEBIMENTS. 


E  is  connected  to  the  needle  of  a  quadrant  electro-  Oordon'« 


of  quadrants. 

potentials  between  G  and  A,  E  he  established,  it  is 


possible  BO  to  place  A,  B  that  the  needle  will  not  be 
affected,  and  it  is  also  evident  that  when  this  position 
has  been  attained,  the  equilibrium  will  subsist  what- 
ever be  the  difference  of  potentials.  The  position  of 
the  plate  A  was  adjustable  by  a  micrometer  screw,  and 
H  H  2 
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Gordon's    equilibrium  was  attained  by  this  means.    It  is  to  be 
menuTy  looted  that  the  eflFects  of  the  edges  of  the  plates  are 

^Rd^^*^  neglected. 

The  method  of  proceeding  was  therefore  simply  as 
follows.  Having  obtained  equilibrium  with  air  only 
between  the  plates,  the  experimenter  introduced  a  plate 
P  of  the  dielectric  to  be  experimented  on,  and  measured 
by  means  of  S  the  distance  through  which  A  had  to  be 
displaced  in  order  to  restore  equilibrium.  This  distance 
gave  the  thickness  of  a  plate  of  air,  equivalent  to  the 
plate  P  of  the  dielectric.  The  ratio  of  this  thickness 
to  the  thickness  of  P  is  the  specific  inductive  capacity 
of  the  material. 

In  the  experiments  tlie  plates  Ay  By  and  C  were 
connected  to  the  terminals  of  an  induction  coil,  the 
primary  circuit  of  which  was  broken  as  many  as  12,000 
times  a  second  by  an  interrupter  arranged  for  the 
purpose.  Thus  the  potential  was  rendered  alternately 
positive  and  negative  12,000  times  a  second  and  all 
effects  of  absorption  were  obviated.  It  is  to  be  noticed 
that  here,  as  in  some  other  experiments  detailed  above, 
the  metallic  plates  were  not  in  contact  with  the 
dielectric  plate,  and  thus  any  passing  over  of  electricity 
to  the  dielectric  itself  was  avoided.  The  following  are 
some  of  the  results  obtained  : — 


K. 

Ebonite     .    . 

2-284 

Gutta  Perclia 

2-462 

Sulphur    .    . 

2-68 

Shellac  .    .    . 

2-74 

Paraffin .    .    . 

1-99 

K. 

Glass,  Double-extra  Dense  Flint  3*164 

„     Extra  Dense  Flint  .    .    .  3-054 

„     Light  Flint 3-013 

„     Hard  Crown 3*108 

„     Common 3*243 
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^H      Mr.  Gordon  found  also  by  this  method  an  apparent 
^^  alow  chaDge  in  the  specific  inductive  capacity  of  glass 
with  lapse  of  time,  a  result  which  is  to  a  certain  ex- 
tent corroborated  by  some  preliminary  experiments  by 
Mr.  T.  Gray  on  the  specific  inductive  capacity  of  glass 
Boon  after  it  liad  been  heated  to  a  high  temperature;* 
but  ID  view  of  the  inaccuracy  caused  by  the  assumption 
L  -that  the  plates  of  the  balance  may  be  taken  as  infinitely 
great,  this  stow  change  cannot  be  held  to  be  proved.    It 
seems  probable  that  any  slow  change  of  specific  inductive 
capacity,  such  as  might  correspond  to  the  slow  mole- 
cular change  which  goes  on  in  glass  which  has  been 
I  maintained  for  a  long  time  at  a  nearly  constant  low 
I  temperature,  and  produces  alteration  of  the  zero  point 

■  of  a  thermometer,  would  be  of  so  small  amount  as  t*  be 

■  imperceptible   by   any  method    of    measurement    yet 
jde  vised. 

The  values  of  K  for  glass  obtained  by  Mr,  Gordon 

tare  not  in  agreement  with  some  previously  obtained  by 

■Dr.  John  Hopkinson.t  who  experimented  according  to 

■the  method  of  comparison  of  capacities  described  above, 

.  432.     The  capacity  of  a  guard-ring  condenser  was 

Rcompared  with  that  of  a  sliding  condenser  (the  identical 

istrument  used  in  Gibson  and  Barclay's  experiments 

(described  above)  (1)  when  air  only  was  the  diolectric, 

H2)  when  a  plate  of  glass  was  introduced  between  the 

plates.    The  guard-ring  condenser  is  shown  in  Fig.  101, 

lalf  in  section  half  in  elevation,     k  is  the  protected  disc 

n,5  centimetres  in  diameter  with  a  gap  1  millimetre  in 

readth  between  it  and  the  guard-ring,  e  t  the  opposite 

•  n.i\.  Mag.  Ocl.  1880.         +  Tnnu.  B  S.  1873,  p.  17. 


Gordon's 
Experi- 

mpnM  liy 
Five- Mate 


470 

Guard- 
ring  Con- 
denaer. 


SPECIFIC  INDUCTIVE  CAPACITY. 

plate,  h  tbe  guard-ring  bearing  a  brass  cylindrical  box 
(not  shown  in  the  drawing)  which  forms  a  shield 
for  the  back  of  the  protected  disc.  The  guard-ring 
is  insulated  on  a  stiff  frame  of  iron  formed  by  two 
triangular  pieces  of  iron  a  by  c  d  connected  by  three 
wrought-iron  stays.  The  insulators  are  three  ebonite 
legs  g  g,  which  are  screwed  to  the  tops  of  the  stays. 
The  attracting  disc  is  carried  on  a  screwed  stem  of 
1/25  inch  step,  and  can  be  raised  or  lowered  without 


A       h 


Fio.  101. 
Note. — The  protecting  cylindrical  box  on  the  guard-ring  is  here  omitted. 


rotation  by  a  nut  /  divided  as  a  micrometer.  Fig.  102 
is  a  plan  of  the  instrument  with  the  brass  backing 
removed.  It  shows  the  protected  disc  and  its  supports, 
which  are  two  bars  II,  II  of  vulcanite  attached  to  the 
back  of  the  disc  and  resting  on  the  upper  surface  of 
the  guard -ring. 

This  instrument  served  also  to  measure  the  thickness 
of  the  glass  plates  used  in  the  experiments.  The  acr**^ 
/  was  turned  until  the  brass  plates  were  in  cop^ 
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the  micrometer  reading  taken ;  then  the  glass  plate  was  Guard- 
placed  above  e  e,  which  was  screwed  up  until  the  plat^  "denaer. 
came  into  contact  with  A,  h,  h.  Slips  of  tissue  paper 
were  interposed  between  the  ebonite  legs  g  g  and  the 
plate  h  h,  and  the  contact  was  judged  by  these  slips 
becoming  loose.  A  reading  of  the  screw  micrometer 
was  taken  for  each  slip,  and  the  mean  of  the  three 


Fio.  102. 


taken  as  the  reading  of  contact.  A  correction  was 
determined  for  the  eflFect  of  bending  of  the  plates  and 
compression  of  the  slips  before  their  release. 

A  special  switch  supported  above  the  guard-ring 
condenser  enabled  the  connections  to  be  made  in  the 
required  order.  A  battery,  in  some  cases  of  48  in 
others  of  72  small  Daniel  I's  cells,  had  its  middle  point 

»  earth,  one  of  its  poles  to  hkh,  and  the 


472 


SPECIFIC  INDUCTIVE  CAPACITY. 


Gruard- 
ng  Con- 
denser. 


other  to  the  inner  coating  of  the  sliding  condenser,  while 
the  outer  coating  and  the  plate  e  e  were  connected  to 
the  electrometer  case.  Thus  the  inner  plates  of  the 
two  condensers  were  charged  to  equal  and  opposite 
potentials.  Then  one  pair  of  quadrants  of  a  Thomson's 
electrometer,  both  pairs  of  quadrants  of  which  were 
connected  to  eart.h,  were  insulated,  the  guard-ring  was 
connected  to  earth,  and  the  protected  plate  and  the 
insulated  plate  of  the  sliding  condenser  connected 
together  and  to  the  insulated  quadrants  of  the  electro- 
meter. The  direction  of  the  electrometer  deflection,  if 
any,  at  the  instant  of  the  combination  of  the  charges, 
was  observed.  If  no  deflection  took  place  the  guard- 
ring  condenser  and  the  sliding  condenser  had  equal 
capacities,  and  the  latter  was  adjusted  until  this  was 
the  case. 

The  following  are   mean  results  of  two  or   more 
experiments  for  each  substance : — 


1 

Donsity. 

3-2 
4-5 
3-66 
287 

K. 

1 

Glass,  light  flint     .     .    . 

„      double  extra  dense 

„     dense  flint    .    .     . 

„      very  light  flint 

6-85 
101 
7-4 
6-57 

The  plates  of  glass  were  in  most  cases  in  contact 

with  both  plates  of  the  condenser. 

Hopkinson  has  since  continued  his  investigations,  and 

considered  carefully  the  possible  causes  of  the  discre- 
pance between  his  results  and  those  obtained  by  Mr. 


1 


HOPKINSOK'S  LATER  EXPERIMENTS.  Kt 

I  Gordon."     The  result  seems  to  leave  no  doubt  that  tbe 
I  five -plate-balance  method  with  the  sizes  of  plates  and  , 
ItlistaQces  between  them,  used  in  Gordon's  experiments, 
I  cannot  give  accurate  results.    The  following  conclusions 
'   among  others  were  arrived  at : — 

1.  That  the  specific  inductive  capacity  of  glass  is 
the  same  for  hAfo  second,  jishm  second,  or  J  second 
discharge. 

2.  That  it  is  independent  of  tho  potential  to  which 
the  condenser  is  charged. 

3.  That  the  five-plate -balance  is  unreliable  with  the 
I  sizes  of  plates  and  distances  apart  used  by  Mr.  Gonlon. 
L  (A  ptatc  of  braes  between  A  ami  £,  with  an  air-space  of 
l,from  eight  to  thirty-two  millimetres,  gave  specific  in- 
i-ductive  cnpacity  less  than  unity,  instead  of  infinity. 
1  Different  distances  of  the  plates  gave  different  values 
I  for  glass.) 

Hopkinson  at  the  same  time  extended  his  former 

Kresults,  and  applied  his  method  of  experimenting  to   . 

Ithe  investigation  of  the  specific  inductive  capacity  of  p 

lliquids.     A  flasic  of  flint  glass,  with   thin   walls  and 

r ft  long  thick  neck,  was  filled  up  to  the  junction  of  the 

neck  with  strong  sulphuric  acid.     A  wire  passing  down 

through  the  neck  connected  the  acid  with  a  metal  piece 

A  (Fig.  103),  supported  on  an  insulating  stand  of  ebonite. 

mOa  this  metal   piece  rested  the  horizontal  arm  of  a 

^ind  of  bell-crank  (or  Z-shaped  piece  of  metal  pivoted 

kt  the  angle).     The  flask  was  first  charged  by  means  of 

i  battery  and  tbe  potential  measured  by  a  quadrant 

1   •  EI#ctnwlJiUi)  C»p»riir  of  Giam  til.)  nnd  of  Liquids,  Phil.  Trant. 

Ril.  173(1S61),  p.  372. 
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an-    electrometer  which  was  then  detached  and  discharged. 
Ex-   Then  a  previously  deflected   metallic  pendulum,  D, 
^"*»-  connected    to    earth   through   its    supports,  was    re- 
leased, and   striking  the  vertical  arm  of  the  lever, 
connected  the  flask  for  an  instant  to  earth  and  dis- 
charged it     The  electrometer  was  then  applied  to 


Fig.  103. 


detect  any  residual  charge.  The  leakage  method  de- 
scribed above,  p.  403,  was  used  to  measure  the  duration 
of  discharge.  A  paraffin  condenser  of  known  capacity 
had  its  plates  connected  for  the  time  of  discharge  to  be 
measured,  first  by  a  resistance  of  256  ohms,  then  by 
a  resistance  of  512  ohms,  and  the  remaining  potential 
in  each  case  was  observed.     These  operations  obviously 
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I  gave  data  for  the  calculation  of  the  time  interval  I  by  Hopkin- 
K(66)  of  Chap.  VI."  With  a  duration  of  discharge  of  \^^^  g^. 
■libout  nrW  second,  less  than  3  per  cent,  of  the  original  penmcnw- 

iharge  given  by  a  battery  of  20   elements  remained. 

lODger    and   shorter    times  of  discharge  gave  similar 

;sults.  The  practical  result  of  all  the  experiments 
f  Was  that  determinations  of  specific  inductive  capacity 
[  by  observations  of  discharge  may  be  taken  as  correct 
I  for  glass  if  the  period  of  discharge  be  anything  between 

rrriro  sec.  and  \  sec. 
The  method  adopted  for  determining  the  specific 
I  inductive  capacity  of  glass  plates  was  practically  the 
Kaame  as  that  already  described  at  p.  432.  The  guard 
P  riiJg  and  protected  disc  were  first  connected  to  one  pole 
I  of  a  well  insulated  battery  of  1,000  chloride  of  silver 
I  eellfl,  the  other  pole  of  which  was  connected  to  the  in- 
I  Bulated  plate  of  a  cylindrical  sliding  condenser.  Thus 
[the  two  condensers  were  charged  to  equal  and  opposite 
I  potentials.     By  means  of  a  special  commutator  changes 

■  of  connections  similar  to  those  described  above  were 

■  made  so  as  to  combine  the  charges  of  the  condensers, 

■  «ith  the  addition  that  the  electrometer  quadrants  con- 
nected   to    the    condensers    after    combination    were 

■Immediately  after  insulated  to  avoid  effects  of  residual 

■charge.     The   capacity   of  the   eliding   condenser   was 

idjnsted  till  no  electrometer  deflection  wa.i  produced. 

The  glass  plate  was  then  placed  between  the  plates 

Bif  the  guard-ring  condenser  and  the  operations  repeated 

^ntU  equilibrium  was  again  obtained.     The  two  results 

*  Tlii*  Bode  of  menanring  *  Bmiill  intirrnl  of  lime  is  diu  to  llil 

--  atPAfl.  Ui^.  1870,  1st  hnlf  yenr,  p.  R3:), 


476 


SPECIFIC  INDUCTIVE  CAPACITY. 


Hopkin-  gave  the  ratio  of  the  capacities,  and  from  the  distance 
lateT^Ex-  between  the  plates  of  the  condenser  and  the  thickness 
periments.  of  the  glass  plate  the  value  of  K  was  found. 

The  capacity  of  the  glass  flask  described  above  was 
determined  in  a  similar  way  by  aid  of  the  sliding  con- 
denser, with  a  charging  battery  varying  from  10  to 
1,800  chloride  of  silver  cells,  with  only  a  little  over 
\  per  cent,  of  alteration. 

The  values  of  K  are  given  in  the  following  table  with 
the  thicknesses  of  the  plates,  and  for  comparison  the 
earlier  results  obtained  by  the  same  experimenter. 


Hopkin- 
son  s  re- 
sults. 
Sp.  Ind. 
Cap.  of 
Glass,  &c. 


Glass,      Double  -  extra 
Dense  Flint  . 
Dense  Flint     . 
Light  Flint .     . 


»» 


» 


Very  Light  Flint 
Hard  Crown     . 
Plate  .... 
Paraffin 


Density. 

Thickness 
of  Plato 

• 

K. 

1 

Value 
of  K 

formeriT 

m  mnis. 

obtained. 

.   4-5 

4-5 

9*896 

10-1 

3-66 

16  57 

7-876 

7-4 

32 

1504 

6-72 

6-83 

10-75 

6-69 

6-85 

2-87 

1270 

6  61 

6-57 

2  485 

14-62 

6  96 

— 

6-52 

8-45 

— 

20-19 

2-29 

Sp.  Ind.        Y>x.  Hopkinson  obtained  results  also  for  liquids  by 

laquids.    the  method  just  described.*     The  space  between  two 

^^^^Ex-  c^"^^^^l  metal  cylinders  was  filled  with  the  liquid  to  be 

periments.  experimented    on.      These    two    cylinders    connected 

together  formed  one  coating  of  a  condenser  of  which 


*  Thil.  Trans,  loc.  cU. 
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the  liquid  formed  the  dielectric,  and  the  other  coating    Sn.  lud. 
was  given  by  a  cylinder  suspended  from  an  ebonite  plate    Liq^^s. 
above,  and  immersed  in  the  liquid.    The  latter  plate    K<>p^^"- 
was  charged  and  the  other  connected  to  earth,  and  the  penmente. 
capacity  compared  with  that  of  the  oppositely  charged 
sliding  condenser.     The  capacity  of  the  same  apparatus 
with  air  as  the  dielectric  had  previously  been  obtained 
in  the  same  way,  and  the  results  gave  at  once  the 
value  of  K  for  the  liquid.     The  following  table  gives 
some  of  the  results.     The  column  headed  yl^^  contains 
for    the   purpose   of   comparison    the   square   of   the 
index  of  refraction  of  the  liquid  for  light  of  infinite 
wave  length.     This  was  calculated  from  the  formula 
/Aoo  =  -4  +  Bf>?  from   observations  of  the   index   of 
refraction  which  were  made  on  each  of  the  substances 
for  the  Fraunhofer  rays  C,  -D,  F,  (?,  of  the  spectrum. 


Name  of  Liqaid. 


Petroleum  Spirit    .    .     . 

Petroleum  Oil,  Field's     . 

,,  „     Common 

Ozokerite 

Turpentine,  Commercial 

Castor  Oil 

Sperm  Oil 

Olive  Oil 

Neat's  Foot  Oil .    .     .    . 


The  closeness  of  the  agreement  between  the  numbers 
for  K  and  for  /a^qo  ^^^  ^^  mineral  oils  and  for  turpentine 
is  very  remarkable.    The  divergence  in  the  other  cases 
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is  to  be  expected,  as  from  the  composition  of  the  sub- 
stances it  is  probable  that  the  results  included  effects  of 
electrolytic  action. 
Silow's  Results  with  which  Hopkinson's  agree  very  well  had 
inenuJ  been  previously  obtained  for  turpentine,  benzene,  and 
First  petroleum  by  Silow.*  Two  series  of  experiments  were 
made.  In  the  first  a  very  ingenious  and  simple  method 
was  employed.  A.  kind  of  quadrant  electrometer  was 
constructed  by  pasting  on  the  inside  of  a  cylindrical 
glass  vessel,  10  centimetres  deep  and  15  centimetres  in 
diameter,  four  symmetrically  placed  vertical  strips  of 
tinfoil  each  10  centimetres  broad,  and  joining  the 
opposite  pieces  together  by  strips  across  the  bottom. 
Within  was  hung  a  platinum  needle  of  the  shape  of  an 
inverted  T,  in  which  the  vertical  pieces  at  the  ends  of 
the  horizontal  cross-piece  were  semi-cylinders  of  plati- 
num. The  needle  was  left  uncharged,  and  one  of  the 
pairs  of  strips  was  connected  to  earth  and  the  other 
charged  to  a  convenient  potential.  The  deflections  of 
the  needle  for  the  same  difference  of  potential  (1)  with 
the  vessel  filled  with  air,  (2)  with  the  liquid  under 
experiment,  were  observed,  and  it  vtas  assumed  that 
the  angles  of  deflection  were  proportional  to  the  specific 
inductive  capacities  in  the  two  cases.  This  would  have 
been  strictly  true  of  the  angles  through  which  a  torsion 
head  at  the  top  of  the  suspension  thread  would  have 
had  to  be  turned  if  the  needle  had  been  brought  back 
in  both  cases  to  a  position  of  equilibrium  after 
deflection. 

*  Pogg.  Ann.  156  (1875),  p.  389,  and  Wiedemann,  Die  Lchrc  von  der 
ElcktricUdtf  Bd.  ii.  p.  45. 
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For  two  kinds  of  turpentine,  I.,  II.,  and  for  petroleum 
he  obtained : — 


K. 

/**» 

TurpeDtine   I.,  mean  of  three  1 

experiments J 

Turpentine  11 

Petroleum 

1 .. 

2173 

2-221 
2-037 

i     2-129 
2-148 

Silow'8 

Results  by 

First 

Method. 


A  second  set  of  experiments  was  made  by  Silow  by  a 
method  similar  to  that  described  above,  p.  448.  A  con- 
denser formed  of  two  gilded  circular  plates  kept  1^  mm. 
apart  by  small  pieces  of  ebonite,  and  enclosed  within  a 
glass  vessel  covered  on  its  interior  surface  with  tinfoil, 
had  one  of  its  plates  alternately  connected  to  earth  and 
to  one  pole  of  a  water  battery  of  175  zinc-copper 
elements.  The  connections  were  made  by  a  rotating 
commutator  kept  running  at  a  constant  speed  suffi- 
ciently great  to  give  a  constant  deflection  of  the  needle 
of  a  galvanometer  placed  in  the  charging  or  discharging 
circuit.  Three  deflections  were  taken  (1)  with  the  vessel 
filled  with  air,  (2)  with  the  liquid  under  experiment  in 
the  vessel  and  therefore  between  the  plates,  (3)  with 
only  the  joining  wires  attached.  Denoting  by  a,  /8,  7, 
these  deflections  corrected  so  as  to  be  proportional 
to  the  currents,  we  have  for  the  ratio  of  the  capacity  of 
the  apparatus  with  the  liquid  between  its  plates,  to  its 
capacity  with  air  between  the  plates  (/8  —  7)/(a  —  7), 
that  is  for  the  liquid 

z=&^ 

a  —  7 


show's 
Experi- 
ments. 
Second 
Method. 


(20) 
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Silow's        DifiFerent  battery  powers   applied   gave   the    same 
Second  ^  values  for  K,     The  following  are  the  mean  values  of 
Method.   X  for  the  substances  mentioned,  with  the  values  of  |t*  ^ 
for  comparison. 


Quincke's 
Experi' 
ments. 


Measure- 
ment of 
Tensiou 

along 
Lines  of 

Force. 


Substance. 


Turpentine 

Benzene    

Petroleum,  first  specimen    . 
Petroleum,  second  specimen 


K. 

^=00 

2153 

2134 

2-198 

2196 

2071 

2-048 

,        2-037 

2-048 

Some  interesting  experiments  on  the  specific  in- 
ductive capacity  of  liquids  have  also  been  made  by 
Quincke.*  According  to  the  theory  of  Faraday  and 
Maxwell,  referred  to  at  p.  133  above,  there  is,  at  every 
point  of  the  electric  medium,  a  tension  along  the  lines 
of  force,  and  an  equal  pressure  at  right  angles  to  that 
direction,  the  amount  of  which  reckoned  in  units  of 
force  per  unit  of  area  is  KF^/Stt  where  F  is  the  resultant 
electric  force  at  the  point.  Quincke's  method  amounted 
to  measuring  not  only  the  tension, but  the  pressure  also,  in 
different  liquid  dielectrics,  and  his  results  besides  giving 
(1)  from  the  observed  tension,  (2)  from  the  pressure, 
values  of  K  which  he  compared  with  those  obtained  by 
the  ordinary  condenser  method,  are  interesting  in  their 
bearing  on  electrical  theory. 

His  apparatus  for  the  measurement  of  the  tension 
consisted  of  two  horizontal  circular  plates  placed  a 
short  distance  apart  in  a  glass  vessel.     The  upper  plat<i 

*  Wied.  Ann.  19  (1888). 
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was  suspended  from  one  end  of  the  beam  of  a  balance,  Measore- 
and  was  connected  to  earth.     The  lower  plate  was    Tension 
charged  by  means  of  a  battery  of  Leyden  jars,  the    j^}^^S 
outer  coatings  of  which  were  to  earth.     The  potential     Force, 
was  observed  in  arbitrary  units  by  means  of  a  Thomson's 
standard  electrometer  (see  p.  281  above).  The  attraction 
of  the  upper  plate  towards  the  lower  was  then  measured 
by  weights  put  on  the  other  scale  of  the  balance.    The 
mean  pull  per  unit  of  area  was  therefore  obtained. 

Now  from  what  has  been  proved  above  (pp.  Ill,  136) 
it  follows  that  the  force  /,  per  unit  of  area  on  any  part 
of  the  upper  plate  not  near  the  edge  is  ^ira^jKy  and 
we  have  a  =  -  KFI^ir^-  KV/inrd  if  T  be  the  diflfer- 
ence  of  potentials,  d  the  distance  between  the  plates. 
Hence 

/=& (21) 

The  weighing  therefore  gave,  taking  the  mean  pull 
as  nearly  enough  equal  to/,  directly  the  tension. 

By  comparison  of  results  for  two  diflFerent  media  Deduction 
using  the  same  value  of  V  for  both  cases,  the  ratio    gp.  ind. 
of  the  values  of  K  could  be  at  once  obtained.     Thus      ^*P- 
if  /p  /j,  be  the  tensions,  and  the  corresponding  specific 
inductive    capacities   determined  in  this  manner  be 
denoted  by  K/^,  K/^  we  have 

^  =^  .  .     (22'j 

The  pressure  at  right  angles  to  the  lines  of  force  was  Measnre- 
found  in  an  ingenious  manner.  The  upper  disc  of  the  prossure 
apparatus  just  described  was  removed  and  replaced  by   j^"^^ 

VOL.  I.  II  Force. 
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Meuurt.  a  plate  of  the  same  diameter  with  a  short  vertical  tube 
P^ure    ^^  ^^  centre,  by  means  of  which  commimication  could 
across     be  obtained  with  the  space  between  the  plates.  Attached 
Force,     to  this  vertical  tube  was  an  india-rubber  bag  which 
could  be  cut  off  by  means  of  a  stopcock.    A  branch 
tube  communicated  with  an  ordinary  open  U  mano- 
meter containing  bisulphide  of  carbon.     Enough  of  air 
was  blown  by  the  rubber  bag  into  the  space  between 
the  plates  to  form  a  flat  bubble  of  from  2  to  5  centi- 
metres in  horizontal  diameter,  bounded  by  the  plates 
above  and  below.    The  stopcock  was  closed  and  the 
pressure  was  read  off  on  the  manometer.     The  lower 
plate  was  now  charged  to  the  same  potential  as  before 
while  the  upper  plate  was  connected  to  earth.     The 
increase  of  pressure  was  read  off  from  the  manometer, 
and  gave  the  difference  of  pressures  in  the  air  and  the 
liquid  due  to  the  electrification. 
Deduction      If  A  be   the   difference   of    heights   of    the   liquid 
Sp.^InJ.   produced  by  the  electrification,  and  p  the  density  of 
Cap.      the  liquid,  we  have,  denoting  the  value  of  K  determined 
in  this  way  by  K^,  and  the  acceleration  due  to  gravity 

by^ 

ir«  -  1  r^ 

9^9-     \--^ (23) 

if  K  be  taken  =  1  for  air. 

Using  the  value  of  /  given  in  (21)  for  the  same 
medium,  this  gives 

K^Akj^X (24) 

The  following  are  some  of  the  results  obtained. 
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The  values  of  K  obtained  by  tension  and  pressure 
here  seem  UDiformly  greater  than  those  obtained  by  the 
condenser  method,  which  must  be  regarded  of  course  as 
the  true  values.  But  they  agree  very  well  with  one 
another,  and  go  far  to  prove  the  equality  of  the  pressure 
and  tension. 
9  It  was  pointed  out  by  Dr.  Hopkinson  that  *  perhaps 
the  capacity  of  the  key  and  connecting  wires  might  be 
ffCon-  appreciable,  and  that  if  so  the  values  of  K  given  for 
the  condenser  method  in  the  above  table  would  be 
increased  by  the  correction.  This  was  found  by 
Professor  Quincke  to  be  the  case,  and  the  following 
corrected  results  obtained  by  him  are  given  by  him 
in  a  note  to  Dr.  Hopkinson's  paper. 


Sulphuric  Ether    .    .    . 
Biaulpliide  of  Carbon 

B«n»ene    ..."..'. 
Petrolenm 

VdnaDtB 

.  Ind.  C»9. 

n,co„.».. 

"v- 

4-211 
2-60e 
2'640 
3'3S9 
S-025 

4-3M 

2-6S3 
S'Ml 
2-380 
2-07S 

This  shows  that  for  these  substances  K,  Kf,  K^  are 
sensibly  equal.  Further  the  experiments  seem  to  con- 
firm fairly  well  the  theoretical  values  KF^j^ir  for  the 
pressure  within  the  mediuro.f    (See  also  p.  491,  below). 

•  Ptik,  B.  S.  vol.  ili.  1888. 

+  The  whole  qu^tion  of  the  stress  Id  the  medium  requite  fur 
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:.  HopkiriBon  has  more  recently  *  made  experiments  HopkU 
!  Bpeci6c  inductive  capacity  of  a  number  of  oils  uodiSeii- 
sod  other  liquids.  The  method  adopted  was  a  modifi-  '"""^ 
cation  of  the  five-plate  balance  method  described  above.  uaiuiM 
The  arrangement  of  apparatus  is  shown  in  Fig.  104, 
Two  air  condensers  E,  F,  of  determinate  and  nearly 
equal  capacity,  and  two  adjustable  sliding  condensers  /, 


pcrimcDtal  invest igttion.  Valuable  ri^sailii  aa  to  the  stnte  of  strain 
b  tmupamit,  anlid,  and  liquid  media  have  however  been  fiimisbed  by 
W  uperimeDta  of  Kerr  and  atliera  an  Doalile  Rerractiort  pnxluced  by 
ictrification.  The  eipenmenta  ol  Quincke  on  Cbnngo  o(  Volume 
nduood  in  dieleetrica  by  the  aame  cause  are  alflo  of  great  importacce 
am«  connection.  These  are  however 
9  into. 
'  /V«.  R.  S.  Oct.  1887. 
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Hopkin-   J^  were  joined  as  shown  like  the  fotir  branches  of  a 
MoMca-   Wheatstone  bridge.    The  inner  coatings  of  J?,  /  were 
tion  of    joined  to  one  pair  of  quadrants  of  an  electrometer,  and 
Bdance    those  of  -P,  cT"  to  the  Other  pair  of  quadrants.     To  the 
Method,    inner  coating  of  J  could  be  attached  the  inner  plate  of 
a  liquid  condenser  containing  the  substance  to  be  ex- 
perimented on.    The  outer  coatings  of  E^  F  were  con- 
nected to  the  case  of   the   electrometer  and   to   one 
terminal  of  an  induction  coil ;  the  outer  coatings  of  /, 
J  were  connected  to  the  needle  of  the  electrometer  and 
to  the  other  terminal  of  the  induction  coil. 

In  order  that  there  might  be  no  deflection  of  the 
electrometer  needle  it  was  necessary  that  the  capacities 
of  E  and  I  should  be  in  the  same  ratio  as  those  of  F  and 
J"  respectively.  An  adjustment  of  one  or  both  of  the 
sliding  condensers  was  made  until  this  relation  was 
fulfilled  in  each  of  four  cases,  (1)  when  no  fluid  con- 
denser was  introduced,  (2)  when  the  condenser  without 
the  interior  plate,  but  fitted  with  a  "dummy"  to  repre- 
sent the  necessary  supports  or  connexions  outside  the 
liquid,  was  connected  to  J",  (3)  when  the  complete 
condenser  charged  with  air  was  added  to  J,  (4)  when 
the  complete  condenser  charged  with  liquid  was  con- 
nected to  J,  Assuming  for  simplicity  the  sliding  con- 
denser 1  to  remain  unaltered,  and  x,  y,  z,  z^io  he  the 
respective  readings  of  J  in  the  four  cases,  we  must  have 

Capacity  of  condenser  with  liquid  _  j^  _x  —  z^  —  {x  —  y) 
Capacity  of  same  condenser  with  air  ""         a;  —  2;  —  (a?  —  y) 

=  ^-^^ (257) 
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The  following  is  an  abstract  of  the  results  obtained 


Colza  Oil,  six  snmples    .    . 

„       „    another  sample  * 

Arachide 

Sesame 

Linseed  Oil,  raw  .... 
Castor  Oil 

„        „   another  sample  . 

Ether 

Carbon  Bisulphide  .  .  . 
Amylene 

JT. 

pS     forUne. 

3  07  to  3-14 
3-23 
317 
3-17 
337 
4-82 
4-84 
4-75 
2-67 
205 

1-9044 

487 

Hopkin- 

8on*8 

Results  for 

OilB,&o. 


It  is  to  be  noted  with  respect  to  colza  oil  that,  as 
given  by  Quincke  (p.  483  above),  the  value  of  J^  is 
3-296  and  of  JJ>  2*385. 

Dr.  Hopkinson  also  experimented  with  the  following 
liquids  of  the  benzene  series,  for  which  also  he  deter- 
mined the  index  of  refiraction  /a^  for  the  line  D  of  the 
spectrum. 


1 

Benzene 

Toluene 

Xylene 

Cymene 

jr. 

-'d' 

2-38 
2-42 
2-39 
2-25 

2-2614 
2-2470 
2-2238 
2-2254 

The  same  method,  but  with  a  guard-ring  condenser   Applica- 
instead  of  the  fluid  condenser  as  shown  in  Fig.  105,  was  Me^^^  to 
applied  to  the  measurement  of  the  specific  inductive    Solids. 

^%1  as  to  purity. 


5 

r 

I 


spEcinc  isDDcriTK  cAPAcnr. 

Appfia-    c^tacitj  of  solids.    TLe  cunnectiom  shown  in  Kg.  j 
"""  "    ,  were  first  made,  tiiat  is  the  gaard-ring  and  | 

diac  both  coanected  to  the  iuner  coating  of  J.  The 
arraogemeDt  was  then  adjusted  to  balance,  then  the 
gu&rd-riag  remaiotng  connected  to  J.  the  protected  disc 
was  transferred  to  /  ami  balance  again  obtained.  The 
difference  of   the  readings  of    the  gliding  condenser 


gave  on  an  arbitrary  scale  the  capacity  of  the  guard- 
ring  condenser  for  the  given  distance  of  the  plates 
apart.  These  operations  were  then  repeated  with  a 
plate  of  the  substance  for  which  K  was  to  be  Tound 
nlaced  between  the  plates  of  the  guard-ring  condenser. 
Only  three  substances  were  experimented  on,  wi(i 
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the  following  results.    The  previously  obtained  values   Applica- 
(p.  476  above)  are  given  for  the  first  two  for  comparison,  jieth^  to 

Solids. 


1 

Flint  Gla8.«,  doable  extra  dense 
PaiaflKn  Wax 

A'. 

Preriorsly  found 
valLOof  JT. 

9-5 
2-31 

9*896 
2-29 

Bock  salt  was  the  third  substance  with  a  result  of  18 
for  JT,  but  the  sample  was  very  rough  and  too  small, 
and  possibly  conducted  so  greatly  as  to  affect  the  result. 
In  these  experiments  the  effect  of  the  connecting  wire 
of  the  guard-ring  condenser  was  not  allowed  for. 

N^jreano  *  has  applied  the  five-plate  balance  method  Negreano's 
to  the  determination  of  the  specific  inductive  capacity  mente'on 
of  a  number  of  hydrocarbons  of  homologous  chemical  J?^^' 
composition.  The  balance  was  arranged  with  its  plates 
horizontal  and  well  insulated  on  ebonite  rods ;  the 
diameter  of  the  larger  plates  was  16  centimetres,  of  the 
smaller  12  centimetres,  and  the  distance  of  adjacent 
plates  apart  1  centimetre.  The  liquid  experimented  on 
was  placed  on  a  flat  shallow  dish  attached  to  the  ebonite 
supports  between  the  uppermost  plate  and  that  next  to 
it.  Balance  was  obtained  (1)  with  the  instrument 
used  simply  as  an  air  condenser,  (2)  with  the  empty 
dish  in  position,  (3)  with  the  liquid  in  the  dish.  The 
corresponding  positions  of  the  movable  plate  were 
obtained  by  a  micrometer.  Another  micrometer  mea- 
sured the  thickness  of  the  stratum  of  liquid.     The 

*  CompUs  Rendus,  tome  civ.  1887. 
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*8  index  of  refraction  /li^  was  also  determined  for  the  D 
J^gJ^  line  in  the  case  of  each  liquid. 

Vkj^oKh        It  was  found  that  the  value  of  K  increases  as  the 
iVbona.    ^^jjjpQgi^Qn  of  the  substance  becomes  more  compli- 
cated, and  that  the  value  of  {K  —  1)I{K  +  2)p  where  p 
is  the  density  is  approximately  constant.    The  following 
is  a  synopsis  of  the  results : — 


Benzene,  C^Hq,  with  thiophene 


>» 


»> 


>> 


»» 


another  specimen 
pure 
Toluene,  C^Hg    .    . 


M 


Xylene,  CgHwi    .     . 
Metaxylene,  CgH^o . 
Pseudocumene,  CqH,, 
Cyniene,  CiqH,^      . 
Terebenthene,  CjoH,^ 


Temp. 

Density. 

K. 

%• 

o 

26 

•tt803 

23206 

14974 

25 

•8756 

2-2988 

14978 

14 

•8853 

2-2921 

15062 

27 

•8608 

2-242 

1^4912 

14 

•8711 

2-3013 

1-4984 

27 

•8554 

2^2679 

^4897 

12 

•8072 

2  3781 

14977 

14 

•857 

2  4310 

1^4837 

19 

•851 

2-4706 

1-4837 

20 

•875 

2  2618 

1-4726 

It  will  be  noticed  that  the  value  of  Jk  is  only  a  little 
greater  than  /i^  in  each  case,  and  that  (-ST—  1)1  {K+  2)p 
has  the  value  '34  approximately  in  the  first  six  cases 
and  the  last,  and  is  slightly  greater  in  the  remaining 
three. 

Experiments  on  liquids   have   also   been   made    by 
E.  Cohn  and  L.  Arons.     Two  quadrant  electrometers 
menta  in   were  employed,  one  with  air  filling  the  quadrants,  the 
^     ^'    other  specially  designed  to  contain  the  liquid  experi- 
mented on  as  in  Silow's  method  described  above,  p.  478. 
One  pair  of  quadrants  of  each  electrometer  was  con- 


Cohn  and 

Arons' 

Kxperi- 
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nected  to  one  terminal  of  a  Helmholtz  induction  coil,  Cohn  and 
the  other  pair  of  quadrants,  the  needle  and  the  case    Ezperi- 
w^re  connected  to  earth  and  to  the  other  terminal  of  J^ente  in 

LiQUids. 

the  coiL  Denoting  by  S^,  Sj  the  (corrected)  deflections 
on  the  ordinary  and  special  electrometers  respectively 
when  both  are  filled  with  air,  S  ^  S'^  the  corresponding 
deflections  when  the  special  electrometer  contains  the 
liquid,  we  get  easily  by  (20)  above 


The  following  results  were  obtained :- 


(26) 


Distilled  Water 

s. 

76 

26-5 

15 
204 
2-39 
2-36 

Ethyl  Alcohol 

Amyl  AJcohol 

Petroleum 

Xylene,  two  kinds  .    . 

•                  • 

The  numbers  here  given  it  will  be  observed  are  high 
in  the  first  three  cases.  These  substances  have  however 
considerable  conductivity,  which  would  tend  of  course 
to  give  an  apparently  high  specific  inductive  capacity. 
The  authors  believe  that  the  results  are  correct  within 
6  per  cent. 

Prof.  Quincke  *  has  re-examined  the  question  of  the 
values  of -K' for  liquids  obtained  by  the  difierent  methods, 
€U3  described  above.    All  liquids  experimented  on  except 

*  fFied,  Ann,  88,  1888. 
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Result  colza  oil  give  practically  the  same  result  whatever  the 
method  employed.  For  that  suhstance  however  the 
result  stated  above  holds,  that  is  tho  pressure  method 
gives  the  highest  value,  the  electrical  balance  the 
lowest,  and  the  condenser  method  a  mean  value ;  and 
this  anomaly  was  found  to  hold  good  for  different  kinds 
of  colza.  That  it  could  not  be  due  to  electrolytic  action 
was  clear  from  the  fact  that  the  products  of  decom- 
position at  the  condenser  plates  could  not  alter  the 
pressure  at  the  surface  of  the  bubble. 

Prof.  Quincke  *  also  measured  the  index  of  refraction 

of  pure  ether  for  ultra-red  rays  by  passing  them  through 

the  medium  and  receiving  them  upon  a  thermopile. 

He  found  that  for  pure  ether  K  =  4*3,  and  that  for 

ultra  red  rays  its  index  of  refraction  is  less  than  2. 

The   substance    seems    therefore    not  to   conform    to 

Maxwell's  relation. 

Sp.  Ind.        Determinations  of  the  specific  inductive  capacity  of 

Gases,     g^ses  have  been  made  by  Boltzmannt  and  by  Professors 

Boltz-     Ayrton  and  Perry  .J    Boltzmann's  method  was  as  follows. 

Experi-    ^  condenser  consisting  of  two  horizontal  circular  plates 

was  supported  within  a  closed  metallic  vessel,  through 

the  walls  of.  which  passed  wires  to  make  connection 

with  the  plates,  and  which  could  be  connected  with  an 

air-pump  or  a  gas  generating  apparatus.     Two  metallic 

plates  were  placed  above  and  two  below  the  condenser 

to  preserve  it  at  a  uniform  temperature.     The  vessel 

was  exhausted,  then  one  plate  of  the  condenser  A  was 

♦   JVied.  Amu  32.     No.  12.     1887. 

t   fFun.  Ber.  69  (1874) ;  Poqg.  Ann.  15    (1875). 

J  Trails,  Asiatic  Soziety  of  Japan  (1877). 
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chai'ged  by  being  connected  to  one  teriDiDal  of  a  batterj- 
fii  300  Darnell's  cells,  while  the  other  plate  B  and  the 
iher  terminal  of  the  battery  were  connected  to  eurth. 
was  then  disconnected  from  earth  and  connected  to 
le  insukted  electrode  of  an  electrometer  which  had 
been  previously  brought  to  zero  potential.  The  electro- 
meter showed  no  deflection,  proving  that  there  was  no 
leakage.  The  charge  on  A  therefore  remaining  con- 
stant, it  was  found  in  accordance  with  theory  that  the 
admission  of  aJr  altered  only  the  specific  inductive 
capacity  between  the  plates,  and  therefore  the  potential 
of  A,  but  not  the  potential  of  B  which  remained  zero. 
After  the  admission  of  air  the  potential  of  A  was 
restored  to  its  original  value,  and  the  change  of  potential 
of  £  read  off  on  tlie  electrometer.  The  number  of  cells 
vaa  then  increased  by  one,  and  the  increased  potential 
B  again  read  off.  The  ratio  of  the  specific  inductive 
tpacities  could  now  be  calculated. 
If  Tj.  Vj  be  the  potentials  of  A  before  and  after  the 
admission  of  air,  and  K^,  A'j  the  corresponding  specific 
inductive  capacities,  we  have  V^JVj  =  A'l/JTj.  Hence 
by  the  restoration  of  the  potential  to  F,  the  potential 
of  £  was  increased  by  an  amount  proportional  to 
Vi—  Fj,  that  is  by  an  amount  m(l  —KJK.^  where  m  is 
a  constant.  By  the  increase  of  the  number  of  cells 
I  to  n  +  1  the  increase  of  the  potential  of  B  wns 
Iterefore  mVi(n  +  l)/n.     Hence  calling  these  changes 

have 


measured    by   the    electrometer    S, 
fZ}&'  =  n{\  -  A'l/A'j)  (»  +  1),  or 


Sj).  Ind, 
Cup.  of 

Boltx- 


(27) 
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It  was  found  by  Boltzmann  that  the  alteration  of 
capacity  was  very  nearly  in  simple  proportion  to  the 
alteration  of  pressure  of  the  air,  and  that  the  effect  of 
alteration  of  temperature  was  only  that  ooiTesponding 
to  the  consequent  alteration  of  pressure.  Hence  if  we 
denote  by  K  the  specific  inductive  capacity  of  air 
under  pressure  equal  to  that  due  to  p  millimetres  of 
mercury  under  standard  circumstances,  suppose  that 
for  absolute  vacuum  to  be  unity,  and  assume  the  pro- 
portionality to  hold  for  all  pressures,  we  may  write 

hp 


i:=i  + 


760 


(28) 


where  1  +  ^*  is  the  specific  inductive  capacity  of  air  at 
standard  atmospheric  pressure. 

By  (27)  and  (28)  putting  p^,  p^  for  the  pressures 
corresponding  to  TT^,  K^,  we  get 

nh'  -f  {n  +  1)S 


k  =  760 


(29) 


nh'{p.^  -  i>i)  -  {n  +  l)Pih  ' 
Boltzmann  found  similar  results  to  hold  for   other 
gases  than  air,  and  gave  the  following  values  for  K"  at 
standard  atmospheric  pressure.     The  value  of  JK  is 
given  also  for  comparison  with  the  index  of  refraction. 


The  Value 
of  K. 


Gas. 


Air    .... 
Carbonic  Acid 
Hydrogen 
Carbonic  Oxide 
Nitrous  Oxide 
Olefiftnt  Gas  . 
Marsh  Gas     . 


K. 

^/K. 

1-000590 

1-000-296 

1-000946 

1 000473 

1-000264 

1000132 

1000690 

1000345 

1-000994 

1-000497 

1-001312 

1-000656 

1-000944 

1-000472 

1-000294 
1-000449 
1-000138 
1-000340 
1-000503 
1-000678 
1-000443 
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iln  Ayrton  and  Perry 'a  melhoj  tbe  capacities  of  two 
condensers    were    compared   with   different    gases    at 
'       different  pressures  between  tlie  plates  of  one  of  ihem, 
white  the  other  had  continually  air  at  ordinary  tem- 
^«]>eroture  and  pressure   for  its   dielectric.     The  latter 
^Hiondenser  consisted  of  a  square  horizontal  uninsulated 
^Hplate    of    tin-foil    of    1815    sq  nare    centimetres   area, 
^^cemented  to  the  upper  surface  of  a  plate  of  hard  wood 
which  rested  on  the  horizontal  top  of  a  block  of  atone, 
I        and  an  insulated  upper  plate  of  the  same  size  supported 
^HJpn  ebonite  levelling  screws,  the  lower  ends  of  which 
^^Bested  on  the  atone.    The  other  condenser  was  contained 
^^nritbin   an  air-tight  rectangular   vessel  of  sheet  brasa, 
I       and  consisted  of  eleven  parallel  plane  plates,  each  324 
square  centimetres  in  area,  kept  at  equal  distances  of 
three  millimetres  apart  iu  racks  of  ebonite.     The  first, 
third,  Ac,  and  last  plates,  reckoning  from  one  side,  were 
connected  to  the  case,  the  other  plates  were  insulated 
and  connected  to  a  platinum  wire  passing  out  through 
a  glass  tube  SSJ  centimetres  long  to  the  outside  of  the 
case.     This  glass   tube,   which   had   been   chemically 
cleaned  and  covered  with  paraffin,  to  prevent  leakage 
over  the  surface,  was  very  carefully  cemented  into  a 
brass  socket  attached  to  the  metallic  case,  and    was 
nowhere  in  contact  with  the  platinum  wire  except  at 
the  outer  end,  where  it  was   drawn   to   a  point   and 
hermetically  sealeil.     Cement  contained  in  a  rnetal  cap 
rrounding  the  junction  of  tbe  tube  and  socket  pre- 
sented leakage   there,   and    a    second    cap    filled   with 
pment  surrounded  tbe  point  of  tbe  tube,  and  guarded 
[he  point  from  being  broken  by  motion  of  tbe  wire. 
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Ayrton  By  means  of  another  tube  the  case  couU  be  filled 
ferry's  ^1^^  the  gas  to  be  experimented  on  or  connected  to 
Experi-  a  Sprengel  or  other  pump  by  which  the  required 
degree  of  exhaustion  was  produced.  This  tube  was 
made  of  special  form  to  prevent  mercury  from  the 
Sprengel  pump  from  passing  by  any  accident  into 
the  condenser  case. 

The  method  of  making  a  determination  was  as 
follows.  The  insulated  plates  of  the  condenser  were 
charged  to  equal  and  opposite  potentials  in  the  follow- 
ing manner : — The  battery  of  87  Daniell's  cells  had  its 
poles  joined  by  a  resistance  of  10,000  ohms,  and  by 
means  of  a  reversing  key  one  terminal  a  of  this  coil 
was  connected  to  the  insulated  plate  of  one  condenser, 
while  the  other  terminal  h  was  connected  to  earth; 
then  b  was  connected  by  the  reversing  key  to  the  in- 
sulated plate  of  the  other  condenser  and  a  to  earth. 

The  battery  was  then  removed  and  the  charged 
plates  connected  together,  and  with  the  insulated  elec- 
trode of  a  quadrant  electrometer  of  which  the  other 
electrode  and  case  were  to  earth,  and  the  reading  taken. 
If  the  potential  of  each  condenser  was  numerically 
V,  the  capacity  of  the  constant  air  condenser  Ci,  and 
the  capacity  of  the  other  Co,  the  charge  left  after  the 
two  condensers  were  connected  was  V(Ci  —  Cg),  sup- 
posing the  constant  condenser  to  have  been  positively 
charged.  The  corrected  deflection  a  shown  by  the 
electrometer  was  therefore  mF(Ci  —  C^I{Ci  +  Cg)  where 
m  is  a  constant. 

To  eliminate  m  and  V  the  terminals  of  the  battery 
were  kept  joined  by  the  resistance  of  10,000  ohms,  and 


AYKTON  AND  PERRY'S  EXPERIMENTS  ON  GASES. 


49: 


one  terminal  was  connected  to  earth,  while  a  point  on  the 
resistance  was  connected  to  the  insulated  quadrants  of 
the  electrometer  now  detached  from  the  condensers. 
The  diflFerence  of  potentials  of  the  battery  between 
the  extremities  of  the  resistance  was  2V,  and  if  the 
resistance  intercepted  between  the  terminals  of  the 
electrometer  be  denoted  by  -B,  the  diflFerence  of 
potentials  shown  by  the  corrected  deflection  fi  of  the 
electrometer  was  2FjB/10000.  We  have  therefore 
/3  =  2mri?/10000.     Hence 


a  ^  10000  C^-C^  ^  10000  C^ 


li 


R     C^-\'C^ 


B 


1  +  -2 
6\ 


(30) 


This  enabled  the  ratio  CJC^  of  the  capacities  to  be 
calculated.  Another  experiment  made  with  C^  changed 
by  alteration  of  the  medium,  gave  at  once  the  ratio  of 
the  two  values  of  C^,  that  is  of  the  specific  inductive 
capacities  in  the  two  cases. 

The  following  table  gives  the  mean  results  for  many 
experiments  in  diflferent  gases  at  standard  pressure: 
taking  the  value  of  K  for  air  as  unity. 


Dielectric. 


Vacuum     .    .    . 

Air 

Carbonic  Acid  . 
Hydrogen .  .  . 
Coal  Gas  .  .  . 
Sulphurous  Acid 

'VOL.  I. 


•99ft6 
1-0000 
1-0008 

•9998 
1-0004 
1-0037 


K  K 


Ayrton 

and 
Perry's 
Experi- 
ments. 


498  SPECIFIC  INDUCTIVE  CAPACITY. 

Ajrrton  It  was  observed  that  when  air  was  allowed  to  mix 
Peny's  ^^^^  ^^^  carbonic  acid  the  value  of  K  more  and  moie 
Experi-    nearly  approached  unity. 

Experiments  on  the  specific  inductive  capacity  of  a 
high  sprengel  vacuum  have  been  undertaken  by  a 
Committee  of  the  British  Association  consisting  of 
Professors  Ayrton  and  Perry,  Prof.  O.  J.  Lodge,  and 
Mr.  J.  E.  H.  Qordon.  A  preliminary  report  has  been 
presented*  containing  a  plan  of  experimenting  and 
some  results  which  seem  to  show  that  at  a  pressure  of 
about  1/10*  of  an  atmosphere  the  specific  inductive 
capacity  is  '6  or  *8  per  cent,  less  than  that  for  ordinary 
air.  The  committee  have  not  yet  concluded  their 
labours. 
Effects  of  The  results  of  some  recent  experiments  made  by 
Tempera-  ^^-  Cassie  in  the  Cavendish  Laboratory,  on  the  effect 
ture.  of  rise  of  temperature  in  increasing  the  specific  in- 
ductive capacity  of  solid  dielectrics,  are  quoted  by 
Prof.  J.  J.  Thomson  in  his  work  entitled  Applications  of 
Dynamics  to  Physics  and  Chemistry,  p.  102.  The  co- 
efficient of  increase  of  specific  inductive  capacity  per 
degree  centigrade,  that  is,  the  value  of  l/JT.  dKjde,  is, 
for  e  =  30^  002  for  glass,  '0004  for  mica,  and  '0007  for 
ebonite.  From  this  Prof  J.  J.  Thomson  has  shown  that 
if  the  electric  displacement  be  /,  there  must  at  SC  be 
•002  X  30  X  27r/2/jr  dynamical  units  of  heat  supplied 
to  unit  of  volume  of  glass  to  preserve  its  temperature 
constant  when  it  is  electrified.  The  corresponding 
quantities  of  heat  for  mica  and  ebonite  are  respectively 

•  Brit,  Assoc  Bep,  1880. 
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•0004  X  30  X  2,irplK,  -0007  x  30  x  27r/«/Z;  But  the  Effects  of 
electrical  work  done  in  charging  is  (p.  133  above)  in  Temrow- 
each  case  2w/^/K,  Hence  in  the  case  of  glass  the  heat 
thus  absorbed  during  charging  is  about  two-thirds  of 
the  work  done  in  charging. 


ttire. 


NoTX. — ^An  account  of  the  determinations  of  specific  inductive  capa- 
city made  by  Schiller  by  the  method  of  electrical  oscillations  will  be 
found  in  Volume  II. 
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APPENDIX. 


Heconaamdtititint  of  the  ParU  Congrett  and  the  Brilith  Auoeiation 
as  to  Practical  Ettetneal  Vnita. 

At  the  meeting  of  tlie  Electrical  CoiigresB  liuld  in  Paria  in 
1884,  it  was  decided  to  adopt  for  the  present,  as  practiual  unit  of 
reaiatonce,  a  reaietanoe  equal  tc  that  of  a  nnitorm  column  of 
mercury  one  square  millimetre  in  aectioa,  106  centimetres  in 
length,  and  throughout  at  the  temperature  0''  C.  The  meruury 
column  thus  specified  cspreaaed  approiimately  and  in  round 
'  numbera  the  value  of  the  ohm  according  to  the  latest  and  moat 
«coiuat«  experiments.  It  was  resolved  to  give  this  unit  the 
name  Legal  Ohm. 

The  Congress  alao  arrived  at  eertain  coDclusions  regarding  the 
practical    unita    of    current,  electromotive   force,  quantity  of 
electricity,  and  electrostatic  capacity,  as  follows : — 
(I)  That  the  unit  of  current  should  be  called  the  Ampere.,  and 
I  be  deBned  as  ^  of  a  C.G.S.  electromagnetic  unit  of  ouireut. 

')  Thai  the  Volt  qt  practical  unit  of  electromotive  force,  or 
irence  of  potentials,  ehould  be  deSned  as  the  electromotive 
force  required  to  niaintiiin  a  current  of  one  ampere  through  a 
)  resistance  of  one  ohm. 

(3)  Tlint  the  unit  quantity  of  electricity  should  be  called  the 
Ovtiiomb,  and  he  defined  as  equal  to  the  quantity  of  electricity 
\  tTsneferred  by  a  cnrrent  of  one  ampere  in  one  second. 
I  (4)  That  the  Farad  ot  practical  unit  of  capacity  should  be  tha 
I  capacity  of  a  conductor  which  is  charged  to  a  potential  of  one 
I  volt  by  one  coulomb  of  electricity. 

[  The  British  Association  at  its  meeting  in  1686  ngreed  that  the 
I  Committee  on  Electrical  Standards  should  recommend  to  Her 
I  Majesty's  Qovemment : — 

(I)  "  To  ftdopt  for  ft  tern]  of  ten  years  the  Legal  Ohm  of  the 
Pans  Congress  ns  a  legalixed  atondnrd  snflicicntly 
near  to  the  absolult?  Ohm  for  commercial  purposes. 
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(2)  '^  That  at  the  end  of  the  ten  years'  period  the  Legal 

Ohm  should  be  defined  to  a  closer  approximation  to 
the  absolute  Ohm. 

(3)  ^  That  the  resolutions  of  the  Paris  Coiun-ess  with  reepeot 

to  the  Ampere,  the  Volt,  the  Coulomb,  and  the 
Farad,  be  adopted. 

(4)  **  That  the  Resistance  Standards  belonging  to  the  Com- 
•        mittee   of   the  British  Association  on  Electrical 

Standards,  now  deposited  at  the  Cavendish  Labora- 
tory at  Cambridge,  be  accepted  as  the  English 
Legal  Standards  conformable  to  the  accepted  de- 
finition of  the  Paris  Congress.*' 
A  full  account  of  the  electromagnetic  system  of  units  and  of 
the  derivation  of  the  various  practical  units  will  be  given  in 
Volume  II.,  but  as  the  ampere,  volt,  &c.  have  been  referred  to 
above,  p.  415,  the  following  sketch  may  be  found  here  nsefiiL 
This  system  of  units  is  based  on  a  definition  of  unit  magnetic 
pole,  or  (which  is  the  same  thing)  unit  quantity  of  magnetinn, 
precisely  similar  to  that  given  on  page  3  above  for  unit  quantity 
of  electricity.  Unit  magnetic  pole  is  that  pole  which  placed  (in 
air)  at  unit  distance  from  an  equal  pole  of  the  same  kind  is 
repelled  with  unit  force.  When  the  frindamental  units  are  the 
centimetre,  the  gramme,  and  the  second,  the  unit  distance  and 
the  unit  force  of  this  definition  are  respectively  one  centimetre 
and  one  dyne.  Now  by  the  discovery  of  Oersted,  as  explained 
by  the  tlieory  of  Ampere,  a  current  of  electricity  produces  mag- 
netic force  at  every  point  of  the  surrounding  space.  The  inten- 
sity of  this  field  at  any  point  is  measured  by  the  force  which  a 
unit  magnetic  pole  would  experience  if  placed  at  that  point. 
Unit  current  is  then  that  current  which  flowing  in  a  thin  circular 
conductor  produces  a  magnetic  field  of  2wr  units  intensity,  where 
r  is  the  radius  of  the  circle  into  which  the  conductor  is  bent,  and 
w  is  the  ratio  of  the  circumference  of  a  circle  to  its  diameter. 
When  r  is  one  centimetre  and  the  intensity  of  the  field  2a-  dynes, 
the  current  is  one  C.G.SL  electromagnetic  unit  in  strength. 

The  definitions  of  the  volt,  Ac  follow  from  tlut  of  unit  current 
as  stated  above  in  the  recommendations  of  the  Paris  Congress. 
The  Microfanid  (referred  to  at  p.  406  above)  i*  one-millionth  of 
the  Farad,  and  is  a  more  convenient  unit  than  the  latter,  which  is 
so  large  as  to  give  somewhat  small  fractional  numerics  for  the 
i^pacities  of  ordinary  condensers. 


TABLE  I. 
CBoSB-aBcnoN  or   Bohkd    Wibbs,    with   Resibtancb,   Conddotiviti, 
AND  Wbioht  or  Hahd-Drawn  Fdbb  Ooppbr  Wires,  accordikq 
TO  THE  New  Standard  Wirb  Oauoe  Leoalibbd  bt  Order  in 
Council,  Augpst  23,  1963. 
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TABLE  I.  (continued,) 

CRosa-SEcnoN  op  Round  Wires,  with  Rbsibtance,  CoHi>ucTZYnT, 
AND  Weight  of  Hard-Drawn  Pure  Copfeb  Wires,  ▲ooobdisq 
TO  the  New  Standard  Wire  Gacoe  Lsgaliskd  by  Order  is 
Council,  August  23,  1883. 

Teinpenture  15**  Cent. 


Diameter. 

Area  of 
Cross-section. 

BesistanM. 

Conductivity. 

1 
1 

!         Weight. 
>  (Den8fty=8-95) 

1 

1 
Ins.    Cms. 

i 

Sq.  ins. 

•Sq.  cms. 

Legal 

Ohms 

per 

Yard. 

Legal 
Ohius 

Metre. 

Taids 

per 

Legal 

Ohm. 

10-4 

Ifetrea 

per 

Legal 

Ohm. 

Lbs. 

'   TaSL 

1 

,  Grms. 

ss 

018     0457 

•000254 

•00164 

•0958 

•105 

954 

j-OOSM 

1-47 

27  ,01W   0417 

000211 

00136 

•116 

•123     b^Ci 

7^ 

[•00246 

!■« 

•28    •014S  OST^ 

•0*X)172 

•00111 

•141 

•155 

7^07 

6  45 

■00200 

-80S 

29     0136  034.% 

•<W0145 

•000937 

•16S 

•lb3 

5  "95 

545 

•00169 

■SS9 

30     0124   OSIS 

1 

•001U21 

000779 

•202 

•221 

4-fr6 

4  53 

'D0141 

-697 

1 

31     0116  0290 

•0001  <j6 

•000682 

•230 

•252 

4-34 

3  96 

•00123 

-610 

32    -01  OS  ir274 

•0<Kiii916 

•001»591 

•266 

•291 

375 

3  44 

-oourr 

-.^29 

33  ioiOO  •ii2;»4 

•0"iN»7<» 

•000507 

•311 

•339 

3  22 

2-94 

■.HKM14 

•45S 

1  34     OliOi  0234 

Xlhh^'j^S 

000  fJd 

•367 

•402 

273 

2  50 

■00i»774 

•3S4 

35  .•00^4  -0213 

1 

•0<.K)0554 

000358 

•440 

•461 

227 

208 

•00U645 

•320 

i 

36     0076  0193 

■«'4.«)iU54 

•000293 

•540 

•5S7 

186 

170 

•000548 

•2«2 

■  37     OOOS  0173 

•l'0('O3»'»3 

•tX)02:M 

•t:72 

•736 

149 

136 

•00W23 

•210 

38     0060  •Oi:.2 

\t*MA>2^ 

000182 

•t»62 

•9*4 

116 

lt>4 

■0U0329 

•i«s 

39     0052  •U132 

•OUIK.1212 

•000137 

115 

126 

■870 

•796 

1100247 

•123 

40     0048  0122 

•OWHJl^l 

000117 

132 

147 

•759 

■679 

•UW.»211 

•104 

41     •0W4  -0112 

•owxn.^2 

•00009S1 

1^60 

175 

•624 

•570 

•000177 

•0878 

■  42     0040  •01(»2 

■<HKXil26 

•IXH.VS11 

1-91 

2  13 

•516 

•471 

•O00146 

■0726 

43    1)036  •tXt914 

■(KKM»Ui2 

-Wiu(»657 

2-39 

2  62 

•418 

•382 

-000118 

•0588 

44    •W»32  tmsi.t 

IM^HI'^^I 

■0000519 

3  04 

3-32 

•330 

•3in 

-0000*36 

•OIM 

45    •l«02S  00711 

•0U<»Ui»616 

01IOO397 

3-96 

4^33 

•253 

•230 

-O000717 

•0S5« 

■  46    -0024   00610 

•(KX>00452 

■0000292 

^•S9 

5^90 

•185 

•170 

•0000527 

•0361 

•  47    •002'J  •0050H 

•WKHX.)314 

•0<J<)02u3 

776 

8^49 

■      128 

•118 

•0000366 

•oisi 

4S     (-016  •in)itj6 

•0t»uoi'201 

000l>130 

12-20 

13  3 

•0824 

•0754 

•0<XH>23» 

■0116 

49     0012  -OOViO 

OO'XMnn    -ocootcso 

£1-6 

23  5 

1     •0464 

•t>425 

•0000132 

■00653 

50     0010  -00254 

•uKX>000785  •0i»000507 

31  1 

33-9 

•0322 

•0294 

•00000914 

-0M53 

1 

Note.— The  rpsistnncfs  and  conductivities  in  Tables  I.  and  II.  are  calculated  by  taking 
16-24  X 10-*  Logal  Ohm  as  the  resistance  at  0^  C,  l>etween  the  ends  of  a  hard-drawn  coppt-r 
wire  1  cm.  Ions  and  1  sq.  cm.  in  cross-section.  This  agrees  with  Matthtessen  and  Hockin's 
result  {B.  A.  Rep.,  KS'il,  and  Pkil.  Mag.,  vol.  xxlx..  1865) of  1469  B.A.  unit  as  the  resistance 
at  O^C.  of  a  wirv  ou«>  metre  long  welching  one  >;ramme,  if  the  density,  ^•95,  of  cast  specimens 
of  their  copi>er  be  taken  as  approximately  tlie  density  of  the  wirvs  experimented  on,  which 
was  not  determined.  To  reduce  the  numbers  to  accord  with  the  B.  A.  unit  add  1  12  per  cent, 
to  the  resistances  and  subtract  1^12  per  cent,  from  the  conductivities. 


TABLE  IL  eOG 

Crosb-seciios  op  Round  Wireb,  with  Rebistancb,  Conductititt,  and 
Weight  op  Pure  Copper  Wikbs,  accordimq  to  the  Biruihoham 
Wire  Gauge.    (See  Note  to  Table  I.) 
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TABLE  nL 

COHDUCTIVITLES  OF  PCRV  Vtata 
CoodoctiTJtj  at  0"  =  1. 


AT  e  c.^ 
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*  From  the  resnlts  of  Hatthiessen's  experiments  ;  and  to  be  used  onty  for 
teraperatnrei)  between  O^C.  and  100f°  C.  -The  formulas,  excluding  that  for  irou, 
agree  closely,  and  give  the  mean  formnht  1  —  -0037647,  +  *O00OS34OI». 

TABLE  IV. 

CONDCCTIVITY  AND  RESISTANCE  OP  PURE  CoPPER  AT 

Temperatures  from  0'  C.  to  40^C. 

Calcnlau-d  by  the  formula  for  the  Conductivity  of  Copper  in  Table  IIL 
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TABLE  V. 

Spitcino  Resistanom  in  Lboal  Ohmb  op  Wibkb  op  Difpere.v 
Metals  and  Alloys,' 
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APPENDIX 

TABLE  VIL 

For  reduction  of  Period  of  Oscillation  observed  for  finite 
amplitude  to  Period  for  infinitely  small  amplitnde  (eee  p.  223 
above).  If  T  be  the  observed  period  and  1  —  1;  the  redociog 
£&ctor,  so  tliat  JcT  is  to  be  subtracted,  the  values  of  k  are  as 
follows  : — 


AmpUtode. 

k 

AmpUtode. 

fc 

0 

•00000 

11 

-00230 

1 

•00002 

12 

•00274 

2 

•00008 

13 

•00322 

3 

•00017 

14 

•00378 

4 

•00030 

15 

-00428 

5 

•00048 

16 

•00487 

6 

•00069 

17 

•00550 

7 

•00093 

18 

•00616 

8 

•00122 

19 

•00686 

9 

•00154 

20 

•00761 

10 

•00190 

1  erg 


»» 


TABLE  Vin. 
Units  of  Work  or  Enerqt. 


1  centimetre-gramme  at  Paris 

at  London 


17 


>» 


»         n         >»  >»  » 

1  metre-kilogramme  at  Paris 

at  London 


>» 


>» 


n 


»> 


1  foot-poundal  .... 
1  foot-pound  at  London  . 
1  JwlU 


»» 


2*374  X  10- «  foot-poundaL 

r7  375    X   10-8  foot-pound  at 
\     London. 

981  ergs. 

981-17  ergs 

2-329  X  10-8  foot-poundal. 

981  X  10»  ergs. 

981-17  X  10*  ergs. 

7*236  foot-pound. 

421390  ergs. 

13-66  X  10»  ergs, 

lO'ergs. 
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TABLE  IX. 

Units  op  Activity  or  Bate  of  Working. 

-                         ,  f  1*34   X  10-10  horse-power  at 

1  erg  per  second |     Lo^^^^ 

1  horse-power 33000  foot-pounds  per  minute. 

ff        „    at  London .    .    .  7*46  X  10*  ergs  per  second. 

1  force-de-cheval  at  Paris    .    .  7*36  X  10®  ergs  per  second. 

1  Wait 10^  ergs  per  second. 


r. 
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CcDdenMr,  theory  of  different  forma, 
53,61 
standard,  418 
capacity  of  a,  methods  of  meaaor- 

tng,  418  tt  tq. 
Taounm-,  with  interposed  layer  of 

another  dielectric,  liO 
^^rmed  with  layers  of  diff)Ment  di- 
vlectrica.  133 
t\«dtictin^  sphere,  in  uniforai  Held, 
li« 
f^^ir^  npoD  in  TariaMe  field.  12S 
Conductirity  {<v  CV>nductanceX  ekrtric, 
arr  Electric  coodoctirity 
tberwial.  UVS 
(Xtad-.:ct««rk  thN>tT  <>{  a  systcra  oC  3t 
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linear,  157 
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Heat,  theory  of  steady  flow  of,  103 
Heavisidr,  O.,  luust  sensitive  arrange- 
ment  of  Wheatstone's  bridge,  381 
Homrpoid,  defined,  47 
elliptic.  47 

attraction  of  at  an  internal  point, 
47 
HoPKiNsoir,  specific  inductive  capacity 
of  glass  and  paraffin,  4dd,  4t>9 
of  liquids,  477,  48.^ 
criticism  of  flve-plate  balance,  473 
Hydrokinetic  analogue  of  electric  cur- 
rent, 130 


Index  of  refrartion.relation  of,  to  specific 

inductive  capacity,  461 
Induced  cliai^,  of  interior  surface  of 
conductor,  21 
distribution,  on  sphere  under  in- 
fluence of  external  point-charge, 

on  plane  conducting  surface  under 

infiuenee  of  point-charge,  81 
on   two  }>arallel   plane  surfaces 
under  influence  of  point-charge 
between  thciu,  86 
on    two  plnnes  cutting  at  right 
angles  under  influence  of  poiut- 
clmrjie,  8i> 
Induction,  electric,  10 

jivt-r  u  surface,  10 
Gre<;n's  theorem  of,  11 
within  close<l  conduct<»r,  21 
electric  machines  deiM;nding  on,  23 
InverHc  i»ruhlein8,  73 
Inversion,  geomeirical,  01 
suhere  of,  91 
electrK'nl,  93 

of  an  o<iuilibrium  distribution,  94 
of  uniform  spherical  distribution,  95 
of    indcoeil    distribution    in    two 

pamllel  infinite  plan«-a,  97 
problejiiu  soluble  by,  lul 


JohU^  or  unit  of  work  in  practical  elec- 
tricity, 198 


Klcmekcif:.  measurement  of  Ki^eciflc  in- 
ductive capacity  of  mica,  466 
Kilogramme,  detined,  186 
KiRCiiHon',    theorems    of,    regnnliug 
steady  flow  of  electricity  in  linear 
c«milucton^  152 
slide-wire  bridge,  338 
KoBLRAi'scH,  elastische  Nachwirkung, 
427 


Laplace,  equation  of  potential  in  fttt 
space,  lu 


Length,  units  of,  18S 

Lewis,  D.  M.,  method  of  niMuniring 

resistance  of  slide-wire,  SM 
Line  of  force,  defined,  T 

differential  equation  oi,  7 

reftractkm  of,  114 

different  cases  of,  1S5,  197 
Logarithmic  decrement  defined,  238 

determination  of,  229 


MACLAiTRin'B  theorem  of  the  attractiims 

of  ellipsoids,  51 
Mance,  measurement  of  battery  res  st- 
ance, 415 
Mass,  units  of,  185 

Matthiessbn  and  Hockih,  ealilrratiim 
of  a  wire,  342 
comparison  of  low  resistances,  3A4 
Mercury,  measurement  of  specific  resis- 
tance of.  389 
Metre,  defined,  183 
Metric  system  of  weights  and  measnres. 

Table  VI.,  508 
Mica,  specifle  inductive  capacity  of,  460 
Momentum,  defined,  196 

dimeuMional  formula  of,  190 
time-rate  of  change  of,  196 


Neoreaxo.  specific  inductive  caitacity 

<»f  hydrocarbons.  4>9 
Network  of  conductors,  theorems  rr- 

gardinsr,  156 
Numeric,  defined,  179 


Oersted,  discover}-  of  action  of  current 

on  a  ma^fOiet,  3u5 
Ohm,  law  of,  141 

application  to  heterogeneous  rir- 
cuits,  141 
Ohm,  or  practical  unit  of  resistance,  3i:i 
realization  of  mercury  standard,  3n4 
Oscillations,  measurement  of.  230 
equation  of  motion  for,  221 
Solution  of  equation  of  motion  fi»r. 

T2\ 
theorj-  of  unresisted  oscillations.  ?'J2 
forces  varying  as  sine  c^  dtsplai  f - 

mrnt  nn^le,  2"22 
period  of  for  finite  range,  223 

rAAL24^w,   measurement  of  revistantr 

of  electrolytes,  4w9 
Periodti  ot  usoillation,  observatitm  •>(. 
223 
meth«id  of  telescope  and  mirn»r,  2-Jl 
determine*!  by  long  series  of  vibra- 
tions, 228 
determined  by  socceMive  series  of 
vibrationa,  229 
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Tempenitnre,  effect  of  on  resistance  of 
wires.  Tables  III ,  IV.,  V.,  606. 607 

on  specific  indnctive  capacity,  4M 
Tension,  at  an  electrified  lorfaoe.  86 
Thermal     analogue,    of     electrostatic 
theory,  102  et  teq. 
fit  electric  coiKlaotion,  1S9 

conductivity,  defined,  103 

Thomson,  J.  J.,  on  thermal  effects  of 

chai^ging  a  condenser,  498 
Thomson,  Bib  Wiluam 

electric  ima«[es,  77,  W,  et  aeq. 

analojty  between  theory  of  heat  con- 
duction and  theory  of  electrosta- 
titrs,  102 

pyro-electricity,  118 

lines  of  force  in  different  cases.  125 
-127 

theory  of  yarlablo  flow  in  cables,  108 
etuq. 

curb-signalling,  175 

transmission  of  electrical  waves 
along  a  wire,  178 

form  of  vibrator  for  torsional  oscil- 
lations, 234 

absolute  electrometer,  2rt5 

quadrant  electrometer,  282 

l»ortHble  electrometer,  276 

repleiiislier,  271 

•  lectrostatic  voltmeter,  275 

r»»flc(rtiu»r  giilvanomctor,  3(>8 

dead  beat  galvanometer,  3U9 

reHlstance  slide,  322 

rest  stance  box,  824 

briiige  witli  sec<nidary  conductors 
for  low  resistnnceH,  3.M) 

graded  galvanometers,  8fi7 

nieaHurejucnt  of  the  resistance  of  a 
galvanometer,  416 

absolute  and  sliding  condensers,  420, 
423 

motliodn  of  com])aring  capacitios. 
428,  435 

five  -  plate  balance  nictliod  for 
specific  inductive  capacity,  406 

platymeter.  428 
nmc,  unit  of,  188 
Torsioniil    couples,    mpasnrement    of, 

230  ft  $eq. 
rigidity,  231  et  seq. 


Tabe  of  force,  S7 
Units  and  dimenalona,  179 
Units  adopted  in  practical  eleetricity, 
•M  KoU  in  Appendix 


Velocity,  defined,  193 

dimensional  formnlaof,  194 
Vibration  needle.  Maxwell's,  239 

Vibrator  for  torsional  oacUlations  233 
Voltaic  cell,  144 

electromotive  force  of,  145 
circuit,  distribution  of  potential  in. 
146 
activity  in,  140 
battery,   electromotive    force   and 
current  in  circuit  of,  147 
arrangement  of  in  series,  147 
arrangement  of  multiple  arc. 

147 
arrangement  for  maximum  cur- 
rent, 148 


Watt,  or  unit  of  activity  in  practical 

electricity,  1»9 
••  Weight,"  ambiguity  of  meaning  of,  IM 
WuKATSTONE's  bridge,  329 

most  sensitive   arrangement 

of,  331 
arrangement  of  leers  in.  334 
efl'ectof  self  induction  in,  33« 
m(»de  of  operating  in.  337 
KirchhofTs  form  of.  33ft 
method  of  measuring  electro- 
lytic resistance,  410 
WirDRMANW,    measurement  of    resist- 
ances of  electrolj-tes,  410 
Work,  defined.  197 

units  of,  198 ;  also  Table  VIIl.,  610 
dimensional  formula  of,  198 


Yard,  defined,  183 


Zero-rendinc  in  oscillations,  determina- 
tion of,  224 
observation  of  transit  of,  226 
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